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1 Introduction 
Networks are powerful theoretical tools for investigating interactions between 

agents in complex systems, where edges connecting vertices represent the interactions 
between agents. The nature and structure of these interactions influence the dynamics and 
emergent properties of the system. These interactions are often not binary in nature 
(present or absent), but are intrinsically weighted by a continuous variable, characterized 
by several discrete categories, or only accurately represented by dynamical equations. 
Most of network theory does not consider such complex interactions (Newman 2004, 
Almaas et al. 2005), thereby potentially overseeing important emergent, macroscopic 
properties arising from heterogeneity in the edges and discarding data and information 
during network analysis that may help us better understand these systems (Barrat et al. 
2004). In addition, much of network theory is not useful for analyzing small networks, 
because it focuses on statistical distributions, which require large sample sizes for correct 
statistical inference. We develop methods and theory for network analysis that address 
these concerns. 

Our methods are applicable to a variety of networks in which the weights or 
directions of the edges play an important role in governing the dynamics or properties of 
the system. We consider the implications of our theory in an ecological context, because 
networks potentially provide the basis for conceptual unification between majors areas of 
ecological research, such as biodiversity theory and metabolic theory (Brown and 
Gillooly 2003).  Networks called food webs represent complex feeding relationships 
within an ecosystem, where edges are feeding relationships and vertices are species. Such 
feeding relationships are weighted by flows of energy or materials or the number of 
individuals consumed. Until recently, unifying theoretical advances had been hampered 
as a result of inadequate data, the use of network analysis methods sensitive to data 
inadequacies, field sampling and node lumping artifacts, small network sizes, and 
approaches that ignore the varying flows of energy through the network (Martinez 1993, 
Goldwasser and Roughgarden 1997, Solow and Beet 1998, Martinez et al. 1999, Brown 
and Gillooly 2003, Camacho and Arenas 2005, Dunne 2005).   

Creatively treating food webs as transportation networks characterized by 
spanning trees, Garlaschelli et al’s (2003) find remarkably similar scaling relations in 
topologies of spanning trees both within and across a variety of food webs. They extend 
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the concept of allometric scaling theory to food webs and argue that their results suggest 
a characteristic efficiency in the transportation properties of food webs at both local and 
system levels. However, Camacho and Arenas (2005) demonstrate analytically how a 
food web’s limited number of trophic levels would necessarily tightly constraint such a 
scaling relation. In addition, Garleschelli’s procedure does not consider weighted edges, 
discarded energetically important loops within food webs, and uses a “cost function” that 
lacks clear biological or physical meaning in food webs.  

Moved by Garleschelli et al’s novel approach and goals, we develop methods and 
theory that are broadly applicable but which address the specific criticisms to 
Garleschelli’s work and the aforementioned limitations of current network theory. We 
make use of the most recent food web data sets of weighed networks to test our methods. 
Because these methods focus on the major pathways of energy within food webs, they are 
less sensitive to aforementioned data and network size problems. By considering weights, 
our methods extends the range of variation in relevant network variables, thereby 
allowing for robust and meaningful analyses of a diversity of scaling relations not 
possible in small un-weighted networks, such as topological self-similarity. 

We start by generalizing the fractal analysis methods inspired by Song et al 
(2005) and Gallos et al (2007), who find that several real-world networks consist of self-
repeating patterns under all length-scales. In essence, we generalize geodesic distance to 
develop a procedure that can be used to examine the self-similarity and fractal dimension 
of various network properties in weighted and small networks. We also introduce a novel 
method with grounded in ecological theory that can be used to investigate the scaling of 
network properties such as node diversity, modularity, or biomass with energy in-flux or 
metabolic rate across levels of hierarchical organization in food webs and other metabolic 
networks. We discover intriguing universalities suggesting the existence of common, 
self-organizing dynamics in the trophic and competitive interactions that govern the 
development and persistence of ecosystems 

2 Network analysis methods and theory 
Song et al (2005) suggested that a self-similar structure under length-scale 

transformation of complex networks allows calculation of fractal dimension. Box 
counting dimension is one of numerous fractal dimensions that may be defined for a set. 
It is a generalization of the observation that, in -dimension Euclidean space, the volume 
of an object of length  is proportional to  . This means that if we wish to cover an -
dimensional object with small boxes of length  , then we will find the number of boxes 
required to cover our -dimensional object  scales 

(1)  
To adapt the notion of box dimension for the network domain we must first introduce a 
metric on the network. The standard metric defined on an undirected weighted network  
is the geodesic metric†: 

(2) , the length of shortest path from node to  
∞

 

                                                 
†  satisfies the conditions for a metric: , 0, , 0, , , , and  

, , , . 
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The second step is to define the boxes. We call a set of nodes  a box of size  if 
(3) , ,  

In other words, all the nodes in   are at most 1 steps away from other nodes in the 
box.  
 Having defined distance and boxes, we are ready to tile the network with boxes of 
certain size. This is analogous to standard box counting method. The tiling will not be 
unique given that the only condition to satisfy is that the distance between two nodes is 
less than a threshold. Following Song et al (2003) we define: 

 = box size 
 = minimum number of boxes of length  required to tile the network 

Then the box counting dimension  of network  will be 

(4) lim
ln
ln  

Since the box sizes on networks can only be positive integers, we cannot actually take the 
limit 0, and we should look at the scaling of the /  -  curve, where  is 
normalized with respect to , the number of nodes in the network. With this definition 
the box counting dimension of a -dimensional infinite lattice will be , which is a 
consistent result. Finally, the method includes a renormalization process that replaces the 
nodes in each box by a single super node, and then connects two boxes, if there was at 
least one link between their constituent nodes. This procedure coarse-grains the network 
at different length scales, and if the network is self-similar the network properties should 
remain invariant under the transformation. For example, the renormalization process 
should have no consistent influence on the probability distribution of the links or nodes in 
the network such that the shape of the probability distribution is invariant with respect to 
the length scale.  
 

2.1 Generalizing fractal analysis to weighted networks 
Unfortunately, Song et al’s method is not practical for examining self-similarity in 

smaller networks such as food webs, as the variation in box sizes is very small and box 
sizes are integers. In addition, the method ignores important information contained in 
variability of link weights. Specifically, the geodesic metric is not considering the 
weights in the network. Nodes with very little exchange of energy, information, or 
materials might be marked as close, and consequently, put in a box. Thus the 
renormalization process might merge nodes that are only weakly interacting. This 
problem underscores the fundamental importance of developing a metric that considers 
the strength of interactions, as well as geodesic distance. 

To define our new measure we consider the geodesic measure more carefully. The 
geodesic measure equally counts all the edges in a path from one node to another. But 
what if the distance were weighted by a measure of the importance of links for fluxing 
matter along a path, where ‘important’ links lead to shorter distances? In the most simple 
procedure, a path’s length between two nodes would equal the sum of all the link 
weight’s reciprocals 1/  along the path. The distance between two nodes in the 
network could be equal to the shortest path length between the two nodes or to the 
average of the path lengths connecting the two nodes. However, this choice could mark 
two small nodes as 'far' even though they may have high exchanges relative to their node 
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weights. To prevent this, we calculate each link importance by considering the link 
contribution to its starting node flux-out as well as its ending node flux-in, and use a 
monotonically decreasing function f to relate this importance to the ‘length’  of the 
path between two directly linked nodes i and j: 

(5)  

where ∑ ,  and  ∑ , . ,  denotes the connections from the 
nodes  to the nodes . Here we consider the graph undirected. Note  1. It will be 1 
if and only if the node  is fluxing out everything to node  and node  is receiving all its 
flux from node . If , :   is a path of geodesic length  
between nodes  and  , the length of the path will be defined as 

(6) , , … ,  
where  is a suitable function over path  . To maintain analytical transparency, we use a 
basic function for g, where  equals the sum of all  ’s over the path. Summing  ’s 
along a path  guarantees that two nodes that are connected with a series of important 
links are considered ‘close’.  The new weighed metric is calculated by using equation 1, 
but replacing the original geodesic length measure with the new measure. To find the 
minimum distance between nodes we used the Floyd-Warshall algorithm (Floyd 1962). 
Finding a tiling with minimum number of boxes is very computationally expensive. In 
practice, we usually accept a tiling which is not very far from the minimum tiling. 
Following Zhou et al (2007) we use the Simulated Annealing method to find the 
minimum tiling. A more detailed description of annealing procedure can be found in the 
appendix.  
  Because the new metric is not an integer and it has more variation due to 
considering the weights, we address the aforementioned limitations of Song et al’s 
method. Thus our method can be applied to food webs in order to examine a variety of 
scaling relations that are of profound ecological and theoretical importance. 

3 A metabolic coarsegraining scheme 
Because of the fundamental role metabolism plays in ecological and social 

systems (Decker et al. 2000, Brown et al. 2004), we are also interested in coarse-graining 
networks at different scales of energy or material in-flux, in addition to previously 
described scales of distance. Such a coarse-graining procedure would be useful for 
analyzing a wide variety of directed networks, such as transportation or distribution 
networks. In essence, this flux-based procedure scales the network by the flux entering 
boxes. In ecology, this in-flux is equivalent to the metabolic rate of an individual, a 
population, a community of populations, or an ecosystem.  The significance of our 
approach is that it allows for a formal and rigorous analysis of how system and network 
properties change from individual to global hierarchical levels and scales of metabolism, 
which is a crucial question in complex systems science and ecology (O'Neill 1986, Allen 
1992, Levin 1992) 

Our procedure dictates that the box in-flux for each box in the network is always 
greater than a certain in-flux threshold. We start by setting the threshold to zero (which 
results in assigning each node to a separate box) and then increase the threshold 
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incrementally, allowing adjacent weak nodes to merge together into a box at each 
algorithmic step. The renormalized super-node maintains former links with the rest of the 
network and their in-flux values. In other words, the renormalization process works by 
merging weaker nodes together to construct super-nodes which are comparable in 
metabolic rate to existing stronger nodes in the network. Figure 1 demonstrates the 
procedure. This scheme is conceptually related to Song et al’s method. The distance 
function in this method can be redefined as 

(7) , ,  
where    a monotonically growing function.  is: 

(8) , 1
∞

 

 

 
 

Figure 1. The renormalization procedure 

Here the threshold is analogous to box size in Song method. Renormalizing all boxes 
containing more than one node at each step along Song’s algorithm - so a box can always 
be represented by a single node - would produce equivalent results to our method. 
However, because the proposed distance function is no longer producing a metric and 
fractal dimension is based on a metric, scaling relations found with our method cannot be 
explicitly interpreted in terms of fractality. The new more complicated parametric space 
is reflecting the fact that the coarse-graining scheme is now selective – among all 
adjacent nodes, it selects only weaker nodes to be renormalized. However, the two 
methods still share many similarities. For example, in both methods the renormalization 
process is only valid if it does not alter the probability distribution of the links in the 
network. Even if the box in-fluxes have a rather complicated distribution with differing 
geometric and arithmetic means, the coarse-graining procedure is valid so long as this 
distribution persists. Since the in-fluxes in complex systems such as food webs can vary 
dramatically among the boxes, we preferred to use the geometric mean of the box in-
fluxes instead of the threshold to represent the modal in-flux in the network‡. We 
underscore that because information within renormalized nodes is maintained, our 
method can be used to investigate the scaling of a variety of relevant variables with in-
flux. In food webs, our method allows for the investigation of important ecological 
questions, such as the scaling of variables such as modularity, biomass, species diversity, 

                                                 
‡ Note that the threshold is a lower bound for the geometric mean of the in-flux.  
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and energy loss with metabolic rate (energy or material consumption) across levels of 
hierarchical organization. 

 

3.1 Modularity 
According to Gallos et al (2007) the renormalization procedure of self-similar 

networks entails a self-similar modularity in all length-scales. The term modularity refers 
to the existence of sets of nodes whose links are connected preferably within this set 
rather than to the rest of the network. Following the flux-based approach, we define a 
flux-based   modularity for weighted, directed networks. Instead of seeking sets of nodes 
whose links are connected preferably within the set, we seek for a set of nodes whose in-
flux is provided within the set rather than rest of the networks. Adapting Gallos et al’s 
(2007) definition of modularity, we define a modularity M for weighted networks: 

(9) 1
 

where  and  are the in-fluxes remaining in or exiting box , respectively. E is the 
geometric mean of box in-fluxes. A large  will represent a high degree of flux 
modularity. Since the value of  changes trough the renormalization process, it is useful 
to define the modularity exponent: 

(10)  
For networks that are modular in their flows,  1 , while non-modular networks are 
defined by  1.  

4 Data 
Using food web data from an online database (http://vlado.fmf.uni-

lj.si/pub/networks/data/bio/foodweb/foodweb.htm), we compiled predator-prey matrices 
for the Florida Bay marine ecosystem, the seagrass marine ecosystem at St. Marks 
National Wildlife Refuge, a cypress wetland ecosystem, and a mangrove estuary 
ecosystem (see website for more information). Edges were weighted by the mass of 
carbon exchanged between pairs of vertices. Carbon exchange provides an estimation of 
energy flux, is a common and accepted ecological currency, and can be derived from first 
principles of metabolic theory (Berlow et al. 2004). 

5 Fractality analysis of food webs 
Figure 2 shows the fractal analysis for four different food webs which represent 

both terrestrial and marine ecosystems based on the generalized method introduced in 
section 2.1. The curvature in the scaling relations indicates that these food webs do not 
display fractal self-similarity over the entire range of their networks; however, self-
similarity can be observed in intermediate ranges. We also discover surprisingly similar 
scaling relations for the different food webs.  

Considering that Song et al (2005) also observed some curvature in a much larger 
network and that fractals in nature always occur over a limited range, our results are not  
surprising. In addition, these food webs, like the vast majority of food webs, have already 

http://vlado.fmf.uni-lj.si/pub/networks/data/bio/foodweb/foodweb.htm�
http://vlado.fmf.uni-lj.si/pub/networks/data/bio/foodweb/foodweb.htm�
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been coarse-grained by ecologists, who lump biological species sharing the same 
predators and prey into trophic species representing nodes in the network. Although there 
are many good reasons for this practice, it conceals any fine-grained fractal structures in 
the network. Thus, we expected the curvature at the beginning of the scaling to result 
from an inability to sufficiently zoom in and any possible distorted topological structures 
masking fractality at these fine scales. One can also conjecture that the cease of scaling at 
the very end of one of our datasets is due to existence of two nearly independent sub-
networks in this food web. Further tests should be conducted to approve this conjecture.  

In rest of this work we focus on analyzing the metabolic coarse-graining scheme 
and evaluating the validity of the renormalization process.  

 
Figure 2. The fractal analysis 

6 Results from the metabolicbased method 
We find dramatic differences between the scaling results for real food webs and 

for the several simulated random and null food webs (Figure 3). This demonstrates that 
our methods are applicable to small networks, capable of detecting the important 
topological differences between the small simulated and empirical food webs. We used 
two different null networks to test our algorithm. Each one resembles the food webs in 
some regard. The first one is a random graph, in which the links are weighted with a 
distribution similar to food webs. This graph does not have any hierarchical trophic 
structure. The other network has discrete trophic levels with 64 nodes in trophic level 0, 
32 nodes in trophic level 1, and so on. Edges are chosen at random between different 
trophic levels with random weights. Both networks are directed. 
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Figure 3. The scaling for null food webs (a) as well as real food webs (b). The values 

for each point are calculate at each step along the algorithm. 
  
 In the four food webs analyzed, which represent both terrestrial and marine 
ecosystems, we find surprisingly similar scaling relations between the number of boxes 
and the energetic geometric mean (Figure 3). The scaling appears to follow two phases: 
the first phase displays exponents of .25 and -.50 (OLS regression slopes on log-
transformed data range between -.25 and .26 for Florida, Mangdry, and Cypdry, and -
.50 for St. Marks); the second phase begins around  (in ln gC) and has exponents of 
0.98, 0.98, 0.93, and .82.  

 The abrupt change in the scaling exponent at the phase transition point must 
reflect changes in the probability distribution of box energy in-fluxes. Indeed, we find 
that the probability distribution suddenly becomes roughly log-normally distributed 
during the second phase (Figure 4). Unlike during the first phase, during the second phase 
the probability distribution is never significantly different from a log-normal distribution 
(Anderson-Darling test of normality on log-transformed data; P-value > .05). The fact 
that there is a qualitative change in the probability distribution implies that after the 
transition point the renormalization is no longer valid and consequently analyses of any 
scaling relations after this point are also invalid. However, because the transition point 
occur towards the end of the algorithm (around step 110 of around 125 total steps), our 
coarse-graining procedure is useful for examining a wide variety of scaling relations. 
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Figure 4. Probability distribution of box in-fluxes at different energy thresholds 

 We examine how modularity scales with energetic scale, because of its 
importance in influencing the efficiency of transportation or flows within networks 
(Gallos et al. 2007). The modularity exponent is also less than 1 rejecting the hypothesis 
that food webs are organized in a modular structure. In other words, one cannot find 
modules which are independent in terms of energy from each other (Figure 5). We also 
find that a box’s modularity abruptly shifts at the phase transition point, underscoring the 
significance of the phase transition and suggesting again that randomization cannot be 
regarded meaningful anymore.  
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Figure 5. The modularity for Florida dataset 

  Finally, we investigate the influence of trophic level (discrete distance between a 
node and the primary producer) on the distribution of box sizes (Figure 7). Boxes at the 
higher trophic levels are smaller. These small boxes are eventually subsumed into large 
boxes during the coarse-graining process. This is reasonable; the larger nodes at lower 
trophic levels are more important and should be maintained till the very end. 
  

 
Figure 6. The contribution of different trophic levels (different colors) as the algorithm 

is run for Florida dataset. 
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  7 Conclusions 
 Our methods and theory can be used to investigate the self-similarity of various 
network properties at different scales, where the scale is set by either (1) a threshold 
distance measure generalized for weighted networks or (2) a threshold box in-flux. We 
used method (1) to investigate the presence of fractal self-similarity in food webs and (2) 
to examine the scaling of number of boxes and modularity with an energetic scale. Our 
results suggest that food webs do not display fractal self-similarity over their entire range 
of length-scales. However, food webs do display a kind of energetic self-similarity for 
most of their networks energetic scale. The similar metabolic scaling relations and fractal 
scaling curves in the four analyzed food webs suggest common self-similar structures in 
the partitioning of energy among species. Metabolism is driven by energy availability and 
regulated by internal dynamics within a system. Thus the observed commonalities imply 
universal self-organizing dynamics in trophic and competitive interactions that govern 
metabolism across hierarchical levels of an ecosystem. 

Future analyses of a wider variety of ecosystems are necessary to establish the 
universality of our results. In addition, our methods can be used to examine the scaling 
relations between a variety of network properties of ecological relevance, such as 
between species diversity, the sum of flows within boxes, the box in-flux, cycling, and 
trophic transfer efficiencies.  Our new distance measure can also be adapted to 
Garlaschelli et al’s (2003) allometric scaling procedure, thereby addressing criticisms by 
Camacho et al (2005) regarding the limits imposed by small network sizes. Perhaps more 
importantly, our theory can be used to understand how properties of complex system 
emerge from the intricate and diverse interactions of their elements.   
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Appendix 
 

Simulated Annealing Method 
Simulated annealing, inspired by annealing process in metals, is an iterative 

optimization algorithm that continuously updates one candidate solution until a 
termination condition is reached (Kirkpatrick 1983). Initially, each box only tiles one 
single node, and the number of boxes is equal to the network number of nodes. The 
objective is to find the minimum number of boxes needed to tile the network given the 
constraint that the distance between all node pairs in each box is less than threshold  . 
Starting from initial tiling, we consider three possible operators to transform the tiling 
solution into a new one: 

1. One node is moved from one box to the other. 
2. One node is moved out of one box to create a new box 
3. Two boxes are merged. 

An operation is only accepted if the resulting box size is not lager than the  . We perform 
 operations picking from above three choices with probabilities  ,   and . We 

always accept the resulting solution if it has less number of boxes. If it has more number 
of boxes we accept it with the probability  exp   / , where  and  are 
the numbers of boxes before and after  operations. We iterate this process till the 
desirable solution is achieved.  is a temperature-like variable which is set to a high value 
at the beginning of the algorithm and then cooled down at each iteration, 1

, where  is a constant less than and close to 1. The possibility of accepting bad 
solutions ensures that the algorithm will not be trapped in local minima. 
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