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Why are some problems qualitatively harder than others? 

Computational complexity



Euler: at most two nodes can have an odd number of bridges,      
so no tour is possible!
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Computational complexity



What if we want to visit every vertex, instead of every edge? 
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Figure 1.5: Left, the dodecahedron; right, a flattened version of the graph formed by its edges. One Hamil-
tonian cycle, which visits each vertex once and returns to its starting point, is shown in bold.

we say that a graph is Hamiltonian if it possesses a Hamiltonian cycle. One such cycle for the dodecahe-
dron is shown in Figure 1.5.

At first Hamilton’s puzzle seems very similar to the bridges of Königsberg. Eulerian paths cross each
edge once, and Hamiltonian paths visit each vertex once. Surely these problems are not very different?
However, while Euler’s theorem allows us to avoid a laborious search for Eulerian paths or cycles, we have
no such insight into Hamiltonian ones. As far as we know, there is no simple property—analogous to
having vertices of even degree—to which Hamiltonianness is equivalent.

As a consequence, we know of no way of avoiding, essentially, an exhaustive search for Hamiltonian
paths. We can visualize this search as a tree as shown in Figure 1.6. Each node of the tree corresponds to
a partial path, and branches into child nodes corresponding to the various ways we can extend the path.
In general, the number of nodes in this search tree grows exponentially with the number of vertices of
the underlying graph, so traversing the entire tree—either finding a leaf with a complete path, or learning
that every possible path gets stuck—takes exponential time.

To phrase this computationally, we believe that there is no program, or algorithm, that tells whether
a graph with n vertices is Hamiltonian or not in an amount of time proportional to n , or n 2, or any poly-
nomial function of n . We believe, instead, that the best possible algorithm takes exponential time, 2c n for
some constant c > 0. Note that this is not a belief about how fast we can make our computers. Rather, it
is a belief that finding Hamiltonian paths is fundamentally harder than finding Eulerian ones. It says that
these two problems differ in a deep and qualitative way.

While finding a Hamiltonian path seems to be hard, checking whether a given path is Hamiltonian
is easy. Simply follow the path vertex by vertex, and check that it visits each vertex once. So if a compu-
tationally powerful friend claims that a graph has a Hamiltonian path, you can challenge him or her to

Computational complexity



As far as we know, the only way to solve this problem is 
(essentially) exhaustive search!

Computational complexity



An exponential tree

Backtracking search: follow 
a path until you get stuck, 
then backtrack to your last 
choice

If there are n nodes, this 
could take 2n time

When can we avoid this kind 
of search?
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Figure 1.6: The first two levels of the search tree for a Hamiltonian path.



Divide and conquer

Tasks and subtasks
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3 ! 2

1 ! 2

1 ! 2

1 ! 3

1 ! 2

3 ! 1

2 ! 3

Hanoi(3, 1, 2)

Hanoi(1, 1, 2)

Hanoi(1, 1, 2)

Hanoi(1, 3, 1)

Hanoi(1, 2, 3)

Hanoi(2, 1, 3)

Hanoi(2, 3, 2)

Figure 3.2: The tree corresponding to the recursive algorithm for the Towers of Hanoi with n = 3. Each
node Hanoi(n , i , j ) corresponds to the subproblem of moving n disks from peg i to peg j . The root
node, corresponding to the original problem, is at the left. The actual moves appear on the leaf nodes
(the ellipses), and the solution goes from top to bottom.



The Fast Fourier Transform

Divide and conquer



Dynamic programming: subproblems become independent 
after we make some choices

The “boundaries” between subproblems are small

3

4 1 5

1 2 2 1 1

Divide and conquer, again



When greed is good

Minimum Spanning Tree (Boruvka, 1920): add the shortest edge



Doing the best thing in the short term can never lead us down the 
wrong path.
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e!

e

Figure 3.18: The proof of Lemma 3.1. Edges already in F are shown in bold, and additional edges in the
spanning tree T are dashed. Adding e to T would complete a cycle, and we can obtain a new spanning
tree T ! by removing e !. If e is one of the lightest edges, T ! is at least as light as T .

3.5.2 Building a Basis

Lemma 3.1 tells us that the greedy strategy for MINIMUM SPANNING TREE never steers us wrong—adding
the next-lightest edge never takes us off the path leading to an optimal solution. However, this lemma
and its proof seem rather specific to this one problem. Can we explain, in more abstract terms, what it is
about the structure of MINIMUM SPANNING TREE that makes the greedy strategy work? Can we fit MINIMUM

SPANNING TREE into a more general family of problems, all of which can be solved greedily?
One such family is inspired by finding a basis for a vector space. Suppose I have a list S of n-dimensional

vectors. Suppose further that |S| " n and that S has rank n , so that it spans the entire vector space. We
wish to find a subset F # S consisting of n linearly independent vectors that span the space as well. We
can do this with the following greedy algorithm: start with F = $, go through all the vectors in S, and add
each one to F as long as the resulting set is still linearly independent. There is never any need to go back
and undo our previous decisions, and as soon as we have added n vectors to F , we’re done.

This algorithm works because the property that a subset of S is linearly independent—or “indepen-
dent” for short—obeys the following axioms. The first axiom allows us to start our algorithm, the second
gives us a path through the family of independent sets, and the third ensures that we can always add one
more vector to the set until it spans the space.

1. The empty set $ is independent.

2. If X is independent and Y # X , then Y is independent.

3. If X and Y are independent and |X | < |Y |, there is some element v % Y & X such that X ' {v } is
independent.

Exercise 3.17 Prove that these three axioms hold if S is a set of vectors and “independent” means linearly
independent.

When greed is good



The primrose path

The Traveling Salesman Problem



Landscapes

A single optimum, that we can find by climbing:



Landscapes

Many local optima where we can get stuck



P: we can find a solution efficiently

NP: we can check a solution efficiently

Needles in haystacks



P

NP

Multiplication
Eulerian Path

Hamiltonian Path

Complexity classes



“Reducing” one problem to another

Change a new problem into one we already know how to solve: 

Bipartite Matching ≤ Max Flow

If Max Flow is easy, then so is Bipartite Matching

TRANSFORMATIONS AND REDUCTIONS 75
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FIGURE 3.23: The reduction from MAX BIPARTITE MATCHING to MAX FLOW. The bipartite graph on the left
has a perfect matching, and this corresponds to a flow of value 4 in the directed graph on the right. All
edges have capacity 1.

level it says something much deeper—that MAX BIPARTITE MATCHING is no harder than MAX FLOW. We
write this as an inequality,

MAX BIPARTITE MATCHING!MAX FLOW . (3.16)

Consider the fact that, before we saw the polynomial-time algorithm for MAX FLOW, it was not at all obvi-
ous that either of these problems are in P. This reduction tells us that if MAX FLOW is in P, then so is MAX

BIPARTITE MATCHING. In other words, as soon as we find a polynomial-time algorithm for MAX FLOW we
gain one for MAX BIPARTITE MATCHING as well.

Reductions have another important application in computational complexity. Just as a reduction
A ! B shows that A is at most as hard as B , it also shows that B is at least as hard as A . Thus we get a
conditional lower bound on B ’s complexity as well as a conditional upper bound on A’s. In particular,
just as B " P implies A " P, it is equally true that A /" P implies B /" P.

If the reader finds the word “reduction” confusing, we sympathize. Saying that A can be reduced to B
makes it sound as if B is smaller or simpler than A . In fact, it usually means the reverse: A can be viewed
as a special case of B , but B is more general, and therefore harder, than A . Later on, we will put this
another way—that B is expressive enough to describe the goals and constraints of A .

As we will discuss below, it is generally very hard to prove that a problem is outside P. However, for
many problems B we are in the following curious situation: thousands of different problems can be re-
duced to B , and after decades of effort we have failed to find polynomial-time algorithms for any of them.
This gives us very strong evidence that B is outside P. As we will see in the next two chapters, this is
exactly the situation for many of the search and optimization problems we care about.



NP-completeness

Some problems B have the amazing property that any problem 
in NP can be reduced to them: A ≤ B for all A in NP

But if A ≤ B and A is hard, then B is hard too

So if P≠NP, then B can’t be solved in polynomial time

How can a single problem express every other problem in NP?



AND

OR

NOT

AND

x1 x2

z

Any program that tests solutions 
(e.g. paths) can be “compiled” 
into a Boolean circuit

The circuit outputs “true” if an 
input solution works

Is there a set of values for the 
inputs that makes the output 
true?

Satisfying a circuit



The condition that each AND or OR 
gate works, and the output is “true,” 
can be written as a Boolean formula:

AND

OR

NOT

AND

x1 x2

z

y1

y2

y3
(x1 ∨ y1) ∧ (x2 ∨ y1) ∧ (x1 ∨ x2 ∨ y1)

∧ · · · ∧ z .

From circuits to formulas



Our first NP-complete problem!

Given a set of clauses with 3 variables each, 

does a set of truth values for the       exist such that all the clauses 
are satisfied?

k-SAT (with k variables per clause) is NP-complete for k ≥ 3

(x1 ∨ x2 ∨ x3) ∧ (x2 ∨ x17 ∨ x293) ∧ · · ·

xi

3-SAT



we could convert any problem in NP to a circuit that checks 
solutions, 

convert that circuit to a 3-SAT formula which is satisfiable if a 
solution exists,

and use our efficient algorithm for 3-SAT to solve it!

So, if 3-SAT is in P, then all of NP is too, and P=NP

Conversely, if P≠NP, then 3-SAT cannot be solved in polynomial 
time: something like exhaustive search is needed

If 3-SAT were easy...



Given a set of countries and 
borders between them, what 
is the smallest number of 
colors we need?

Graph coloring



“Gadgets” enforce constraints:

Graph 3-Coloring is NP-complete

Graph 2-Coloring is in P (why?)

(x, y, z) (x, y, z)

x x y zzy

From SAT to Coloring



True=left, false=right

Have to visit clause vertices to satisfy 
them

A path from top to bottom = solution 
to 3-SAT problem!

x

y

z

x ! y ! z

Traveling Salespeople



Why are some problems NP-complete?

Can we tile a shape with these tiles?



AND

NOT

AND

c

b

a

NOT

NOT
AND

NOT

true

truetruetrue

true

falsefalsefalse

false

false

false

false

Because we can use them to build a computer.



Witness Existence

Circuit SAT

3-SAT

NAE-3-SAT

Graph 3-Coloring

Independent Set

Vertex Cover Max Clique

Max Cut

Planar SAT

Tiling

Subset Sum

Integer Partitioning MAX-2-SAT

3-Matching

Hamiltonian Path

Thousands of NP-complete problems



The P vs. NP problem

If any NP-complete problem can be solved in polynomial time, then 
they all can be, and P=NP

That would mean that anything that is easy to check — like a 
needle in a haystack — is also easy to find.

Better traveling salesmen; easier to tile bathroom floor, and pack 
our luggage; every cryptosystem can be broken.

But P vs. NP turns out to be question about the nature of 
mathematical truth and creativity.



Let ϕ(n) be the time it takes to decide whether a proof of length n exists.
Gödel writes:

The question is, how fast does ϕ(n) grow for an optimal machine.

If there actually were a machine with, say, ϕ(n) ∼ n2, this would

have consequences of the greatest magnitude. That is to say, it

would clearly indicate that, despite the unsolvability of the Entschei-
dungsproblem, the mental effort of the mathematician in the
case of yes-or-no questions could be completely replaced
by machines. One would simply have to select an n large enough

that, if the machine yields no result, there would then be no reason

to think further about the problem.

P≠NP if understanding matters.P≠NP if we can’t just “turn the crank”

Gödel to Von Neumann



P=NP?

Poincaré Conjecture

Riemann Hypothesis

Yang-Mills Theory

Navier-Stokes Equations

Birch and Swinnerton-Dyer Conjecture

Hodge Conjecture

Millennium problems

P=NP?



Upper Bounds are Easy; Lower Bounds are Hard

Why is the P vs. NP question so hard? 

Algorithms are upper bounds on complexity...

...but how do you know if you have the best algorithm?



Grade school multiplication takes O(n2) time:

Can we do better?

n

!
"
#

$

1
2

3

n

! "# $

1 2 31 2 3

! 3 2 1

1 2 3

2 4 6

3 6 9

3 9 4 8 3

n
2

Algorithmic surprises



Divide and conquer:

Looks like we need                           .  But

so we only need three products.  Running time: 

so                                                .  How low can we go?

x = 2n/2a + b, y = 2n/2c + d

xy = 2nac + 2n/2(ad + bc) + bd

(a + b)(c + d)− ac− bd = ad + bc

ac, ad, bc, bd

T (n) ≈ 3T (n/2)

T (n) ∼ nlog2 3 = n1.58

Algorithmic surprises



Which of these puzzles are in NP?  Which has a solution that is 
easy to check?
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Figure 4.15: On the left, a classic peg solitaire game. In each move, a peg jumps over another, which is
removed. Can you reduce this configuration of 8 pegs to a single peg in the center? On the right, a sliding-
block puzzle. Can you move the big square block to the bottom center, where it can slide out of the box?
The shortest solution has 81 moves.

Progress was delayed until the 1960’s, when the German mathematician Heinrich Heesch argued that the number
of potential counterexamples to the Four Color Conjecture is finite, and estimated that there are only about 8000
of them. He proposed to check these configurations by computer, but the German national science foundation
cancelled his grant, preventing Heesch from pursuing this strategy.

The implementation of Heesch’s idea had to wait until 1976, when Kenneth Appel and Wolfgang Haken boiled
down the number of potential counterexamples down to less than 2000 and checked each one of them by com-
puter [50, 49]. This was the first computer-assisted proof of a major theorem in mathematics. It began a debate on
the nature of mathematical proof, which is still ongoing. Although some progress has been made in simplifying the
original proof of Haken and Appel, even the shortest version still relies on exhaustive checking by computer [759].

This is an unsatisfying state of affairs. The best proofs do not simply certify that something is true. They illu-
minate it, and explain why it must be true. We might say that, while the Four Color theorem is proved, it is not well
understood.

On the other hand, it is possible that there is no understanding to be had. Just as Erdős believed that God has a
book containing all the most elegant proofs (see Note 1.2), some say that the Devil has a book which contains all the
mathematical truths which have no elegant proofs—truths which can be stated easily, but for which the only proofs
are long and ugly. At this time, it seems perfectly possible that the Four Color Theorem is in the Devil’s book.

4.3 Satisfying banquets. This example of 2-SAT is a thinly veiled version of a puzzle due to Brian Hayes [367], involv-
ing invitations of Peru, Qatar and Romania to an embassy banquet.

4.4 SUBSET SUM and cryptography. A public-key cryptosystem, as we will discuss in Section 15.5.1, provides an
asymmetric pair of keys: a public and a private key. Anyone can encrypt a message using the public key, but only

Beyond NP



I can win if there exists a move for me, 

such that for all of your replies, 

there exists a move for me...
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Sam Loyd (1903)

80Z0ZrZbZ
7ZpZ0Z0A0
6pM0ZpS0Z
5SBZ0j0Z0
40O0ZNZ0o
3Z0o0Z0a0
2nZ0O0o0s
1Z0Z0ZKZn

a b c d e f g h

Mate in 3

Lewis Stiller (1995)

80Z0Z0ZNZ
7Z0Z0ZKS0
60ZnZ0Z0Z
5Z0Z0Z0Z0
40Z0Z0Z0Z
3Z0Z0Z0Z0
20ZnZ0Z0Z
1ZkZ0Z0Z0

a b c d e f g h

Mate in 262

Figure 1.7: Chess problems are hard to solve—and hard to check.

inexorably to checkmate after n moves. On the left, n = 3, and seeing how to corner Black—after a very
surprising first move—is the work of a pleasant afternoon. On the right, we have a somewhat larger value
of n : we claim that White can force Black into checkmate after 262 moves.

But how, dear reader, can we prove this claim to you? Unlike the problems of the previous two sec-
tions, we are no longer playing solitaire: we have an opponent, who will do their best to win. This means
that it’s not enough to prove the existence of a simple object like a Hamiltonian path. We have to show
that there exists a move for White, such that no matter how Black replies, there exists a move for White,
such that no matter how Black replies, and so on. . . until, at most 262 moves later, every possible game
ends in checkmate for Black. As we go forward in time, our opponent’s moves cause the game to branch
into a exponential tree of possibilities, and we have to show that a checkmate awaits at every leaf. Thus a
strategy is a much larger object, with a much deeper logical structure, than a path.

There is indeed a proof, consisting of a massive database of endgames generated by a computer
search, that White can mate Black in 262 moves in the position of Figure 1.7. But verifying this proof
far exceeds the capabilities of human beings, since it requires us to check every possible line of play. The
best we can do is look at the program that performed the search, and convince ourselves that it will run
correctly. As of 2007, an even larger search has confirmed the long-standing opinion of human players
that Checkers is a draw under perfect play. For humans with our finite abilities, however, Chess and
Checkers will always keep their secrets. 1.5

Deeper logical structures



Suppose we could tell whether a program 
p will ever halt.  This would be really handy!  

Undecidability

UNIVERSALITY AND UNDECIDABILITY 233

Fermat
begin

t := 3;
repeat

for n = 3 to t do
for x = 1 to t do

for y = 1 to t do
for z = 1 to t do

if x n + y n = z n then return (x , y , z , n ) ;
end

end

end

end
t := t +1 ;

until forever;
end

FIGURE 7.2: This program does not halt. Andrew Wiles has discovered a truly marvelous proof of this,
which this caption is too narrow to contain.

Decidable is the class of problems A for which there is a program ! that halts
after a finite amount of time, and which, given any input x , answers whether
or not A(x ) is true.

Hilbert believed that Decidable includes all well-defined mathematical problems. But the Halting Prob-
lem shows that it does not—that some problems are beyond the reach of any algorithm.

At first, it seems that we can solve HALTING by running the universal program U , simulating what !
would do given x , and seeing what happens. But if !(x ) doesn’t halt, neither will U ’s simulation. To solve
HALTING, we have to be able to see into the future, and predict, in bounded time, whether or not !(x ) will
ever halt. We will show that no program can do this—since if it could, it could create a contradiction by
trying to predict itself.

Before we prove that no program can solve HALTING, let’s think about what other problems we could
solve if such a program existed—a program with the following behavior:

Halts(!,x ) =

!
true if ! halts on input x

false otherwise
(7.2)

Such a program would be very handy for debugging software. It could tell us whether a program will hang,
and never get back to the user. However, it would have much more profound uses as well. Consider the
programFermat in Figure 7.2. It looks for a counterexample to Fermat’s Last Theorem—that is, positive
integers x , y , z , n with n ! 3, such that

x n + y n = z n , (7.3)

It does this by exhaustively checking all quadruples x , y , z , n " t , with t ranging up to infinity.

I have discovered a marvelous proof 
that this program will run forever, but 
it is too small to fit on this slide...



Suppose halt(p,x) can tell whether p, given input x, will halt.  
Then we could feed it to itself, and run this program instead:

Will  trouble(trouble)  halt or not?

Undecidable problems ⇒ unprovable truths!

trouble(p):
  if halt(p,p) loop forever
  else halt

Undecidability



P

NP

PSPACE

EXPTIME

COMPUTABLE

“Computers play the same role 
in complexity that clocks, trains 
and elevators play in relativity.”

– Scott Aaronson

Games

Turing’s Halting Problem

An infinite hierarchy



From theory to the real world

Many algorithms that take exponential time in the worst case are 
efficient in practice 

Optimization problems are like exploring a high-dimensional jewel

If we add noise to the problem, the number of facets goes down, 
and the path to the top gets shorter
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Figure 9.18: The polytope on the left has 200 facets and 396 vertices. On the right, we perturb this polytope
by adding 5% random noise to the right-hand sides of the inequalities, reducing the number of facets and
vertices to 87 and 170. The angles between the facets have become sharper, so the polytopes’ shadows,
i.e., the two-dimensional polygons that form the outlines of these pictures, have fewer sides.

x !. If you think of x and x ! as vectors in the space of instances, then x ! is chosen uniformly from a ball of
radius ! around x . The adversary can decide where this ball is centered, but he cannot control where in
the ball the perturbed instance x ! will be.

We then define the running time as the average over the perturbed instances, maximized over the
adversary’s original instance:

Tsmoothed =max
x

!
!

x !:|x !"x |#!
T (x !)
"

.

If the adversary has to carefully tune the parameters of an instance to make it hard, adding noise upsets
his plans. It smooths out the peaks in the running time, and makes the problem easy on average.

Spielman and Teng considered a particular pivot rule called the shadow vertex rule. It projects a two-
dimensional shadow of the polytope, forming a two-dimensional polygon, and tries to climb up the out-
side of the polygon. This rule performs poorly if the shadow has exponentially many sides, with expo-
nentially small angles between them. They showed that if we add noise to the constraints, perturbing the
entries of A and b, then the angles between the facets—and between the sides of the shadow polygon—
are 1/poly(m ) with high probability. In that case, the shadow has poly(m ) sides, and the shadow vertex
rule takes polynomial time. We illustrate this in Figure 9.18.

Smoothed analysis provides a sound theoretical explanation for the suprisingly good performance
of the simplex algorithm on real instances of LP. But it still leaves open the question of whether LP is
in P—whether it can can be solved in polynomial time even in the worst case, when the adversary has
the last word. We will answer that question soon. But first we explore a remarkable property of LP that
generalizes the relationship between MAX FLOW and MIN CUT, and which says something about LP’s worst-
case complexity as well.



Deep questions

Is finding solutions harder than checking them? When can we 
avoid exhaustive search?

How much memory do we need?

What if we only need good answers, instead of the best ones?    
Are there problems where even finding good answers is hard? 

How much does it help if we can do many things at once?

If we are working together to solve a problem, how much do we 
need to communicate?

How much does randomness help?  Can we foil the adversary by 
being unpredictable?

How much does quantum physics help?
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