
Emulating multi-dimensional systems with a 1D chain

Figure 1: Snapshot of a simulated Ising
model on a square lattice in two dimen-
sions. The black (white) regions repre-
sent groups of magnetic spins which are
mutually aligned.

The Ising model is a simplified representation of the dynamics be-
tween interacting magnetic moments: Each magnetic spin can only
point in one of two directions and alignment with direct neighbors
is energetically preferred (see Fig. 1). If we allow the interactions
to be of variable strength and potentially negative (i.e., some spins
prefer to be anti -aligned), the resulting model is called a Spin Glass.
The non-homogeneous interactions between spins typically lead to
situations where a spin cannot fulfill its conflicting requirements si-
multaneously. And – unlike in the magnetic case – there is no ideal
ground state where all spins are perfectly aligned and the optimal
energy is attained. Instead the system exhibits several local minima,
separated by large energy barriers, and finding the true ground state
becomes a very challenging task – both experimentally and numer-
ically. Due to its simplicity and yet rich physical properties, this
system has served as a veritable “fruit fly” for mathematical mod-
eling in statistical physics and several related disciplines, including
protein folding, artificial neural networks and quantum error correc-
tion.
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Figure 2: Chain with power-law in-
teractions that decay as r−σ. As
σ is tuned between 1 . . . 1

2
, the sys-

tem is expected to change from 2D
to infinite dimensional, allowing use
to effectively tune d in this model.

Because only some special instances of Spin Glasses can be solved
analytically, large scale numerical simulations are typically our best tool
for understanding their properties in detail. Since they are also very
complex to simulate, we can only look at a couple thousan spins at
best and are forced to extrapolate the behavior of larger systems. This
approach is especially daunting in large space dimensions, where the
number of spins in a square lattice of size L grows as Ld (d being the
dimension).

To estimate how the system’s behavior changes with dimensionality
(i.e., when spins are more strongly connected), one can use a model
with tunable connectivity to emulate higher dimensions. One partic-
ularly fruitful approach is a 1-D chain with interactions decaying as
a power law r−σ of the geometric cricle distance r. Here the expo-
nent σ determines how fast interactions decay, effectively chaning the
model’s connectivity from one resembling a low-dimensional to a high-
dimensional system (see Fig. 2). While this idea has been used in several
numerical studies, so far the results have not been compared in detail
to actual simulations in d dimensions.

Project goals

• Initially, implement a Monte Carlo simulation
for the 3D-Ising model and verify its correct-
ness by comparing to known results.

• Familiarize yourself with the 1D-Chain with
power-law interactions, then introduce this
new graph in your simulations.

• Compare the results on the 1D-Chain used to
emulate higher dimensions with your actual
numerical results.

Skill set

• Interest in mathematical modelling and de-
tailed model analysis

• Basic programming skills in any language,
willingness to learn / program C++. For
glassy systems, running large scale simulations
on our local cluster will be necessary.

• Interest in handling and analyzing large data
amounts and learning to performing a detailed
numerical analysis.


