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I. Review of power laws 



1. Types of Power Laws 

€ 

y = Axb

1.  Physical laws--planetary orbits, parabolic motion of thrown objects, 
classical forces, etc. (these are really idealized notions and do not exist in  
real world) 

2. Scaling relations--relate two fundamental parameters in a system like 
lifespan to body mass in biology (Physical Laws are special/strong case) 

3. Statistical distributions 



1. Examples of Power Laws 



Parabolic Motion 



Web Sites 



Word usage 



Word Usage 



2. Identifying Power Laws 

•  Need big range on x- and y-axes to determine 
power laws because this minimizes effects of 
noise and errors 

•  Can give good measure of b, the exponent € 

ln y = bln x + lna
Linear plot: slope=b and intercept=ln a 

€ 

y = axb



Identifying Power Laws 
•  Maximum likelihood methods are good for 

identifying power laws if used in correct way 
•  Whether to curve fit in linear or logarithmic 

space depends on distribution of errors 
because regressions make assumptions about 
these: homoscedascity->variance in y is 
independent of value of x 

•  Body size (for population, variance in body size 
or heart rate varies linearly with x)--logarithmic 
space 



3. Self Similarity and Fractals 



Imagine taking a picture of smaller piece and  
magnifying it, and then it looks like original part. 



Other examples of self similarity 



1.  Branching process that is self similar and repeated at every scale 
2.  Changes our concepts of measuring distances by ruler and thus our concept of 
      area, volumes, and dimensions 
3.   Watch “Hunting the Hidden Dimension” on NOVA 

Generate complex fractals by iterating 
a simple pattern over and over 



Can generate tree‐like structures 



Power Laws     Self Similarity 

‐>                                        <‐ 
€ 

⇔

Equation form for self similarity:  

€ 

f (λx) = λk f (x)

€ 

f (x) = axk

f (λx) = a(λx)k = λkaxk = λk f (x)

€ 

kλk−1 f (x) =
df (λx)
dλ

=
d(λx)
dλ

df (λx)
d(λx)

= x df (λx)
d(λx)

Chain Rule 

Free to choose λ=1 

€ 

x df (x)
dx

= kf (x)⇒ df
f

= k dx
x

⇒ f (x) = axk

Differentiate with respect to λ 



4. Fixed Points and Universality 



Dynamical systems flow relative 
to fixed points 

What is functional form as fixed point is approached? This describes  
region and dynamics that are relevant for many scientific questions. 



Non-power-law functions often behave 
as power laws near critical points 

•  Other functions commonly occur in nature: ex, 
sin(x), cosh(x), Jν(x), Ai(x) 

•  These functions can generally be expressed in 
Taylor or power  series near critical points (phase 
transitions, etc.). When x is close to x*, difference 
is small, and first term dominates.  

p-exponent of leading-order term 
Any functions with the same first term in their series 

expansion behave the same near critical points, 
which is of great physical interest,  even if they 
behave very differently elsewhere. Source of 
universality classes. 

€ 

f (x) =
(x − x*)k

k!
f (k )(x − x*)

k= p

N

∑ ~ C(x − x*) p



ln(x) 

x 

sin(x) 

x 

Near x=0, both of these functions  
scale like x! 



 III. Dimensional Analysis and 
Power Laws 



Dimensional Analysis 
•  Often used in physics 
•  For reasons given thus far, many processes 

should scale as a power law. 
•  Given some quantity, f, that we want to 

determine, we need to intuit what other variables 
on which it must depend, {x1,x2,…,xn}. 

•  Assume f depends on each of these variables as 
a power law.  

•  Use consistency of units to obtain set of 
equations that uniquely determine exponents. 

€ 

f (x1,x2,...,xn ) = x1
p1 x2

p2 ...xn
pn



Example 1: Pythagorean Theorem 

•  Hypotenuse, c, and smallest angle, θ, 
uniquely determine right triangles.  

•  Area=f(c, θ), DA implies Area=c2g(θ). 

θ 

φ 

θ 
φ 

c 
a 

b 

Area of whole triangle=sum of area of smaller triangles 

€ 

a2g(θ) + b2g(θ) = c 2g(θ)
⇒ a2 + b2 = c 2



Example: Nuclear Blast 

•  US government wanted to keep energy yield 
of nuclear blasts a secret. 

•  Pictures of nuclear blast were released in Life 
magazine with time stamp 

•  Using DA, G. I. Taylor determined energy of 
blast and government was upset because 
they thought there had been a leak of 
information 





•  Radius, R, of blast depends on time 
since explosion, t, energy of explosion, 
E, and density of medium, ρ, that 
explosion expands into 

•  [R]=m, [t]=s, [E]=kg*m2/s2, ρ=kg/m3 

•  R=tpEq ρk 

€ 

1= 2q − 3k
0 = p − 2q
0 = q + k

q=1/5, k=-1/5, p=2/5  

€ 

R = (E /ρ)1/ 5 t 2 / 5 ⇒ E =
R5ρ
t 2

m 

s 

kg 

   unknown constant coefficient can be determined from 
y-intercept of regression of log-log plot of time series



Pitfalls of Dimensional Analysis 

•  Miss constant factors 

•  Miss dimensionless ratios 

•  But, can get far with a good bit of ignorance!!! 



Summary 
•  Self-similarity and fractals⇔Power Laws 
•  Behavior near critical point ⇒Power Laws 
•  But, Power Laws⇒near critical points 
•  Dimensional Analysis assumes power law 

form and this is partially justified by necessity 
of matching units 

   



A little philosophy of science 

•  Many major, “universal” patterns in 
different fields are power laws 

•  Can often explain these without 
knowledge of all the details of the system 

•  Art of science is knowing system well 
enough to have intuition about which 
details are important 



Explaining existence of single 
power law is not enough 

•  Much better to predict value of exponent and 
not just that it is a power law 

•  To really believe a theory we need multiple 
pieces of evidence (possibly multiple power 
laws) and need to be able to predict many of 
these. 

•  Understanding dynamics and some further 
details allows one to predict deviations from 
power law, and that is a very strong test and 
leads to very precise results 



II. Power laws in biology 



Metabolic rate‐‐“Fire of life”‐‐power for  
maintenance, growth, and reproduc6on


allometry‐‐shape changes 

⇒metabolic rate=heat loss rate∝surface area∝(volume)2/3 

isometry‐‐shape stays same 

 Animals are not isometric, so not a good null hypothesis. 

    heat loss:  
    metabolic rate=heat loss rate∝surface area  

Stefan‐Boltzmann law 



   Mass dependence of metabolic rate 

Savage et al., Func. Eco., 2004 

€ 

θ ≈ 3/4

Log(body mass (g)) 

Slope=0.74+/‐0.03 
 r2=0.99 



Typical Mass‐Specific Rates 

Savage, et al., 
Func. Eco., 2004 



Rates at the cellular, individual, and popula6on level for many 
different taxa scale like this. Many 6mes and lengths also scale.


      Savage et al., Func. Eco., 2004 

3/4‐power scaling 
N
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r 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Scaling exponent, θ




Power laws in vascular networks 



The pig: a case study 



Properties of pig vascular systems:  
Capillary numbers 



Properties of pig vascular systems:  
Number of units 



Scaling for number of elements in pig 



Focus on hierarchical, branching network 

level 0 

level 1 

level 2 

level 2 € 

n = 2

branching  
ra6o 



Properties of pig vascular systems:  
Geometry of vessels 



Scaling for vessel radii in pig 



Scaling for vessel lengths in pig 



Approximate power laws exist 
for structure of  

pig vascular system 



III. Base metabolic scaling model 



Theories are approxima6ons that hope to 
impart deeper understanding  

We all know that art [theory] is not truth. Art 
[theory] is a lie that makes us realize truth, 
at least the truth that is given us to 
understand. The artist [theorist] must know 
the manner whereby to convince others of 
the truthfulness of his lies. 

                                             ‐‐Pablo Picasso 



Focus on hierarchical, branching network 

level 0 

level 1 

level 2 

level 2 € 

n = 2

branching  
ra6o 



Model has three assump6ons 

iii. Capillaries are invariant in size 

      sets overall scale for network 

i.  Minimiza6on of energy to deliver resources 

 constraint on vessel radii 

ii. Space filling to feed all cells 

     constraint on vessel lengths 



I
 T 

T 

R


Reflec6on at junc6ons (important for larger vessels, pulsa6le flow)


€ 

β =
rk+1

rk
= n−1/ 2 area preserving 

i. Energy minimiza6on 

€ 

β =
rk+1

rk
= n−1/ 3 area increasing 

Dissipa6on (important for small vessels, Poiseuille flow) 



Space 
 filling 



Space 
 filling 



Space 
 filling 



Space Filling 

+


+
 +
 +


€ 

NkClk
3 = Nk+1Clk+1

3

€ 

γ =
lk+1

lk
=

Nk

Nk+1

 

 
 

 

 
 

1/ 3

= n−1/ 3



Body size changes network size 

iii. Terminal units are invariant


Aorta


Capillaries 

level

Level 0 

Level 1 

M increases 



Metabolic rate and body mass 

€ 

M ∝ bloodV = kN
levels
∑ π k

2r kl ∝Ncap
4 / 3

capV ∝B4 / 3

follows from 
energy min. 
       and  
space filling


use scale factors 
to relate each level 
to terminal units 

invariance of 
terminal units 
B=NcapBcap 

€ 

B∝ 3 / 4M

blood  
volume


number of 
capillaries


capillary 
volume 


body 
mass 

met  
rate 

West et al., Science, 1997


leading  
order 



Capillary density changes 
Each capillary feeds more cells in larger organisms 

capillary 

6ssue 



What do we mean by vascular 
networks? What do they look like and 

what are there properties? 



Katherine Du Tiel, 1994 



Casts of coronary artery 



















Compare and contrast these networks 

Nevertheless, we can construct similar frameworks,  
mathematical tools, and principles for studying these. 

Fluid flows through networks 

Delivery of resources 

Vessels of differing size 

Vessels of differing flow rates 

Removal of wastes? 

Similarities 

Centralized versus non-centralized 

Hierarchical versus non-
hierarchical 

Different types of “fluids” are 
flowing 

Delivering different types of 
resources 

Differences 



Extended models for  
vascular systems 

finite‐size correc6ons 
more realis6c hydrodynamics 

alterna6ve geometries 



finite‐size correc6ons 



Finite size correc6ons:  
area preserving 

€ 

θ =
d lnB
d lnM

=
d lnNcap

d lnVblood

~ 3
4
1− CNcap

−1/ 3( )tangent at each 
point of curve 

fiKed 
slope<3/4 

lnVblood 

lnNcap 

asympto6c 
slope=3/4 

exact 
curve 

Savage et al., PLoS. Comp. Biol., 2008 

θ 



Finite size correc6ons:  
area increasing 

€ 

θ =
d lnB
d lnM

=
d lnNcap

d lnVblood

~ 1− 1
N +1

tangent at each 
point of curve 

fiKed 
slope<1 

lnVblood 

lnNcap 

asympto6c 
slope=1 

exact 
curve 

θ 

Savage et al., PLoS. Comp. Biol., 2008 



Finite‐size correc6ons: mixed WBE 
model 

€ 

θ =
d lnB
d lnM

=
d lnNcap

d lnVblood

~ 3
4
1+ CNcap

−1/ 3( )tangent at each 
point of curve 

fiKed 
slope>3/4 

lnVblood 

lnNcap 

asympto6c 
slope=3/4 

exact 
curve 

θ 

Savage et al., PLoS. Comp. Biol., 2008 



 more realis6c hydrodynamics 



More realis6c hydrodynamics  

€ 

ρ
∂v
∂t

= µ∇2v −∇p

blood flow 

€ 

ρw
∂ 2ξ
∂t 2

= E∇2ξ −∇p

vessel wall 

vz 

vr 
ξz 

ξr 

ρ‐blood density 
µ‐blood viscosity 

ρw‐wall density 
E‐Young’s modulus 

€ 

Z ~ coρi
πr2

J0 i
3 / 2 ωρ

µ
r

 

 
 

 

 
 

J2 i
3 / 2 ωρ

µ
r

 

 
 

 

 
 

can derive total impedance to flow  ω‐angular frequency of wave 
c0‐Korteweg‐Moens velocity 

€ 

c0 =
Eh
2ρr

h 

r 



Changing width of transi6on region 

black=0 levels; red=12 levels; green=24 levels 
Savage et al., PLoS. Comp. Biol., 2008 

   Transi6on level 



Changing transi6on level 

Savage et al., PLoS. Comp. Biol., 2008 



alterna6ve geometries 



Changing branching ra6o 

€ 

N

Savage et al., PLoS. Comp. Biol., 2008 



Asymmetric branching in lem coronary 
artery 



Distribu6ng vessels versus delivering vessels: a 
type of asymmetry 

Distribu6ng 
vessels 

Delivering 
vessels 



Look for different scaling exponents: 
coronary artery 



Asymmetric branching and calcula6ons 
for whole networks 

‐Branching can s6ll be area preserving or area increasing 
even when branching is asymmetric.  
‐If asymmetry occurs in a systema6c or fixed way, this  
represents a type of self similarity, so should be able to  
derive scaling rela6ons, do sums, and repeat similar analyses 



βB,γΒ  βB, γΒ 

βS, γs 

βB, γΒ 

βS, γs 

βB, γΒ 

βB, γΒ 

ΒS, γs 

βS, γs 

ΒS,γs 

βB, γΒ 

r0 

l1B 

l1s 

l0 

r1B 

βB, γΒ 

βS 

a. βB=βs 
     and 
    γB=γs  

b. βB=1, βs=0  c. Asymmetry plus rota6on  

βS, , γs 



l1B l0 

r0 

l1s 

r1B 

Can also do this for whole network for self 
similarity within levels without self similarity 

across levels 

As,k=β2s,k‐1Ak‐1   and     ls,k=γs,k‐1lk‐1 

AB,k=β2B,k‐1Ak‐1   and     lB,k=γB,k‐1lk‐1 

volume at kth level:     network volume:   

€ 

Vk
TOT = (β

s ,i

2 γ s,i + βB ,i
2 γB ,i)

i= 0

k

∏ V0

€ 

Vnet = Vk
TOT

k= 0

N

∑

scaling ra6os  
are constant 
within level k   



What do space filling and area preserving 
mean in this nota6on? 

area preserving 

space filling 
€ 

β
S ,k

2 + βB ,k
2 =1

€ 

γ s,k
3 + γB ,k

3 =1



Area preserving with arbitrary  asymmetry in 
radii and symmetric space 

filling in length 

€ 

A0
TOT = Ak

TOT = AN
TOT

€ 

Ak
TOT = nkπrk

2 = nkπβ−2(N−k )rN
2 = nkπn(N−k )rN

2 = nNAN

For the symmetric case with area preserving 

€ 

A0
TOT = Ak

TOT = AN
TOT = nN AN

For the asymmetric case this becomes 

You will s6ll get the ¾ exponent. As long as area‐preserving  
holds, this ¾ result is very robust to changes in geometry and 
asymmetry. 



Invariant terminal units? 



 If people do not believe that mathematics 
is simple, it is only because they do not 
realize how complicated life is. -John 
von Neumann 



IV. Conclusions 
1.  Power laws are common in nature due to self similarity  
and behavior near cri6cal points. 

2. Be careful to make sure you have a power law. 

3. Can omen explain and predict a lot without knowing  
details of the problem  

4. Power laws are common in biology (and elsewhere) 

5. Dynamical model based on distribu6on of resources 
makes many predic6ons that match data of at level of  
vessels and whole organism. 


