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I. Clustering of Electrical Power Infrastructure
 Background 

Interconnection > Balancing Authorities > Zones.  
!  Load deliverability assessment. 
!  Area Control Error (ACE). 
!  Cost allocation. 
!  Dynamic vulnerability assessment. 
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Zones are often defined from historical or political boundaries… 
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I. Clustering of Electrical Power Infrastructure  
 Electrically Cohesive Clusters 

Electrical distance, 
!  Relationship between electric power transaction and voltage phase 

angle difference. 

!  For a network of resistors, conductance matrix G, 

!  For a power system, quadrant of the PF Jacobian, 
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I. Clustering of Electrical Power Infrastructure  
 Measures of clustering quality 

Electrical Cohesiveness Index, ECI (i.e. tightness index) 

 

Between-cluster Connectedness Index, BCCI 

 

 

 

Cluster Count Index, CCI  Cluster Size Index, CSI 

 

 

Aggregate clustering fitness, f 
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I. Clustering of Electrical Power Infrastructure  
 A genetic algorithm for power grid clustering 

GA configuration and parameters, 
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Representation String of integers indicating connections 

Fitness function f = ECI x BCCI x CSI x CCI 

Recombination method 1-point crossover 

Recombination probability 80% 

Mutation method Random resetting within the feasible set {0,1,…,mi}, �i 

Mutation probability pm 1/n 

Parent selection Tournament selection without replacement 

Survival selection Roulette wheel with elitism 

Population size 400 

Initialization Randomly generated clusters 

Termination condition Run until sufficient quality is achieved 
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I. Clustering of Electrical Power Infrastructure  
       Results: Loop flows. Test systems. 

Electrically cohesive zones result in reduced transaction leakage, 

 

 

 

Test cases,  
!  IEEE-RTS-96 

!  Reliability test system. 73 buses, 120 lines, 99 generators. 

!  Poland, case2383wp. 
!  Larger system. 2383 buses, 2896 lines, 327 generators.  
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I. Clustering of Electrical Power Infrastructure  
       Results: IEEE-RTS-96. 3 clusters. 
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I. Clustering of Electrical Power Infrastructure  
       Results: Poland, case2383wp. 5 clusters. 
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II. Critical Slowing Down in Power Systems 
       From Data to Knowledge 

10 

   Scheffer et al. 2009 (Nature).  

As large, complex systems approach “collapse” they shows signs of 
Critical Slowing Down 

!  e.g. climate models, epileptic seizure 

"All models are wrong, and increasingly you can succeed 
without them." , Peter Norvig 



II. Critical Slowing Down in Power Systems 
 Fast-Slow Bifurcation Theory (in 1 slide) 

11 

Fast-Slow ODE 
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slow critical transitions that underly the methods proposed in
this paper. Section III describes our adaption of these concepts
to the task of measuring critical slowing down in a power
system. Section IV discusses the results obtained from three
test systems. Lastly, Section V discusses the implications of
this work.

II. CRITICAL TRANSITIONS AND FAST-SLOW SYSTEMS

Numerous recent articles suggest that the properties of data
from stochastic dynamical systems can be used to signal the
proximity of a system to a tipping point, catastrophic shift, or
critical transition. This section discuses how these results may
be useful for predicting critical transitions in power systems.

A dynamical system described by differential equations
experiences a bifurcation when a change in its parameters
provoke a qualitative change in the motion of the system.
Some bifurcations are benign, such as the transition from a
state with over-damped oscillations (complex eigenvalues in
the left-half plane) to a state with over-damped exponential
recovery. In this case the stability of the system is not
compromised. However, other bifurcations result in instability.
Critical bifurcations (or critical transitions) of this sort result
in a shift from a stable regime to an unstable one. Systems
that undergo a critical transition will settle (if at all) at a point
that is far from the original equilibrium operating state. This
paper focuses on identifying proximity of a power system to
critical transition.

Physical systems are constantly subject to stochastic forc-
ings that perturb the system state from its attractor. While
random perturbations can excite instabilities in a system,
they can also produce statistical patterns that provide early-
warning signs of proximity to critical transition. Several recent
articles show that statistical patterns emerge in time series
data from a variety of complex systems before they reach a
critical transition (see the review in [25]). Examples in which
such early warning signs appear include ecosystem models
before extinction [27], climate models before abrupt climate
change [26], the human body before an epileptic seizure [28],
and financial markets before a collapse [29]. These examples
suggest a type of universality in the dynamics of stochastic
complex systems. In each case, time-domain measurements
taken from the system before the transition show the following
statistical patterns

1) Increased recovery times from perturbations
2) Increased signal variance from the mean trajectory
3) Increased flicker and asymmetry (increased kurtosis) in

the signal

Together, these properties are commonly referred to as “critical
slowing down” (CSD), a phenomenon originally observed in
models of emergent magnetic fields in ferro-magnetic materi-
als [30]. As described in [25], these three properties can be
identified by statistical tests for increasing variance and au-
tocorrelation (or autoregression) in time series measurements
taken from the system.

A. Fast-slow systems

The mathematical framework of fast-slow systems provides
some explanation for why variance and autocorrelation in-

crease in stochastic differential systems before critical tran-
sitions occur. A fast-slow system is one that can be described
by two sets of ordinary differential equations (ODE): one that
moves slowly toward a critical point, and the other that has
shorter time constants [31]. Equation (1) is the general form
for a system with a fast variable (or vector) u, and a slow one
v:

!

u̇ = f(u, v)

v̇ = !g(u, v)
(1)

In (1) ! is a small parameter (0 < ! ! 1) that makes v vary
slowly relative to the shorter time variation in u. In a power
system ! might represent, for instance, the rate at which a
load gradually increases toward voltage collapse. Interactions
between the dynamics of the fast subsystem (u) and the slowly
varying variables (v) can precipitate a critical transition away
from a stable operating point.

Many critical bifurcations can be classified as either fold,
Hopf, Pitchfork, or transcritical. Fold (or saddle node) and
Hopf bifurcations are particularly relevant to power systems
because they can be used to describe common instabilities such
as voltage collapse and the onset of oscillatory behavior. In the
following paragraphs we review common, simplified examples
(known as the “normal forms,” adapted from [31], [32]) that
illustrate the properties of fold and Hopf bifurcations.

A system with a fold bifurcation has two stable operating
points, which gradually approach one another as the slow
variable (v) increases. When the two operating points collide,
the two equilibrium conditions are eliminated, resulting in an
unstable system. Voltage collapse is a familiar example of a
fold bifurcation. Equation (2) illustrates a simple two-variable
fast-slow fold bifurcation, with a critical transition when the
slow variable v reaches zero.

!

u̇ = "v " u2

v̇ = !g(u, v)
(2)

An example of a simple power system that exhibits a fold
bifurcation is the single machine infinite bus (SMIB) [33].
In the baseline SMIB model that we use in this paper the
generator is located at Bus 1, with terminal voltage V1 =
|V1| ei!1 . The generator is a lossless round rotor, and produces
Pe(t) electric power as a result of Pm(t) mechanical forcing.
The generator has a constant field voltage magnitude (Ea)
behind a synchronous reactance (Xd). The rotor dynamics are
governed by the classic swing equation [34] with Pe(t) subject
to the network equations for this specific circuit:

Pm(t) = Pe(t) +D"̇(t) +M "̈(t) (3)

Pe(t) =
EaV2(t)

Xd +X12
sin("(t)) (4)

where "(t) is the machine rotor angle, relative to the phase
angle of the infinite bus (#2 = 0), D and M are machine
damping and inertia constants and X12 is the reactance of
the transmission line between the two buses. From (4) it is
clear that the SMIB model becomes unstable when Pm reaches
|Eq|V2(t)
Xd+X12

= Pmax. When Pm < Pmax there are two equilib-
rium solutions for " that satisfy (4). With Pm # Pmax the
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slow critical transitions that underly the methods proposed in
this paper. Section III describes our adaption of these concepts
to the task of measuring critical slowing down in a power
system. Section IV discusses the results obtained from three
test systems. Lastly, Section V discusses the implications of
this work.

II. CRITICAL TRANSITIONS AND FAST-SLOW SYSTEMS

Numerous recent articles suggest that the properties of data
from stochastic dynamical systems can be used to signal the
proximity of a system to a tipping point, catastrophic shift, or
critical transition. This section discuses how these results may
be useful for predicting critical transitions in power systems.

A dynamical system described by differential equations
experiences a bifurcation when a change in its parameters
provoke a qualitative change in the motion of the system.
Some bifurcations are benign, such as the transition from a
state with over-damped oscillations (complex eigenvalues in
the left-half plane) to a state with over-damped exponential
recovery. In this case the stability of the system is not
compromised. However, other bifurcations result in instability.
Critical bifurcations (or critical transitions) of this sort result
in a shift from a stable regime to an unstable one. Systems
that undergo a critical transition will settle (if at all) at a point
that is far from the original equilibrium operating state. This
paper focuses on identifying proximity of a power system to
critical transition.

Physical systems are constantly subject to stochastic forc-
ings that perturb the system state from its attractor. While
random perturbations can excite instabilities in a system,
they can also produce statistical patterns that provide early-
warning signs of proximity to critical transition. Several recent
articles show that statistical patterns emerge in time series
data from a variety of complex systems before they reach a
critical transition (see the review in [25]). Examples in which
such early warning signs appear include ecosystem models
before extinction [27], climate models before abrupt climate
change [26], the human body before an epileptic seizure [28],
and financial markets before a collapse [29]. These examples
suggest a type of universality in the dynamics of stochastic
complex systems. In each case, time-domain measurements
taken from the system before the transition show the following
statistical patterns

1) Increased recovery times from perturbations
2) Increased signal variance from the mean trajectory
3) Increased flicker and asymmetry (increased kurtosis) in

the signal

Together, these properties are commonly referred to as “critical
slowing down” (CSD), a phenomenon originally observed in
models of emergent magnetic fields in ferro-magnetic materi-
als [30]. As described in [25], these three properties can be
identified by statistical tests for increasing variance and au-
tocorrelation (or autoregression) in time series measurements
taken from the system.

A. Fast-slow systems

The mathematical framework of fast-slow systems provides
some explanation for why variance and autocorrelation in-

crease in stochastic differential systems before critical tran-
sitions occur. A fast-slow system is one that can be described
by two sets of ordinary differential equations (ODE): one that
moves slowly toward a critical point, and the other that has
shorter time constants [31]. Equation (1) is the general form
for a system with a fast variable (or vector) u, and a slow one
v:

!

u̇ = f(u, v)

v̇ = !g(u, v)
(1)

In (1) ! is a small parameter (0 < ! ! 1) that makes v vary
slowly relative to the shorter time variation in u. In a power
system ! might represent, for instance, the rate at which a
load gradually increases toward voltage collapse. Interactions
between the dynamics of the fast subsystem (u) and the slowly
varying variables (v) can precipitate a critical transition away
from a stable operating point.

Many critical bifurcations can be classified as either fold,
Hopf, Pitchfork, or transcritical. Fold (or saddle node) and
Hopf bifurcations are particularly relevant to power systems
because they can be used to describe common instabilities such
as voltage collapse and the onset of oscillatory behavior. In the
following paragraphs we review common, simplified examples
(known as the “normal forms,” adapted from [31], [32]) that
illustrate the properties of fold and Hopf bifurcations.

A system with a fold bifurcation has two stable operating
points, which gradually approach one another as the slow
variable (v) increases. When the two operating points collide,
the two equilibrium conditions are eliminated, resulting in an
unstable system. Voltage collapse is a familiar example of a
fold bifurcation. Equation (2) illustrates a simple two-variable
fast-slow fold bifurcation, with a critical transition when the
slow variable v reaches zero.

!

u̇ = "v " u2

v̇ = !g(u, v)
(2)

An example of a simple power system that exhibits a fold
bifurcation is the single machine infinite bus (SMIB) [33].
In the baseline SMIB model that we use in this paper the
generator is located at Bus 1, with terminal voltage V1 =
|V1| ei!1 . The generator is a lossless round rotor, and produces
Pe(t) electric power as a result of Pm(t) mechanical forcing.
The generator has a constant field voltage magnitude (Ea)
behind a synchronous reactance (Xd). The rotor dynamics are
governed by the classic swing equation [34] with Pe(t) subject
to the network equations for this specific circuit:

Pm(t) = Pe(t) +D"̇(t) +M "̈(t) (3)

Pe(t) =
EaV2(t)

Xd +X12
sin("(t)) (4)

where "(t) is the machine rotor angle, relative to the phase
angle of the infinite bus (#2 = 0), D and M are machine
damping and inertia constants and X12 is the reactance of
the transmission line between the two buses. From (4) it is
clear that the SMIB model becomes unstable when Pm reaches
|Eq|V2(t)
Xd+X12

= Pmax. When Pm < Pmax there are two equilib-
rium solutions for " that satisfy (4). With Pm # Pmax the
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system Jacobian becomes singular, and the system unstable.
For a detailed discussion of this model see [33]. Sec. IV-A
discusses an extension of the SMIB model to a stochastic case.

In a Hopf bifurcation, a system with exponential recovery
rates transitions to one in which oscillations are critically- or
under-damped; i.e. a pair of real-valued and negative eigenval-
ues become a complex conjugate pair with non-negative real
parts. Eqs. (5), from [35], describe such a system:

!

"

#

"

$

u̇1 = vu1 ! u2 + !1u1(u2
1 + u2

2)

u̇2 = u1 + vu2 + !1u2(u2
1 + u2

2)

v̇ = "g(u, v)

(5)

where !1 is the first Lyapunov coefficient. Refs. [36], [37]
discuss ways in which Hopf bifurcations appear in the SMIB
model, after adding an exciter, for various combinations of D
and Pm.

In summary, there is extensive literature showing that many
types of power system instability can be understood using
(2) and (5). Numerous bifurcation analyses in the power
system literature expand on the two examples described above
and study transitions (including Pitchfork and transcritical
bifurcations) that result from the introduction of more detailed
component models, such as generator exciters and limiters
(e.g., [5], [8], [33], [36]–[38]). Many of these analyses are
reviewed in the IEEE/PES committee report [39].

B. Stochastic fast-slow systems

The above examples show critical transitions as they move
smoothly past the critical point (at v = 0). Real systems,
however, are subject to random external fluctuations that can
substantially change the dynamical properties of the critical
transitions [40]. The theory of fast-slow stochastic differential
equations (fast-slow SDEs) can provide formal insight into
the behavior of stochastic systems as they approach critical
transition. SDEs are challenging because with the introduc-
tion of noise, not only do systems inherit the deterministic
bifurcations from the original ODEs, but they also show
“noise-induced transitions,” which were not present in the
deterministic system. If the magnitude of the noise is small
relative to the variance of the process, the stochastic transitions
occur in the neighborhood of the corresponding deterministic
transitions [31]. When the noise is larger, transitions can occur
at many locations.

The following example, similar to those derived in [31],
[32], illustrates how a relatively simple fast-slow SDE show
signs of critical slowing down when approaching a tipping
point. Let us consider the stochastic extension of (2) with one
fast variable (u " R1) and one slow variable (v " R1) with a
bifurcation at v = 0:

%

du =
&

!v ! u2
'

dt+ #dWt

dv = "dt
(6)

where # > 0 is a constant and Wt is a Wiener process.
Reference [31] shows that solving (6) for the probability
density function (pdf) of u, for a given v, is:
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Figure 1. Probability density functions for the random variable u in (6) and
(7), for different values of v as it increases toward the critical transition at
v = 0. As v increases toward the critical point, the variance in u increases.

Figure 2. An illustration of increasing autocorrelation and variance in
generator bus voltages |V1| (after subtracting the mean) in a stochastic SMIB
model. The left panel compares voltage changes, with a one second time
delay, in an unstressed regime. The right panel shows time-delayed voltage
deviations shortly before the critical transition (see Sec. IV-A).

p(u = U |v) = 1

C e
2

!2

!

!vU! 1

3
U3+ 2

3
(!v)

3
2

"

(7)

where C is a normalization constant that depends on the
boundary points chosen to solve the Fokker-Planck equation
resulting from (6) and evaluated around the singular limit
" # 0. Plotting this pdf (Fig. 1), we see that as v approaches
the bifurcation at v = 0 the variance in the random signal u
increases. Ref. [32] demonstrates that for a given realization
of this process ($) with additive noise, the variance scales as:

Var($) = #2[Ov(
1$
v
) +O(")] +O(#4) (8)

Therefore, holding all other things constant, the signal variance
will increase with v!1/2 near the critical transition. Using
simulations, Refs. [31], [32] also show that autocorrelation in u
increases as the system approaches the critical transition. Fig.
2 illustrates this increase in autocorrelation for a stochastically
forced version of the SMIB model (see Sec. IV-A). Because
this same pair of trends is apparent in many large complex sys-
tems [25] we conjecture that increasing signal autocorrelation
and variance will provide early warning of critical transitions
in a variety of power system models.

In large power systems the stochastic differential-algebraic
equations (SDAEs) are sufficiently large and uncertain to
make analytical solutions, such as (7), impractical. Ref. [41]
shows that under some conditions one can linearize the system
equations and use Itô calculus to solve the stochastic ODEs
to obtain estimates of proximity to critical bifurcations. How-
ever, this approach remains computationally expensive, and
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Fold Bifurcation  

 

Hopf Bifurcation  

 

3

system Jacobian becomes singular, and the system unstable.
For a detailed discussion of this model see [33]. Sec. IV-A
discusses an extension of the SMIB model to a stochastic case.

In a Hopf bifurcation, a system with exponential recovery
rates transitions to one in which oscillations are critically- or
under-damped; i.e. a pair of real-valued and negative eigenval-
ues become a complex conjugate pair with non-negative real
parts. Eqs. (5), from [35], describe such a system:

!

"

#

"

$

u̇1 = vu1 ! u2 + !1u1(u2
1 + u2

2)

u̇2 = u1 + vu2 + !1u2(u2
1 + u2

2)

v̇ = "g(u, v)

(5)

where !1 is the first Lyapunov coefficient. Refs. [36], [37]
discuss ways in which Hopf bifurcations appear in the SMIB
model, after adding an exciter, for various combinations of D
and Pm.

In summary, there is extensive literature showing that many
types of power system instability can be understood using
(2) and (5). Numerous bifurcation analyses in the power
system literature expand on the two examples described above
and study transitions (including Pitchfork and transcritical
bifurcations) that result from the introduction of more detailed
component models, such as generator exciters and limiters
(e.g., [5], [8], [33], [36]–[38]). Many of these analyses are
reviewed in the IEEE/PES committee report [39].

B. Stochastic fast-slow systems

The above examples show critical transitions as they move
smoothly past the critical point (at v = 0). Real systems,
however, are subject to random external fluctuations that can
substantially change the dynamical properties of the critical
transitions [40]. The theory of fast-slow stochastic differential
equations (fast-slow SDEs) can provide formal insight into
the behavior of stochastic systems as they approach critical
transition. SDEs are challenging because with the introduc-
tion of noise, not only do systems inherit the deterministic
bifurcations from the original ODEs, but they also show
“noise-induced transitions,” which were not present in the
deterministic system. If the magnitude of the noise is small
relative to the variance of the process, the stochastic transitions
occur in the neighborhood of the corresponding deterministic
transitions [31]. When the noise is larger, transitions can occur
at many locations.

The following example, similar to those derived in [31],
[32], illustrates how a relatively simple fast-slow SDE show
signs of critical slowing down when approaching a tipping
point. Let us consider the stochastic extension of (2) with one
fast variable (u " R1) and one slow variable (v " R1) with a
bifurcation at v = 0:

%

du =
&

!v ! u2
'

dt+ #dWt

dv = "dt
(6)

where # > 0 is a constant and Wt is a Wiener process.
Reference [31] shows that solving (6) for the probability
density function (pdf) of u, for a given v, is:
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Figure 1. Probability density functions for the random variable u in (6) and
(7), for different values of v as it increases toward the critical transition at
v = 0. As v increases toward the critical point, the variance in u increases.

Figure 2. An illustration of increasing autocorrelation and variance in
generator bus voltages |V1| (after subtracting the mean) in a stochastic SMIB
model. The left panel compares voltage changes, with a one second time
delay, in an unstressed regime. The right panel shows time-delayed voltage
deviations shortly before the critical transition (see Sec. IV-A).

p(u = U |v) = 1

C e
2

!2

!

!vU! 1

3
U3+ 2

3
(!v)

3
2

"

(7)

where C is a normalization constant that depends on the
boundary points chosen to solve the Fokker-Planck equation
resulting from (6) and evaluated around the singular limit
" # 0. Plotting this pdf (Fig. 1), we see that as v approaches
the bifurcation at v = 0 the variance in the random signal u
increases. Ref. [32] demonstrates that for a given realization
of this process ($) with additive noise, the variance scales as:

Var($) = #2[Ov(
1$
v
) +O(")] +O(#4) (8)

Therefore, holding all other things constant, the signal variance
will increase with v!1/2 near the critical transition. Using
simulations, Refs. [31], [32] also show that autocorrelation in u
increases as the system approaches the critical transition. Fig.
2 illustrates this increase in autocorrelation for a stochastically
forced version of the SMIB model (see Sec. IV-A). Because
this same pair of trends is apparent in many large complex sys-
tems [25] we conjecture that increasing signal autocorrelation
and variance will provide early warning of critical transitions
in a variety of power system models.

In large power systems the stochastic differential-algebraic
equations (SDAEs) are sufficiently large and uncertain to
make analytical solutions, such as (7), impractical. Ref. [41]
shows that under some conditions one can linearize the system
equations and use Itô calculus to solve the stochastic ODEs
to obtain estimates of proximity to critical bifurcations. How-
ever, this approach remains computationally expensive, and
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system Jacobian becomes singular, and the system unstable.
For a detailed discussion of this model see [33]. Sec. IV-A
discusses an extension of the SMIB model to a stochastic case.

In a Hopf bifurcation, a system with exponential recovery
rates transitions to one in which oscillations are critically- or
under-damped; i.e. a pair of real-valued and negative eigenval-
ues become a complex conjugate pair with non-negative real
parts. Eqs. (5), from [35], describe such a system:

!

"

#

"

$

u̇1 = vu1 ! u2 + !1u1(u2
1 + u2

2)

u̇2 = u1 + vu2 + !1u2(u2
1 + u2

2)

v̇ = "g(u, v)

(5)

where !1 is the first Lyapunov coefficient. Refs. [36], [37]
discuss ways in which Hopf bifurcations appear in the SMIB
model, after adding an exciter, for various combinations of D
and Pm.

In summary, there is extensive literature showing that many
types of power system instability can be understood using
(2) and (5). Numerous bifurcation analyses in the power
system literature expand on the two examples described above
and study transitions (including Pitchfork and transcritical
bifurcations) that result from the introduction of more detailed
component models, such as generator exciters and limiters
(e.g., [5], [8], [33], [36]–[38]). Many of these analyses are
reviewed in the IEEE/PES committee report [39].

B. Stochastic fast-slow systems

The above examples show critical transitions as they move
smoothly past the critical point (at v = 0). Real systems,
however, are subject to random external fluctuations that can
substantially change the dynamical properties of the critical
transitions [40]. The theory of fast-slow stochastic differential
equations (fast-slow SDEs) can provide formal insight into
the behavior of stochastic systems as they approach critical
transition. SDEs are challenging because with the introduc-
tion of noise, not only do systems inherit the deterministic
bifurcations from the original ODEs, but they also show
“noise-induced transitions,” which were not present in the
deterministic system. If the magnitude of the noise is small
relative to the variance of the process, the stochastic transitions
occur in the neighborhood of the corresponding deterministic
transitions [31]. When the noise is larger, transitions can occur
at many locations.

The following example, similar to those derived in [31],
[32], illustrates how a relatively simple fast-slow SDE show
signs of critical slowing down when approaching a tipping
point. Let us consider the stochastic extension of (2) with one
fast variable (u " R1) and one slow variable (v " R1) with a
bifurcation at v = 0:

%

du =
&

!v ! u2
'

dt+ #dWt

dv = "dt
(6)

where # > 0 is a constant and Wt is a Wiener process.
Reference [31] shows that solving (6) for the probability
density function (pdf) of u, for a given v, is:
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Figure 1. Probability density functions for the random variable u in (6) and
(7), for different values of v as it increases toward the critical transition at
v = 0. As v increases toward the critical point, the variance in u increases.

Figure 2. An illustration of increasing autocorrelation and variance in
generator bus voltages |V1| (after subtracting the mean) in a stochastic SMIB
model. The left panel compares voltage changes, with a one second time
delay, in an unstressed regime. The right panel shows time-delayed voltage
deviations shortly before the critical transition (see Sec. IV-A).
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where C is a normalization constant that depends on the
boundary points chosen to solve the Fokker-Planck equation
resulting from (6) and evaluated around the singular limit
" # 0. Plotting this pdf (Fig. 1), we see that as v approaches
the bifurcation at v = 0 the variance in the random signal u
increases. Ref. [32] demonstrates that for a given realization
of this process ($) with additive noise, the variance scales as:

Var($) = #2[Ov(
1$
v
) +O(")] +O(#4) (8)

Therefore, holding all other things constant, the signal variance
will increase with v!1/2 near the critical transition. Using
simulations, Refs. [31], [32] also show that autocorrelation in u
increases as the system approaches the critical transition. Fig.
2 illustrates this increase in autocorrelation for a stochastically
forced version of the SMIB model (see Sec. IV-A). Because
this same pair of trends is apparent in many large complex sys-
tems [25] we conjecture that increasing signal autocorrelation
and variance will provide early warning of critical transitions
in a variety of power system models.

In large power systems the stochastic differential-algebraic
equations (SDAEs) are sufficiently large and uncertain to
make analytical solutions, such as (7), impractical. Ref. [41]
shows that under some conditions one can linearize the system
equations and use Itô calculus to solve the stochastic ODEs
to obtain estimates of proximity to critical bifurcations. How-
ever, this approach remains computationally expensive, and
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system Jacobian becomes singular, and the system unstable.
For a detailed discussion of this model see [33]. Sec. IV-A
discusses an extension of the SMIB model to a stochastic case.

In a Hopf bifurcation, a system with exponential recovery
rates transitions to one in which oscillations are critically- or
under-damped; i.e. a pair of real-valued and negative eigenval-
ues become a complex conjugate pair with non-negative real
parts. Eqs. (5), from [35], describe such a system:

!

"

#

"

$

u̇1 = vu1 ! u2 + !1u1(u2
1 + u2

2)

u̇2 = u1 + vu2 + !1u2(u2
1 + u2

2)

v̇ = "g(u, v)

(5)

where !1 is the first Lyapunov coefficient. Refs. [36], [37]
discuss ways in which Hopf bifurcations appear in the SMIB
model, after adding an exciter, for various combinations of D
and Pm.

In summary, there is extensive literature showing that many
types of power system instability can be understood using
(2) and (5). Numerous bifurcation analyses in the power
system literature expand on the two examples described above
and study transitions (including Pitchfork and transcritical
bifurcations) that result from the introduction of more detailed
component models, such as generator exciters and limiters
(e.g., [5], [8], [33], [36]–[38]). Many of these analyses are
reviewed in the IEEE/PES committee report [39].

B. Stochastic fast-slow systems

The above examples show critical transitions as they move
smoothly past the critical point (at v = 0). Real systems,
however, are subject to random external fluctuations that can
substantially change the dynamical properties of the critical
transitions [40]. The theory of fast-slow stochastic differential
equations (fast-slow SDEs) can provide formal insight into
the behavior of stochastic systems as they approach critical
transition. SDEs are challenging because with the introduc-
tion of noise, not only do systems inherit the deterministic
bifurcations from the original ODEs, but they also show
“noise-induced transitions,” which were not present in the
deterministic system. If the magnitude of the noise is small
relative to the variance of the process, the stochastic transitions
occur in the neighborhood of the corresponding deterministic
transitions [31]. When the noise is larger, transitions can occur
at many locations.

The following example, similar to those derived in [31],
[32], illustrates how a relatively simple fast-slow SDE show
signs of critical slowing down when approaching a tipping
point. Let us consider the stochastic extension of (2) with one
fast variable (u " R1) and one slow variable (v " R1) with a
bifurcation at v = 0:

%

du =
&

!v ! u2
'

dt+ #dWt

dv = "dt
(6)

where # > 0 is a constant and Wt is a Wiener process.
Reference [31] shows that solving (6) for the probability
density function (pdf) of u, for a given v, is:
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Figure 1. Probability density functions for the random variable u in (6) and
(7), for different values of v as it increases toward the critical transition at
v = 0. As v increases toward the critical point, the variance in u increases.

Figure 2. An illustration of increasing autocorrelation and variance in
generator bus voltages |V1| (after subtracting the mean) in a stochastic SMIB
model. The left panel compares voltage changes, with a one second time
delay, in an unstressed regime. The right panel shows time-delayed voltage
deviations shortly before the critical transition (see Sec. IV-A).
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where C is a normalization constant that depends on the
boundary points chosen to solve the Fokker-Planck equation
resulting from (6) and evaluated around the singular limit
" # 0. Plotting this pdf (Fig. 1), we see that as v approaches
the bifurcation at v = 0 the variance in the random signal u
increases. Ref. [32] demonstrates that for a given realization
of this process ($) with additive noise, the variance scales as:

Var($) = #2[Ov(
1$
v
) +O(")] +O(#4) (8)

Therefore, holding all other things constant, the signal variance
will increase with v!1/2 near the critical transition. Using
simulations, Refs. [31], [32] also show that autocorrelation in u
increases as the system approaches the critical transition. Fig.
2 illustrates this increase in autocorrelation for a stochastically
forced version of the SMIB model (see Sec. IV-A). Because
this same pair of trends is apparent in many large complex sys-
tems [25] we conjecture that increasing signal autocorrelation
and variance will provide early warning of critical transitions
in a variety of power system models.

In large power systems the stochastic differential-algebraic
equations (SDAEs) are sufficiently large and uncertain to
make analytical solutions, such as (7), impractical. Ref. [41]
shows that under some conditions one can linearize the system
equations and use Itô calculus to solve the stochastic ODEs
to obtain estimates of proximity to critical bifurcations. How-
ever, this approach remains computationally expensive, and
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system Jacobian becomes singular, and the system unstable.
For a detailed discussion of this model see [33]. Sec. IV-A
discusses an extension of the SMIB model to a stochastic case.

In a Hopf bifurcation, a system with exponential recovery
rates transitions to one in which oscillations are critically- or
under-damped; i.e. a pair of real-valued and negative eigenval-
ues become a complex conjugate pair with non-negative real
parts. Eqs. (5), from [35], describe such a system:
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u̇1 = vu1 ! u2 + !1u1(u2
1 + u2

2)

u̇2 = u1 + vu2 + !1u2(u2
1 + u2
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v̇ = "g(u, v)

(5)

where !1 is the first Lyapunov coefficient. Refs. [36], [37]
discuss ways in which Hopf bifurcations appear in the SMIB
model, after adding an exciter, for various combinations of D
and Pm.

In summary, there is extensive literature showing that many
types of power system instability can be understood using
(2) and (5). Numerous bifurcation analyses in the power
system literature expand on the two examples described above
and study transitions (including Pitchfork and transcritical
bifurcations) that result from the introduction of more detailed
component models, such as generator exciters and limiters
(e.g., [5], [8], [33], [36]–[38]). Many of these analyses are
reviewed in the IEEE/PES committee report [39].

B. Stochastic fast-slow systems

The above examples show critical transitions as they move
smoothly past the critical point (at v = 0). Real systems,
however, are subject to random external fluctuations that can
substantially change the dynamical properties of the critical
transitions [40]. The theory of fast-slow stochastic differential
equations (fast-slow SDEs) can provide formal insight into
the behavior of stochastic systems as they approach critical
transition. SDEs are challenging because with the introduc-
tion of noise, not only do systems inherit the deterministic
bifurcations from the original ODEs, but they also show
“noise-induced transitions,” which were not present in the
deterministic system. If the magnitude of the noise is small
relative to the variance of the process, the stochastic transitions
occur in the neighborhood of the corresponding deterministic
transitions [31]. When the noise is larger, transitions can occur
at many locations.

The following example, similar to those derived in [31],
[32], illustrates how a relatively simple fast-slow SDE show
signs of critical slowing down when approaching a tipping
point. Let us consider the stochastic extension of (2) with one
fast variable (u " R1) and one slow variable (v " R1) with a
bifurcation at v = 0:

%

du =
&

!v ! u2
'

dt+ #dWt

dv = "dt
(6)

where # > 0 is a constant and Wt is a Wiener process.
Reference [31] shows that solving (6) for the probability
density function (pdf) of u, for a given v, is:
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Figure 1. Probability density functions for the random variable u in (6) and
(7), for different values of v as it increases toward the critical transition at
v = 0. As v increases toward the critical point, the variance in u increases.

Figure 2. An illustration of increasing autocorrelation and variance in
generator bus voltages |V1| (after subtracting the mean) in a stochastic SMIB
model. The left panel compares voltage changes, with a one second time
delay, in an unstressed regime. The right panel shows time-delayed voltage
deviations shortly before the critical transition (see Sec. IV-A).
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where C is a normalization constant that depends on the
boundary points chosen to solve the Fokker-Planck equation
resulting from (6) and evaluated around the singular limit
" # 0. Plotting this pdf (Fig. 1), we see that as v approaches
the bifurcation at v = 0 the variance in the random signal u
increases. Ref. [32] demonstrates that for a given realization
of this process ($) with additive noise, the variance scales as:

Var($) = #2[Ov(
1$
v
) +O(")] +O(#4) (8)

Therefore, holding all other things constant, the signal variance
will increase with v!1/2 near the critical transition. Using
simulations, Refs. [31], [32] also show that autocorrelation in u
increases as the system approaches the critical transition. Fig.
2 illustrates this increase in autocorrelation for a stochastically
forced version of the SMIB model (see Sec. IV-A). Because
this same pair of trends is apparent in many large complex sys-
tems [25] we conjecture that increasing signal autocorrelation
and variance will provide early warning of critical transitions
in a variety of power system models.

In large power systems the stochastic differential-algebraic
equations (SDAEs) are sufficiently large and uncertain to
make analytical solutions, such as (7), impractical. Ref. [41]
shows that under some conditions one can linearize the system
equations and use Itô calculus to solve the stochastic ODEs
to obtain estimates of proximity to critical bifurcations. How-
ever, this approach remains computationally expensive, and
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stochastic infinite bus model (SMSIB), a three-machine nine-
bus power system model (9 bus) [46] and data from the
August 10, 1996 blackout in the Western North American
Interconnection (WECC).

A. Single-Machine Stochastic-Infinite-Bus model (SMSIB)

In our initial analysis, we modified the classic single
machine infinite bus model (Eqs. 3 and 4) to determine
the conditions under which critical slowing down appears
in a power system model. In the stochastic version of the
model, we gradually increase stress by linearly increasing the
mechanical power of the generator Pm. To inject noise, we
add noise to the infinite bus voltage (V2, with angle 0). We
model the noise as a bandwidth-limited Gaussian white noise,
where the voltage at Bus 2 is:

V2(tk) = 1.0 +N (0,!"V ) !tk " {0, 0.1, 0.2, . . .} (13)

and N is a Gaussian random variable of zero mean and
standard deviation !"V . Between the discrete, 100ms noise time
steps, V2(t) is interpolated using a cubic spline. The noise
magnitude !"V is set to 0.01 p.u. The stochastic infinite bus
simulates the effect of small, exogenous voltage flicker in the
larger system to which the generator is connected [47]. A
similar model, with noise in the generator power rather than
the infinite bus voltage, is explored in [48].

The remaining set of parameters inherited from the classic
SMIB model are set as follows: Ea = 1.1 p.u., Xd = 0.1,
D = 1.5 p.u., M = 3 p.u. and Z12 = j0.1 p.u. The
trajectories of ! and "1 are calculated using a variable step size,
explicit trapezoidal differential-algebraic equation solver [49].
The output data from the DAE solver (most notably |V (t)| and
"1(t)) are subsequently sampled at 30 Hz to obtain simulated
synchrophasor data.

Critical slowing down becomes apparent in this model in
several ways. As the dominant frequency of the system de-
creases, the relaxation time will increase, which is a symptom
of CSD. Also, as the system approaches the point of transition,
small changes in ! or in the noise (V2) will substantially
change the dominant frequencies in the system, resulting in
a wider range of frequencies being present in the signal. This
phenomena is sometimes apparent as flicker, which is another
sign of CSD. Both of these phenomena can be observed in
the power spectral density of the signal as an increase in the
power of lower-frequency components, as well as an increase
in the order 1 AR coefficient.

Figure 3 shows the results that emerge from the two bus
model as it is forced toward the maximum power transfer
limit. Providing evidence in support of our conjecture that
CSD is present before the critical transition, the order 1 AR
coefficient (a1) and variance (#2) in the phase angle data at
Bus 1 increase notably minutes before the system hits the point
of maximum power transfer. Kendall’s $ (Table I) indicates
that these increases are statistically significant. Furthermore
the power spectral density of the signal (middle panel in Fig.
3) shows substantial increases in low-frequency signal power,
relative to the power of the noise, as the system approaches
the critical transition.

Figure 3. Evidence of critical slowing down in a two-bus (SMSIB) power
grid model being driven toward the point of maximum power transfer. The
top panel shows the bus 1 voltage phase angle !1 before and after detrending.
The middle panel shows the power spectral density of the detrended signal
and the input noise for vertically projected time intervals. The lower panel
shows the first order autoregression coefficient and the signal variance.

Table I
KENDALL’S " , AND SIGNAL-TO-NOISE RATIOS FROM THE SMSIB MODEL

Time range for " calculation
(!4, !3] (!3, !2] (!2, !1] (!1, 0]

"a1
0.6294! 0.6000! 0.5344! 0.6384!

"!2 0.6814! 0.0525 0.8087! 0.8395!

SNR [0-0.15 Hz] 0.7747 1.7181 3.4764 7.2975
(*) indicates that " is statistically significant at the P < 0.0001 level.

B. Three-Machine, Nine-Bus power system model (9 bus)

As a classic example multi-machine system, we utilize the
Anderson and Fouad nine-bus test case [46] for the second
set of experiments. The generators were modeled with order
IV machines controlled by IEEE Type II exciters and turbine
governors. As in Sec. IV-A, we injected bandwidth-limited
Gaussian white noise into the system; in this case perturbing
the loads. In order to stress the system and drive it toward
a bifurcation, we steadily increase the baseline load and
calculate the DAE trajectories with fixed a 1ms time-step
trapezoidal integration (using the PSAT simulator [50]). The
output variables are subsequently sampled at 30 Hz. Figure 4
illustrates the results of applying the CSD detection method to
the nine-bus case. As with the single machine case, evidence
of CSD is present minutes before the critical transition occurs.
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slow critical transitions that underly the methods proposed in
this paper. Section III describes our adaption of these concepts
to the task of measuring critical slowing down in a power
system. Section IV discusses the results obtained from three
test systems. Lastly, Section V discusses the implications of
this work.

II. CRITICAL TRANSITIONS AND FAST-SLOW SYSTEMS

Numerous recent articles suggest that the properties of data
from stochastic dynamical systems can be used to signal the
proximity of a system to a tipping point, catastrophic shift, or
critical transition. This section discuses how these results may
be useful for predicting critical transitions in power systems.

A dynamical system described by differential equations
experiences a bifurcation when a change in its parameters
provoke a qualitative change in the motion of the system.
Some bifurcations are benign, such as the transition from a
state with over-damped oscillations (complex eigenvalues in
the left-half plane) to a state with over-damped exponential
recovery. In this case the stability of the system is not
compromised. However, other bifurcations result in instability.
Critical bifurcations (or critical transitions) of this sort result
in a shift from a stable regime to an unstable one. Systems
that undergo a critical transition will settle (if at all) at a point
that is far from the original equilibrium operating state. This
paper focuses on identifying proximity of a power system to
critical transition.

Physical systems are constantly subject to stochastic forc-
ings that perturb the system state from its attractor. While
random perturbations can excite instabilities in a system,
they can also produce statistical patterns that provide early-
warning signs of proximity to critical transition. Several recent
articles show that statistical patterns emerge in time series
data from a variety of complex systems before they reach a
critical transition (see the review in [25]). Examples in which
such early warning signs appear include ecosystem models
before extinction [27], climate models before abrupt climate
change [26], the human body before an epileptic seizure [28],
and financial markets before a collapse [29]. These examples
suggest a type of universality in the dynamics of stochastic
complex systems. In each case, time-domain measurements
taken from the system before the transition show the following
statistical patterns

1) Increased recovery times from perturbations
2) Increased signal variance from the mean trajectory
3) Increased flicker and asymmetry (increased kurtosis) in

the signal

Together, these properties are commonly referred to as “critical
slowing down” (CSD), a phenomenon originally observed in
models of emergent magnetic fields in ferro-magnetic materi-
als [30]. As described in [25], these three properties can be
identified by statistical tests for increasing variance and au-
tocorrelation (or autoregression) in time series measurements
taken from the system.

A. Fast-slow systems

The mathematical framework of fast-slow systems provides
some explanation for why variance and autocorrelation in-

crease in stochastic differential systems before critical tran-
sitions occur. A fast-slow system is one that can be described
by two sets of ordinary differential equations (ODE): one that
moves slowly toward a critical point, and the other that has
shorter time constants [31]. Equation (1) is the general form
for a system with a fast variable (or vector) u, and a slow one
v:

!

u̇ = f(u, v)

v̇ = !g(u, v)
(1)

In (1) ! is a small parameter (0 < ! ! 1) that makes v vary
slowly relative to the shorter time variation in u. In a power
system ! might represent, for instance, the rate at which a
load gradually increases toward voltage collapse. Interactions
between the dynamics of the fast subsystem (u) and the slowly
varying variables (v) can precipitate a critical transition away
from a stable operating point.

Many critical bifurcations can be classified as either fold,
Hopf, Pitchfork, or transcritical. Fold (or saddle node) and
Hopf bifurcations are particularly relevant to power systems
because they can be used to describe common instabilities such
as voltage collapse and the onset of oscillatory behavior. In the
following paragraphs we review common, simplified examples
(known as the “normal forms,” adapted from [31], [32]) that
illustrate the properties of fold and Hopf bifurcations.

A system with a fold bifurcation has two stable operating
points, which gradually approach one another as the slow
variable (v) increases. When the two operating points collide,
the two equilibrium conditions are eliminated, resulting in an
unstable system. Voltage collapse is a familiar example of a
fold bifurcation. Equation (2) illustrates a simple two-variable
fast-slow fold bifurcation, with a critical transition when the
slow variable v reaches zero.

!

u̇ = "v " u2

v̇ = !g(u, v)
(2)

An example of a simple power system that exhibits a fold
bifurcation is the single machine infinite bus (SMIB) [33].
In the baseline SMIB model that we use in this paper the
generator is located at Bus 1, with terminal voltage V1 =
|V1| ei!1 . The generator is a lossless round rotor, and produces
Pe(t) electric power as a result of Pm(t) mechanical forcing.
The generator has a constant field voltage magnitude (Ea)
behind a synchronous reactance (Xd). The rotor dynamics are
governed by the classic swing equation [34] with Pe(t) subject
to the network equations for this specific circuit:

Pm(t) = Pe(t) +D"̇(t) +M "̈(t) (3)

Pe(t) =
EaV2(t)

Xd +X12
sin("(t)) (4)

where "(t) is the machine rotor angle, relative to the phase
angle of the infinite bus (#2 = 0), D and M are machine
damping and inertia constants and X12 is the reactance of
the transmission line between the two buses. From (4) it is
clear that the SMIB model becomes unstable when Pm reaches
|Eq|V2(t)
Xd+X12

= Pmax. When Pm < Pmax there are two equilib-
rium solutions for " that satisfy (4). With Pm # Pmax the
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Figure 4. Evidence of critical slowing down in a three-machine, nine-bus
power grid model being driven toward a bifurcation. The top panel shows the
bus 3 voltage magnitude |V3| before and after detrending. The middle panel
shows the power spectral density of the detrended signal and the input noise
for vertically projected time intervals. The lower panel shows the first order
AR coefficient and the signal variance.

Table II
KENDALL’S ! , AND SIGNAL-TO-NOISE RATIOS FOR THE 9-BUS CASE

Time range for ! calculation
(!4, !3] (!3, !2] (!2, !1] (!1, 0]

!a1
0.5277! 0.4055! 0.6240! 0.7853!

!!2 0.8407! 0.8251! 0.8514! 0.9356!

SNR [0-0.3Hz] 0.0011 0.0013 0.0058 2.0293

These initial results indicate that when CSD is apparent,
the stressed system processes noise differently than would a
less-stressed one. In order to illustrate this, we represent the
9-bus system with the set of DAEs:

dx
dt = f(x,y)
0 = g(x,y)

(14)

where x are the state variables and y are the algebraic
variables (voltages). If we linearize the system we can obtain
the following state-space matrix:

A =
dg

dy
! dg

dx

!

df

dx

"!1
df

dy

which can be interpreted as the dynamic power flow sensitivity
matrix [50]. The frequency response of the 9 bus network can
be observed by selecting the combination of input and output
channels. Figure 5 shows the magnitude response of |V3| to a
noisy load connected at Bus 5 (P5), for a high load and a low
load case. At high load, the network is less able to damp out
noise over a broad range of frequencies.

In order to illustrate how an aggregated measure derived
from our four CSD indicators would be useful in assisting
real time decisions, we performed the following experiment.
First, we randomly generated 120 different load cases for 9
bus model. In each case the load at the three load buses
increased at a different rate (between 21 and 27% per minute).

Figure 5. Bode plot showing the magnitude response of the voltage
magnitude at bus 3 to a load noise at bus five in the 9 bus power network
for a high and a low load case. When the system is stressed, it is less able
to damp out noise across a wide range of frequencies.

The first 100 cases were used to calibrate a combined metric
of proximity to transition, and the last 20 were used to test
the metric. The data from the calibration cases were used to
construct a multivariate regression model, as shown in (15).
The output of the model (T̂i) is the estimated time to blackout
in seconds. At a given time the predictors are Xi = [a1,i, !a1,i,
"2
i , !!2,i].

ln(T̂i) = b0 + b1 ln (a1,i) + b2 ln (!a1,i)
+b3 ln

#

"2
i

$

+ b4 ln
#

!!2,i

$ (15)

The resulting regression coefficients from 100 training sim-
ulations were b0 = !7.601, b1 = !5.305, b2 = !0.084,
b3 = !0.732, b4 = 0.396.

Finally, in order to test the model in (15) we measured
each of a1, !a1

,"2, !!2 for each second during the last three
minutes before the transition for the 20 test cases, and used
(15) to estimate the time until the critical transition. Figure
6 shows the mean, 10th and 90th percentiles for the 20 test
runs. Samples with negative ! were not included in the figure.
As the critical transition approaches, this simple regression
model provides a good estimate of the distance between the
current operating point and the critical transition. It is certainly
possible that more sophisticated models would yield a better
prediction. However, the fact that good predictions resulted
from the simple model provides evidence that this approach
is useful.

C. Western Interconnect blackout of August 1996 (WECC)

On August 10, 1996 a long sequence of events resulted in
the separation of the North America Western Interconnection
into five sub-grids and the interruption of electric service to 7.5
million customers. Reference [51] describes the sequence of
events leading up to the blackout, and [52] provides a detailed
analysis of the power system dynamics during the event. In
[51], the WSCC (now WECC) disturbance study committee
provided about 10 minutes of measured bus voltage frequency
data from the Bonneville Power Administration territory, up
until the point of separation. In order to test for CSD in
these data, the printed frequency charts were scanned and
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Thanks for your attention! 
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