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1 INTRODUCTION 21 Introdu
tionMedi
al statisti
s 
ontinue to reveal the fa
t that benign and malignanttumours are the main diseases of the XXI 
entury and that 
an
er is one onthe major 
auses of mortality the world over. For these reasons physi
ists,working together with s
ientists, have proposed an in
reasingly wide spe
-trum of mathemati
al models to study di�erent kinds of malignant tumours,e.g., [1℄ � [3℄. Of these 
ontributions, some have fo
used on des
ribing andanalysing the dynami
s of blood-borne tumors ([4℄, [5℄) or soft-tissue tumors([6℄ � [14℄), however in both 
ases, the aim of mathemati
al models and sim-ulations is the same � to o�er a better understanding of 
an
er dynami
swhi
h 
an be used to improve therapeuti
 out
omes.It is well known that the key to restoring the 
an
er patient to healthis the early dete
tion of neoplasmati
 
hanges in healthy tissue. In thispaper we 
onsider this early region of of tumor growth, namely, we presenta novel 
alibrated Cellular Automata approa
h to studying the growth anddevelopment of avas
ular, multi
ellular spheroids (MCS) tumours (i.e. solidsymmetri
 tumours in the �rst stadium of its development).Spe
i�
ally, we propose a novel `quasi-2D' CA model as the �rst stage ofthis work. The model is `quasi-2D' in the sense that the tumor grows in a�at (2D) latti
e of unit 
ells su
h that key 
alibration instruments involving
on
entration et
. 
an be meaningfully in
orporated. Whilst this kind of ap-proa
h has been attempted before (e.g. [15, 16℄), it seems that other authorshave struggled to in
orporate both digital lo
al-intera
tions on the latti
e-site level and 
ontinuous global e�e
ts su
h as glu
ose di�usion. Moreover,although very 
ompli
ated models (e.g. Zhang et al. 2007)1 have been im-plemented, they have not been 
alibrated to experimental data, and are onlynow beginning this di�
ult pro
ess.Furthermore, it is not 
lear in the literature whi
h 
ontext is most ap-1Available as a preprint online, `Simulating Brain Tumor Heterogeneity with a Mul-tis
ale Agent-Based Model: Linking Cell Signaling, Motility Bias and Expansion Rate',a

essed June 2007.



2 MODEL DESCRIPTION 3propriate for the modelling of tumor growth. The 
ell a
tions of basalmetabolism, division, lysis and movement (e.g. due to soft-tissue externalpressures) present unique 
hallenges to the modeler. Spe
i�
ally, the fa
tthat existing volume (the 
ells) is required to produ
e more volume fromwithin 
auses a 
onsiderable di�
ulty for CA approa
hes. Alternatives tothis involve the 
omputationally expensive atomi
-attra
tion 
ontext whereea
h 
ell is assumed to be globally attra
ted to all other 
ells (long-rangeattra
tion), but strongly repulsive if two 
ell radii over-lap (short-range re-pulsion). Alternatively, volume �lling by random steps or utilising networkspring algorithms to spread 
ells in a network-adhesion 
ontext are otheroptions. Whilst we have already made 
onsiderable progress on these other
ontexts, we present here the initially promising results from the CA model.In the proposed model we 
onsider key meso-s
opi
 and mi
ro-s
opi
properties of pre-angiogeni
 tumour growth, namely: the di�usion of nutri-ents through the tissue; the 
onsumption of nutrients by the di�erent typesof tumour 
ells; and the ability of the stem 
ell to divide in di�erent ways(although the e�e
ts of 
ell heterogeneity are not reported in this paper).We 
ompare the result of numeri
al simulations with the experimentaldata for two-dimensional multi
ellular spheroids of the EMTG/Ro mousemammary tumour line 
ultivated in vitro, whi
h are responsible for the mam-mary 
ar
inoma in breasts. The rest of the paper is organized as follows. InSe
tion 2 we outline the des
ription of MCS growth model. Se
tion 3 
on-tains the parameter estimation, numeri
al results and a 
omparison of thesewith reported experimental data. The 
urrent limitations and potential ap-pli
ations of the present model for future resear
h 
an be found in Se
tion 4.2 Model Des
riptionGenerally, a 
ellular automaton is a dis
rete model whi
h operates indis
retized time and spa
e. The `world' thus being 
on
eptualised as a gridof 
ells in a �nite number of dimensions. Ea
h grid-spa
e 
an exist in a �nitenumber of states and these states are updated a

ording to a lo
al rule, i.e.,



2 MODEL DESCRIPTION 4the state of a site in given time t depends only on the its own state in time
t − 1 and the states of its neighbours' site in time t − 1. Normally, all sitesare updated syn
hronously in a time step, however, in the present 
ase, toallow for 
ell division and movement, subsets of sites are sometimes addressedasyn
hronously within an update to ensure both the legality of updates andtheir realism. To a

urately 
alibrate the present 2D CA model, ea
h latti
esite does not ne
essarily represent a single 
ell (although this is possible), butinstead, a �lled latti
e site is assumed to 
ontain some 
hosen (and �xed)number of tumor 
ells. Although this does not allow for an arbitrary 
ell
ount (
ell numbers move step-wise), it greatly enhan
es the range over whi
htumors 
an be modelled in this framework, and given that results below all
onsider a 
ells per site value of 200, on the s
ale of 1×105 
ells, 
ell 
ounts
hange in an approximately 
ontinuous way.Apart from tumor 
ells o

upying latti
e sites, nutrients (in the form ofglu
ose) 
an di�use into the sites. Although glu
ose di�usion is a 
ontinuouspro
esses, it 
an be simply dis
retized by applying a lo
al updating rule asreported below.Furthermore, sin
e we 
onsider a variety of e�e
ts and inputs (e.g. 
on-
entrations) in our model it does not make sense to 
onsider the standardin�nitesimally thin 2D plane. Hen
e, we instead 
onsider a single sheet of3D unit volume 
ells as the latti
e (see Fig. 1). We refer to this methodologyas a 'quasi-2D' approa
h.Obviously, if the 
on
entration of nutrients in the tissue is su�
ient, the
ells undertake metaboli
 pro
esses to live and to proliferate. Sin
e, the lit-erature report that tumours 
an grow in an equivalently oxygen-free environ-ment (i.e. tumours whi
h 
ontain 
ells growing under anaerobi
 
onditionsto form la
tate from glu
ose inputs), we narrow the 
on
ept of nutrientsdown to glu
ose only. Moreover, we do not 
onsider the metaboli
 wasteprodu
tion and its in�uen
e on 
ells behaviour, although this is an obviousextension as noted below.Nutrients (glu
ose, at nex) are supplied to the tumor 
ells by an analogue



2 MODEL DESCRIPTION 5
98.5 µmFigure 1 Example of 2-D latti
e stru
ture assumed for base 
ontext of allmodels. Cells inhabit positions within a unit volume site of the single layer.Latti
e site side-length is 
al
ulated as des
ribed below.of the substrate regeneration pro
esses of in vitro studies. A standard `�ood'algorithm is utilised to replenish all latti
e sites surrounding the tumor mass.Or in other words, we assume that sites �lled with tumor 
ells present animpermeable layer to the substrate solution. Of 
ourse, di�usion eventuallyguarantees that all 
ells will bene�t from the refreshed nutrient supply. In thepresent spe
i�
ation, nutrient replenishment o

urs every time step (aboutevery 12h).Of 
ourse during the intensive growth tumour 
ells lo
ated in the 
entreof sphere are not su�
iently supplied by nutrients any more, and the for-mation of the ne
roti
 
ore inside the MCS begins. Moreover, to re�e
t the
onsumption pro
ess of nutrients by 
ells we distinguish between the nutrient
on
entration in the external substrate and the glu
ose 
on
entration of ea
h
ell site, see Se
tion 3.2 for more details.An advantage of this set-up is that although the 
onsumption rate on a per
ell basis is many orders of magnitude below that of the standard substrateglu
ose 
on
entration (approximately 1×10−17 M 
ompared with 1×103 Mrespe
tively), by assuming ea
h site 
ontains (say) hundreds or thousandsof tumor 
ells, various experimentally and 
lini
ally observable bulk tumor
hara
teristi
s 
an arise in appre
iable time, with a world size on the 102-103s
ale . Indeed, if this methodology were not pursued, then the experimen-



2 MODEL DESCRIPTION 6talist would need to 
onstru
t a model whi
h 
ontained on the order of 109
ells (obje
ts) to observe phenomena of interest whi
h, even with the fastestmodern 
omputers, is not a feasible 
ourse of a
tion. Thus the 
urrent ap-proa
h, whilst not an exa
t repli
ation of the 
ell to 
ell environment allowsfor very fa
ile tumor study, indeed, from mg to kg s
ales. Therefore, in allour models we re-s
ale the supply (nex) and 
riti
al (nc) 
on
entration aswell as all di�usion (Dn) and 
onsumption rates (Cp, Cq, Cn) of nutrientsto 
onsider a single latti
e site as being o

upied by some 
lini
ally relevantnumber of mutated 
ells, for detail see 3.1.Obviously, the survival and proliferation of 
ells are only possible whenthey have a su�
ient storage of nutrients or sour
e of glu
ose in surrounding.Otherwise the 
ells will die. Therefore, in the present model we assume thatea
h 
ell is able to 
onsume slightly more (around 1%) than their basal (qui-es
ent) 
onsumption rate in a given time-step (assuming that this is possiblegiven the 
on
entration of glu
ose at their latti
e site). Therefore, we followea
h �lled latti
e site's nutrient level, and if this is higher than the prolifer-ation 
onsumption rate, then the latti
e site is assumed to divide over a 12h(one step) period. As explained above, su
h division produ
es a se
ond �lledlatti
e site with the same number of 
ells inside as the parent site. Nutrientsare distributed to the new latti
e site 
ells based on a simple symmetri
 di-vision of the parent sites' nutrient level post-proliferation. Of 
ourse, we donot allow 
ells to 
onsume inde�nitely, and set an upper limit on their 
ellstorage of approximately 5% over their proliferation 
onsumption rate level.A

ordingly, if the 
ells in a �lled latti
e site are 
urrently `satis�ed' (havesu�
ient nutrients) then the latti
e site will not 
onsume from any availableglu
ose in that site.To ensure the legality of the quasi-2d environment, we assume that aprospe
tive proliferating latti
e site must have an empty latti
e site withinits 8 near-neighbours to put the new daughter 
ells into. This is a morepreferable approa
h to that of [17℄ � [19℄ who allow that the new daughter
ell to be pla
ed in the same lo
ation as the parent 
ell. Moreover, there



2 MODEL DESCRIPTION 7was no limitation applied as to how many daughter 
ells 
ould reside in thesame latti
e site, whi
h implies that it was assumed that 
ells 
ould be ofarbitrarily small size due to 
ompression. Our approa
h is similar to thatearlier proposed approa
hes (e.g. [15℄, [16℄) who assume that a 
ell whi
hattempts to divide would go through a sear
h pro
ess for su�
ient spa
efor the newly generated 
ells beginning within nearest neighbours and ex-panding outwards until latti
e site was found. If the sear
h was unsu

essfulwithin a pre-determined proliferation radius the 
ell would be 
onsiderednon-proliferating for that time step. Although our 
urrent me
hanism ismore restri
tive, it is the more appropriate when ea
h latti
e site 
ontains onthe order of 200 
ells, sin
e allowing a `pa
ket' of daughter 
ells of this mag-nitude to be transported further than near-neighbour sites does not appearappropriate.Moreover, in our models 
ells 
an not move in an a
tive way as wasassumed in [17℄ � [19℄ where authors allowed non-proliferating 
ells to performlo
al spatial sear
h pro
esses within a given pre
ision and then move there.When the mentioned pre
ision was 100%, then tumour 
ells always sele
t thebest available lo
ation (based on nutrient supply) to migrate without error.The 
ells perform purely random walk motion when the pre
ision was equal0. Again, although this may be an experimentally observable out
ome, wewish to allow any su
h `movement' to arise endogenously from the modelitself, rather than through an exogenously programmed regime.We are aware that it has re
ently been realized that 
ells 
ultivated in thein vivo three-dimension (3D) like fashion behave di�erently from those thatare kept as monolayers, see [10℄. It has also been shown, that 
ells 
ultivatedin 3D like 
onditions are rounded and show a gene expression 
hara
terisa-tion mu
h 
loser to the in vivo situation. Furthermore, 
ells need the 
onta
twith ea
h other and have support of the extra
ellular matrix, whi
h 
ontainsproteins organizing the 
ommuni
ation between the 
ells as well as deter-mining the me
hani
al properties of the surrounding tissue. Hen
e, it wouldseem to be natural to study and model the tissue growth in the 3D organo-



3 NUMERICAL SIMULATIONS 8mimeti
 ar
hite
ture. Sin
e, the human tissue is usually organized in thethree-dimensional spa
e it is reasonable to study the 3D models rather than2D ones. However, as with the initial in vitro trials whi
h 
onsidered 2Dmonolayers prior to the more re
ent 3D analog spheroid studies, we 
onsiderthe present 2D CA 
ase, with 
orre
t 
alibration and reasonable assumptionsto be a valuable step towards a 
orre
t 3D modelling environment, or better,as 
an be seen in the Results se
tion below, to provide a very fa
ile environ-ment for understanding tumor growth kineti
s in its own right. Furthermore,as mentioned above, the CA approa
h is just one of a range of approa
hesthat 
ould feasibly be used to model tumor growth, and it is our long-termpurpose to 
ompare ea
h 
ontext in both 2D and 3D to aid the numeri
almodeling 
ommunity. 3 Numeri
al Simulations3.1 Model ParametersIn all presented models a 2D latti
e of 
ells, ea
h latti
e site is assumed to bea unit-
ube with side-length u and 
ontaining N 
ells (see Fig. 1). The valueof u is 
al
ulated by taking into 
onsideration the fa
t that the 
ell pa
kingdensity (ρ) through the growth period is estimated to be equal 3 − 5 × 108
ell per 
m3, [20℄. Based on this result and taking ρ = 4 × 108 
.
m−3 �rstwe 
al
ulate the volume (Vcells) o

upied by N 
ells Vcells = N
ρ
× 1012 µm3and then assuming that the latti
e site length is equal to the diameter of asphere with volume Vcells we obtain following formula

u = 2

(

3

4π
Vcells

)
1

3 (1)
= 2

(

3N

4πρ

)
1

3

× 104 µm. (2)Se
ondly, the time step, ∆t, for all simulations is 
hosen to be equal to thewhole 
ell 
y
le duration, whi
h in an exponentially growing monolayers 
ell
ulture takes around 12 h, see [21℄ or [22℄. Thus, by taking the time-step to



3 NUMERICAL SIMULATIONS 9be 12 h, the single parameter of 
ontrol for all subsequent res
aling is thenumber of 
ells per latti
e site, n. This 
hoi
e, along with the time-step ∆tthen allows a full re-s
aling of volumetri
 and time-dependent (e.g. rate)
al
ulations.Re
ent resear
h has found that glu
ose 
on
entrations below 2.5 mM pro-vide extremely di�
ult 
onditions for many 
an
er 
ell lines, we have assumedfor all presented models that nc = 2.5 mM is the 
riti
al 
on
entration ofnutrients. If the 
on
entration of nutrients is higher or lower than nc, then
ells are able to remain in a quies
ent (or proliferating) state or undergoapoptosis/ne
rosis, respe
tively. Taking into a

ount data given in [20℄, wehave assumed that the 
on
entration of glu
ose in the medium (nex) is in arange from 0.4 to 16.5 mM for data reported in the last study below, but forall other studies, is assumed to be 5.5 mM.Again in [20℄ the glu
ose and oxygen uptake for multi
ellular spheroids ofthe EMTG/Ro tumour line were measured. The experimental data presentedin [20℄, Table 2 shows that redu
ing the glu
ose 
on
entration rate from nor-mal to near zero, while maintaining the oxygen 
on
entration 
onstant at0.28 mM. These data indi
ate that non-
y
ling (plateau-phase) EMTG/Ro
ells have redu
ed metaboli
 rates of oxygen and glu
ose 
onsumption 
om-pared with exponentially-growing 
ells, for details see Table 5 in [20℄. Hen
e,assuming that ne
roti
 
ells do not 
onsume (in fa
t, we assume ne
roti
 lat-ti
e sites disappear without waste) and taking into a

ount the 
onsumptionrates Cp = 18 × 10−17, Cq = 15 × 10−17, Cn = 0 M
−1s−1 for proliferating,quies
ent and ne
roti
 
ells, respe
tively, we 
an 
al
ulate the 
onsumptionrates per latti
e site per time step (12 h) as follows,
Csite

p = 1.24 × 10−18 mol.u−3.(site.∆t)−1 ,

Csite
q = 1.49 × 10−18 mol.u−3.(site.∆t)−1 ,

Csite
n = 0 mol.u−3.(site.∆t)−1 .Cas
iari, at al., [23℄, have experimentally estimated e�e
tive di�usivityof glu
ose of mouse (EMT6/Ro) and human tumour (
olon and squamous



3 NUMERICAL SIMULATIONS 10
ar
inoma) 
ell lines, by the e�ux of tritium labelled L-glu
ose from 2D 
ul-tivated spheroids with time. The e�e
tive di�usion 
oe�
ient for EMT6/RoMSCs were estimated to be equal to 10.5 ± 2.3 × 10−7 
m2.s−1and it washighest among all investigated 
ell lines. Thus, a

ording to the assumeddi�usion 
onstant Dn = 10.5×10−7 
m2.s−1, the pa
king-density ρ = 4×108
.
m−3 (estimated in [20℄) and 
hoi
e of N = 200 
ells per latti
e site, oneobtains: Dn = 1.08 × 10−2 u2.s−1.However, sin
e ea
h model time-step is set to ∆t = 12 h, it remains to
onvert this di�usion 
oe�
ient into a meaningful estimate of di�usion a
rossa 12 h (rather than 1 s) period. To begin, in the model, di�usion is modellednumeri
ally by the standard dis
retized di�usion equation,
nt+1

0 = nt
0(1 − p) +

∑

j∈N 0

p
nt

j

8
, (3)where p is the fra
tion of a site's nutrients to share with surrounding sites, and

N 0 is the set of sites in site 0's Moore neighbourhood. That is, a 
omponentof the nutrients at nt
0 remain after distribution to surrounding 
ells, plusnutrients are gained from a similar pro
ess due to site 0's neighbours. Thefa
tor 8 is used to distribute this amount evenly amongst the neighbours ofsite 0. This pro
ess 
an be shown to be analogous to Fi
k's 1st Law of Flux.De�ne by 〈nt

1〉 the average nutrient level of sites surrounding site 0, and weobtain,
nt+1

0 = nt
0(1 − p) + p〈nt

1〉 , (4)whi
h 
an be re-written,
nt+1

0 = nt
0 + p(〈nt

1〉 − nt
0) , (5)Rearranging to �nd the �rst di�eren
e,

(nt+1

0 − nt
0) = p(〈nt

1〉 − nt
0) . (6)One �nds that the �ux in nutrients a
ross the adjoining latti
e walls is pro-portional to the di�eren
e in 
on
entration between the latti
e site and its



3 NUMERICAL SIMULATIONS 11neighbours. Indeed, the fra
tion p is analogous to the di�usion 
oe�
ientde�ned above.To sum up this se
tion, the parameters used in the model are 
olle
tedin Table 1. As noted above, with the quasi-2D latti
e-approa
h to the CAmodelling 
ontext, one 
an dire
tly 
orrelate experimental quantities withthe numeri
al 
omputation environment. Indeed, the modeller need only
hoose the number of 
ells per latti
e site (N) and a re-s
aling pro
edurewill generate all model parameters in latti
e and time-step model units. Fur-thermore, as mentioned above, although the present model is aligned to theEMT6/Ro 
ell line for veri�
ation purposes, a broad range of tumor and sub-strate 
ontexts 
an be reprodu
ed within the modelling set-up by 
hangingthe input parameters.Table 1 Summary of Control Parameters (with referen
es) andCal
ulated Parameters used in the simualations.Des
ription Symbol Value UnitsControl ParametersCell pa
king density [20℄ ρ 4 × 108 
.
m−3Tissue glu
ose 
on
. [20℄ nex 5.5 mMQuies
ent 
onsumption rateper site [20℄ Cq 15 × 10−17 M.(
.s)−1Proliferating 
onsumptionrate per site [20℄ Cq 18 × 10−17 M.(
.s)−1Glu
ose di�usion 
oef. [23℄ Dn 10.5 × 10−7 
m2.s−1Time step [21, 22℄ ∆t 12 hCells per site (set) N 200 
.site−1Cal
ulated ParametersUnit side-length u 98.5 µmTissue glu
ose 
on
. nex 5.25 × 10−9 mol.u−3Quies
ent 
onsumption rate(per site) Cq 1.24 × 10−18 mol.u−3.(site.∆t)−1(table 
ontinued on next page ...)



3 NUMERICAL SIMULATIONS 12Table 1 Parameters (
ontinued from previous page)Des
ription Symbol Value UnitsProliferating 
onsumpitonrate (per site) Cp 1.49 × 10−18 mol.u−3.(site.∆t)−1Glu
ose di�usion 
oef. Dn 0.0108 u2.s−13.2 ResultsTo investigate the model, results are presented for 
onditions as 
lose to thatof the study of EMT6/Ro 
ells reported in [20℄ as possible. This study (andothers by the same group) was 
hosen for 
omparison sin
e although thedata reported are largely for spheroids as opposed to monolayers, many ofthe salient features of the growth kineti
s are 
omparable a
ross the di�erentgeometries. A `substrate' glu
ose 
on
entration of 5.5mM was 
hosen forinitial trials as reported below with a 
onstant oxygen 
on
entration of 0.28mM in mind (although we do not expli
itly model oxygen di�usion).An example model visualisation is given in Fig. 2 whi
h shows the initial`substrate' latti
es sites set to nex and the seed latti
e positions �lled withgrowing tumour 
ells. In this 
ase (as below) ea
h latti
e site (bla
k pixel)
ontains 200 
ells. The 
ells spread outward in the latti
e arrangement asthey divide. In the third row, the beginning of a visible ne
roti
 
ore 
anbe seen, whi
h spreads to a signi�
ant portion of the growing tumour sheetafter 12 days (bottom).To obtain quantitative results, the model was run for 30 time-steps, orthe equivalent of 15 days, ea
h run taking less than 1min of CPU time to
omplete. The diameter and 
ell 
ount of the spreading tumor mass was
al
ulated, and after s
aling 
onversion, gave rise to the plots in Fig. 3. As
an be seen, the Model reprodu
es 
ommon, and well-do
umented features oftumour growth. Namely, the linear diameter growth relationship, as shownin [20℄ and the Gompertzian 
ell 
ount (or 
ell volume) 
urve. The non-linear �t to the data was performed by the standard Matlab fminsear
h
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Figure 2 Example images from a Model run under typi
al 
onditions. (left)Nutrients 
olor-
oded su
h that white equates with nex; and (right) Filled latti
esites (bla
k). Images taken at the equivalent of 2, 4, 8, and 12 days respe
tively(top to bottom). The box side-length is approximately 591µm.



3 NUMERICAL SIMULATIONS 14pro
edure with a squared log-residual error fun
tion. Parameters for this �tare given in the 
aption, and indi
ate an initial 
ell population of 182, whi
his very 
lose to the a
tual seed of 200 
ells in the �rst latti
e site, and aninitial doubling time of 9.51 h, whi
h happens to be almost exa
tly the sameas the 9.5 h reported in [24, p.2434℄ for EMT6/Ro monolayer growth.
 0  5 10 15 20

0

1

2

3

4

5

6

TIME OF GROWTH (days)

D
IA

M
E

T
E

R
 (

m
m

)

   0  2.5    5  7.5   10 12.5   15
10

2

10
3

10
4

10
5

10
6

TIME OF GROWTH (days)

C
E

L
L

 C
O

U
N

T

Figure 3 Experiment (left, reprodu
ed from Fig. 1, [20℄) and model output(right) for growth diameter and total (live) 
ells. Points represent mean of 10trials at nex = 5.5mM, error bars show standard deviations. The dashed line formodel 
ell-
ount is a nonlinear least squares best �t of all points to the Gompertzgrowth model (N0 = 182, A = 0.874, B = 0.118).Moving to the development of the ne
roti
 
ore, data presented in [20℄indi
ates in in
rease ne
roti
 
ore volume as a fra
tion of total spheroid



3 NUMERICAL SIMULATIONS 15volume. On
e a ne
roti
 
ore had developed in the model tumours, datawere gathered in a similar way. Fig 4 shows an apparently linear relationshipbetween ne
roti
 volume fra
tion and tumour diameter in a

ordan
e withthe experimental data. Indeed, for a 1.6 fold in
rease in spheroid diameter,the experimental study indi
ated that ne
roti
 volume fra
tion in
reasedfrom 12 to 38 per
ent. In the 
ase of the model, and equivalent in
reasein diameter (approx. 3mm to 5mm) gave rise to an approximate 
hange inne
roti
 volume fra
tion from 2 to 25 per
ent.
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Figure 4 Ne
roti
 
ore `volume' fra
tion as a fun
tion of growth diameter. Allpoints where the fra
tion was greater than zero from 10 trials are given. CompareTable 3 in [20℄.Finally, pushing the model further, a study of several glu
ose 
on
entra-tions for the substrate layer was 
ondu
ted along the lines of that reportedin [25℄. Glu
ose 
on
entrations ranging from 0.4mM to 16.5mM were studiedover 10 simulations with other parameters as above. Fig 5 shows the resultsof this trial 
ompared to the experimental �ndings for 
omparison. Again,although the experimental work was 
ondu
ted on tumour spheroids, thepositive relationship was re
overed in the model over a signi�
ant range ofviable 
ell rim thi
knesses.
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Figure 5 Experiment (left, reprodu
ed from Fig. 4, [25℄) and Model output(right) for thi
kness of the viable rim as a fun
tion of glu
ose 
on
entration asused in the referen
e (16.5 mM, 5.5 mM, 1.7 mM, 0.8 mM, 0.4 mM).4 Dis
ussionThis paper has presented a fully 
alibrated quasi-2D model of avas
ulartumor growth, fo
using, for the purpose of example, on the EMTG/Ro mam-mary 
ar
inoma 
ell line. The model e�e
tively takes into 
onsideration thestate of ea
h 
ell depending not only on lo
al rules due to the latti
e sitemi
ro-environment but also on the 
on
entration of nutrients whi
h di�usefrom the substrate region. As the results in Fig 2 to 4 attest, the presentmodel faithfully reprodu
es key bulk features of tumor development, in
lud-ing Gompertzian growth kineti
s and ne
roti
 
ore development whilst alsoproviding 
alibrated, and in some 
ases very a

urate estimates of experimen-tal data. Furthermore, although only one trial is reported in this paper, thesubstrate glu
ose variation trial reported in Fig. 5 provides very en
ouraginganalogs with that of the experimental data reported in [25℄.Whilst these present results are very en
ouraging and stand apart fromother 
omputational models in the literature whi
h do not so faithful report
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alibrated behaviour and measures, the model is still in its infan
y. Thereis mu
h for future work to handle. For instan
e, without additional termsdes
ribing the 
ell 
y
le, the present model is not able to re�e
t the in�u-en
e of sub-
ellular levels of tumour development. Some progress on thisfront has already been attempted however, with 
ell heterogeneity via sym-metri
 (stem) or asymmetri
 (stem, and di�erentiated) 
ell division alreadyexpli
itly modelled (though not quantitatively reported here). Fig 6 showsan image taken from this kind of set-up and thus with further analysis willbe able to shed interesting light on 
ell-type questions and lo
ations that aredi�
ult to experimentally answer at present.

Figure 6 Example model run under heterogeneous division. Probability ofasymmetri
 division 0.95. Colours indi
ate stem (yellow) and di�erentiated (red)
ell.In future we would like to in
lude the produ
tion of growth (e.g., trans-forming growth fa
tor) and inhibitory fa
tors, produ
ed by 
ells, as well aswaste metaboli
 produ
ts (e.g., la
tate) or oxygen tension. The model in thepresent version does not take a

ount that non-
y
ling 
ells have a smaller
ell volume (2.2±0.29×109 
m3) than the proliferating ones (3.0±0.17×109
m3). However, this will be updated in the future.Furthermore, work has already begun on updating the present modelwhi
h is based on the in vitro 
ontext, to that of the in vivo 
ontext, some-
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