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#	
  configura9ons	
  =	
  1	
  



#	
  configura9ons	
  =	
  N	
  



#	
  configura9ons	
  =	
  N(N-­‐1)	
  



Unconstrained:	
  #	
  configura9ons=	
  ±	
  (N)!/N0!(N-­‐N0)!	
  	
  =	
  ±	
  NNo/	
  N0!	
  =	
  ±	
  (N/N0)No	
  =	
  10^{9*1023)	
  
=>	
  Plenty	
  of	
  room	
  at	
  the	
  boJom	
  

Constrained	
  to	
  droplet:	
  #	
  configura9ons	
  =	
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•  What	
  have	
  we	
  learned	
  (heuris9cally):	
  
-­‐  Macroscopic	
  configura9ons	
  have	
  a	
  certain	
  entropy,	
  

which	
  equals	
  the	
  log	
  of	
  the	
  #	
  of	
  microstates	
  that	
  
correspond	
  to	
  the	
  same	
  macrostate.	
  	
  

-­‐  Natural	
  tendency	
  for	
  entropy	
  (of	
  a	
  closed	
  system)	
  to	
  
increase	
  (2nd	
  law	
  of	
  thermodynamics).	
  

-­‐  Entropy	
  is	
  a	
  measure	
  for	
  disorder/mixing.	
  
-­‐  The	
  process	
  of	
  increasing	
  entropy	
  is	
  irreversible.	
  
-­‐  Equilibrium	
  state	
  is	
  one	
  of	
  maximal	
  entropy.	
  
-­‐  State	
  may	
  depend	
  on	
  certain	
  microscopic	
  proper9es,	
  i.e.	
  

the	
  entropy	
  is	
  maximized	
  under	
  certain	
  	
  constraints.	
  
-­‐  Very	
  universal	
  phenomenon.	
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Limi9ng	
  distribu9on	
  maximizes	
  the	
  entropy	
  func9on	
  
	
  (under	
  certain	
  constraints,	
  here	
  the	
  sum	
  of	
  probabili9es	
  is	
  one).	
  	
  
Determine	
  points	
  of	
  vanishing	
  slope	
  (maxima	
  and	
  minima):	
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there are conserved quantities that are preserved during the interaction and the
equilibrium distribution function can therefore only depend on those. Homogeneity
and isotropy of the distribution function selects the total energy of the particles as
the only function on which the distribution depends. The conservation of energy
in this situation boils down to the simple statement that 1

2mv2
1 + 1

2mv2
2 = 1

2mv′
1
2+

1
2mv′

2
2. From these relations Maxwell derived the well known thermal equilibrium

velocity distribution,

(18) p0(v) = n
( m

2πT

)3/2
e−mv2/2kT .

The distribution is Gaussian. As we saw, to derive it Maxwell had to make a
number of assumptions which were plausible even though they couldn’t be derived
from the fundamental laws of physics. Boltzmann generalized the result to include
the effect of an external conservative force, leading to the replacement of the kinetic
energy in (18) by the total conserved energy, which includes potential as well as
kinetic energy.

Boltzmann’s generalization of Maxwell’s result makes it clear that the proba-
bility distribution pi for a general system in thermal equilibrium is given by

(19) pi =
e−εi/T

Z
.

Z is a normalization factor that ensures the conservation of probability, i.e.
∑

i pi =
1. This implies that

(20) Z ≡
∑

i

e−εi/T .

Z is called the partition function. The Boltzmann distribution describes the canon-
ical ensemble, that is it applies to any situation where a system is in thermal
equilibrium and exchanging energy with its environment. This is in contrast to
the microcanonical ensemble, which applies to isolated systems where the energy
is constant, or the grand canonical ensemble, which applies to systems that are
exchanging both energy and particles with their environment3. To illustrate the
power of the Boltzmann distribution let us briefly return to the example of the
thermal distribution of Ising spins on a lattice in an external magnetic field. As
we pointed out in section (3.2), the energy of a single spin is ±µH. According to
the Boltzmann distribution, the probabilities of spin up or spin down are

(21) p± =
e∓µH/T

Z
.

The spin antiparallel to the field has lowest energy and therefore is favored. This
leads to an average field dependent magnetization mH (per spin)

3Gibbs extended the Boltzmann result to situations where the number of particles is not
fixed, leading to the introduction of the chemical potential. Because of its complicated history,
the exponential distribution is referred to by a variety of names, including Gibbs, Boltzmann,
Boltzmann-Maxwell, and Boltzmann-Gibbs.
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(22) mH = 〈µ〉 =
µp+ + (−µ)p−

p+ + p−
= µ tanh

uH

T
.

This example shows how statistical mechanics can be used to establish relations
between macroscopic variables that cannot be obtained using thermodynamics
alone.

3.4 Free energy revisited

In our discussion of thermodynamics in section 2.2 we introduced the concept of
the free energy F defined by equation 8, and argued that it plays a central role
for systems in thermal contact with a heat bath, i.e. systems kept at a fixed
temperature T . In the previous section we introduced the concept of the partition
function Z defined by equation 20. Because all thermodynamic quantities can be
calculated from it, the importance of the partition function Z goes well beyond
its role as a normalization factor. The free energy is of particular importance,
because its functional form leads directly to the definition of entropy in terms of
probabilities. We can now directly link the thermodynamical quantities to the
ones defined in statistical mechanics. This is done by postulating4 the relation
between the free energy and the partition function as5

(23) F = −T lnZ,

or alternatively Z = e−F/T . From this definition it is possible to calculate all
thermodynamical quantities, for example using equations (12). We will now derive
the expression for the entropy in statistical mechanics in terms of probabilities.

3.5 Gibbs entropy

The definition of the free energy in equation (8) implies that

(24) S =
U − F

T
.

From (23) and (19) it follows that

(25) F = εi + T ln pi.

Note that even though both the terms on the right depend on i the free energy F
is independent of i. The equilibrium value for the internal energy is by definition

(26) U = 〈ε〉 ≡
∑

i

εi pi .

4Once we have identified a certain macroscopic quantity like the free energy with a microscopic
expression, then of course the rest follows. Which expression is taken as the starting point for
the identification is quite arbitrary. The justification is a posteriori in the sense that the well
known thermodynamical relations should be recovered.

5Boltzmann’s constant k relates energy to temperature. Its value in conventional units is
1.4×10−23joule/kelvin, but we have set it equal to unity, which amounts to choosing a convenient
unit for energy or temperature.
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The second law of thermodynamics talks only about the difference between the
entropy of different macrostates. The absolute scale for entropy is provided by the
third law of thermodynamics. This law states that when a system approaches the
absolute zero of temperature the entropy will go to zero, i.e.

(7) T → 0 ⇒ S → 0.

When T = 0 the heat is zero, corresponding classically to no atomic motion, and
the energy takes on its lowest possible value. In quantum theory we know that such
a lowest energy “ground” state also exists, though, if the ground state of the system
turns out to be degenerate the entropy will approach a nonzero constant at zero
temperature. We conclude by emphasizing that the laws of thermodynamics have
a wide applicability and a rich phenomenology that supports them unequivocally.

2.2 Free energy

Physicists are particularly concerned with what is called the (Helmholtz) free en-
ergy, denoted F . It is a very important quantity because it defines the amount
of energy available to do work. As we discuss in the next section, the free en-
ergy plays a central role in establishing the relation between thermodynamics and
statistical mechanics, and in particular for deriving the microscopic definition of
entropy in terms of probabilities.

The free energy is defined as

(8) F ≡ U − TS.

This implies that in differential form we have

(9) dF = dU − TdS − SdT,

which using (3) can be written as

(10) dF = −PdV − SdT.

The natural independent variables to describe the free energy of a gas are volume
and temperature.

Let us briefly reflect on the meaning of the free energy. Consider a system A in
thermal contact with a heat bath A′ kept at a constant temperature T0. Suppose
the system A absorbs heat d̄ Q from the reservoir. We may think of the total
system consisting of system plus bath as a closed system: A0 = A + A′. For A0

the second law implies that its entropy can only increase: dS0 = dS +dS′ ≥ 0. As
the temperature of the heat bath A′ is constant and its absorbed heat is −d̄Q, we
may write T0dS′ = −d̄Q. From the first law applied to system A we obtain that
−d̄Q = −dU − d̄W , so that we can substitute the expression T0dS′ = −dU − d̄W
in T0dS + T0dS′ ≥ 0 to get −dU + T0dS ≥ d̄ W . As the system A is kept at a
constant temperature the left hand side is just equal to −dF , demonstrating that

(11) −dF ≥ d̄W.
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Quantity Density Flux
Mass ρ ρv
Momentum ρv T = Pg + ρv ⊗ v
Energy U = (1

2v
2 + u + Φ)ρ F = (1

2v
2 + h + Φ)ρv

Table 12.1: Densities and Fluxes of mass, momentum, and energy for an ideal fluid in an externally
produced gravitational field.

∂U/∂t + ∇ · F = 0. To explore its consequences for an ideal fluid, we must insert the
appropriate ideal-fluid forms of the energy density U and energy flux F.

When (for simplicity) the fluid is in an externally produced gravitational field Φ, its
energy density is obviously

U = ρ

(
1

2
v2 + u + Φ

)
, (12.48)

where the three terms are kinetic, internal, and gravitational. When the fluid participates
in producing gravity and one includes the energy of the gravitational field itself, the energy
density is a bit more subtle; see Box 12.2.

In an external field one might expect the energy flux to be F = Uv, but this is not quite
correct. Consider a bit of surface area dA orthogonal to the direction in which the fluid is
moving, i.e., orthogonal to v. The fluid element that crosses dA during time dt moves through
a distance dl = vdt, and as it moves, the fluid behind this element exerts a force PdA on it.
That force, acting through the distance dl, feeds an energy dE = (PdA)dl = PvdAdt across
dA; the corresponding energy flux across dA has magnitude dE/dAdt = Pv and obviously
points in the v direction, so it contributes Pv to the energy flux F. This contribution is
missing from our initial guess F = Uv. We shall explore its importance at the end of this
subsection. When it is added to our guess, we obtain for the total energy flux in our ideal
fluid with external gravity,

F = ρv

(
1

2
v2 + h + Φ

)
, (12.49)

where h = u + P/ρ is the enthalpy per unit mass [cf. Box 12.1]. Inserting Eqs. (12.48)
and (12.49) into the law of energy conservation (12.34), we get out the following ideal-fluid
equation of energy balance:

∂

∂t

[
ρ

(
1

2
v2 + u + Φ

)]
+ ∇ ·

[
ρv

(
1

2
v2 + h + Φ

)]
= 0 . (12.50)

If the fluid is not ideal because heat is being injected into it by viscous heating, or being
injected or removed by diffusive heat flow or by radiative cooling or by some other agent,
then that rate of heat change per unit volume will be ρTds/dt, where s is the entropy per
unit mass; and correspondingly, in this non-ideal case, the equation of energy balance will
be changed from (12.50) to

∂

∂t

[
ρ

(
1

2
v2 + u + Φ

)]
+ ∇ ·

[
ρv

(
1

2
v2 + h + Φ

)]
= ρT

ds

dt
. (12.51)

ρ(x, t) = m
�

f(x, v, t)dv
�v(x, t) =

�
vf(v, x, t)dv

�(x, t) = 1
2m

�
v2f(x, v, t)dv
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I	
  do	
  not	
  know	
  what	
  the	
  ul9mate	
  understanding	
  of	
  biology	
  
will	
  look	
  like,	
  but	
  one	
  thing	
  is	
  clear:	
  it	
  will	
  be	
  based	
  on	
  
precise	
  mathema9cal	
  descrip9ons	
  of	
  evolu9onary	
  
processes.	
  Mathema9cs	
  is	
  the	
  proper	
  language	
  of	
  
evolu9on,	
  because	
  the	
  basic	
  evolu9onary	
  principles	
  are	
  
mathema9cal	
  in	
  nature.	
  Though	
  verbal	
  in	
  origin,	
  the	
  
theory	
  has	
  become	
  more	
  and	
  more	
  mathema9cal	
  over	
  
9me.	
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  Nowak	
  



For all recent advances, it’s still not known how this well-protected  
one kilogram or so of cells actually encodes information, how it holds  
Experiences, memories, dreams and intentions. He doesn’t doubt that  
in years to come the coding mechanism will be known, though it  might  
in his lifetime. Just like the digital codes of replicating life held within DNA, 
 the brains fundamental secret will be laid open one day, 
… 
Could it ever be explained how matter becomes conscious? He can’t  
begin to imagine a satisfactory account, but he knows it will come, the  
secret will be revealed over decades, as long as the scientists and  
the institutions remain in place, the explanations will refine themselves  
into an irrefutable truth about consciousness  
… 
The journey will be completed. He is certain of it. That’s the only faith  
he has. There’s grandeur in this view of life. 

(Saturday)	
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[Lm,Ln ]= (m! n)Lm+n +
1
12
cm(m2 !1)

Symmetry	
  algebra	
  infinite	
  dimensional:	
  

Fields	
  are	
  organized	
  in	
  representa9ons	
  of	
  conformal	
  algebra	
  
And	
  the	
  lowest	
  weight	
  of	
  such	
  a	
  representa9on	
  corresponds	
  to	
  the	
  	
  
Cri9cal	
  exponents	
  (	
  powers):	
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( H W M ' s )  characterized by the central charge c and the L o eigenvalue h of the 
highest weight state. The representations which are best understood are those for 
which c < 1, where it is well-known [1] that the unitarity condition restricts the 
c-values to a discrete set 

c=c tm~=  1 m ( m + l )  ' m =  3,4,5 . . . . .  (1.2) 

Furthermore,  for each c-value there are only a finite number of possible L 0 
eigenvalues hp, q for the highest weight state 

( , , )= [ ( m + l ) p - m q ]  2 - 1  ( l ~ < p ~ < m - 1  (1.3) 
hp,q 4m(m + 1) ' l <~q<~m 

Cardy [2] has shown that the condition of modular invariance further restricts the 
possible spectra considerably for these c-values. If the theory is defined on a torus, 
then the partit ion function can be expressed as a sesquilinear combination of 
Virasoro characters 

z = (1.4) 

Recently all modular invariant combinations of the type (1.4) for c < 1 in the 
unitary series have been classified [3, 4]. This classification can also be understood 
from the point of view of Kac -Moody  representation theory by applying the 
Goddard,  Kent, Olive (GKO) construction [5] to the diagonal subalgebra A 1 of 
A 1 • A 1. Starting from level (m - 2,1) HWM's for the A~ 1) • A~ 1) affine Kac -Moody  
algebra one obtains level m - 1 HWM's for the diagonal A~ 1) and c = c (") modules 
for the coset Virasoro algebra. From this construction one can also understand why 
the modular invariants for c = c <") are classified by modular invariants of A~ 1) at 
level m - 2 and m - 1 [6-8]. 

Our knowledge of CFT's with c >/1 is far less complete. This is because the 
unitarity constraint on representations turns out not to be very restrictive here, and 
it is not known how restrictive the modular constraint is (partial results exist though 
for c = 1 [9, 10]). More is known if we consider CFT's with extended symmetries. 
For  instance, similar results to those explained above have been obtained for the 
N-extended superconformal algebras (N  = 1, 2, 4). 

In bosonic theories the Virasoro algebra may be extended by a Kac -Moody  
algebra, as is the case for the Wess-Zumino-Wit ten  model [11,12] where the 
Virasoro generators are expressed as bilinears in the dimension-1 currents through 
the Sugawara construction. 
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In	
  the	
  summer	
  of	
  2002...I	
  had	
  a	
  mee9ng	
  with	
  a	
  senior	
  adviser	
  to	
  Bush.	
  	
  
…	
  
The	
  aid	
  said	
  that	
  guys	
  like	
  me	
  were	
  ``in	
  what	
  we	
  call	
  a	
  reality	
  based	
  
community,"	
  which	
  he	
  defined	
  as	
  people	
  who	
  ``believe	
  that	
  solu9ons	
  
emerge	
  from	
  judicious	
  study	
  of	
  discernible	
  reality."	
  I	
  nodded	
  and	
  murmured	
  
and	
  murmured	
  something	
  about	
  enlightenment	
  principles	
  and	
  empiricism.	
  

he	
  cut	
  me	
  off.	
  ``That's	
  not	
  the	
  way	
  things	
  work	
  anymore,"	
  he	
  con9nued.``We	
  
are	
  an	
  empire	
  now,	
  and	
  when	
  we	
  act,	
  we	
  create	
  our	
  own	
  reality.	
  And	
  while	
  
you're	
  studying	
  that	
  reality-­‐-­‐judiciously,as	
  you	
  will-­‐-­‐we'll	
  act	
  again,	
  crea9ng	
  
other	
  new	
  reali9es,	
  which	
  you	
  can	
  study	
  too,	
  and	
  that's	
  how	
  things	
  will	
  sort	
  

out.	
  We're	
  history's	
  actors...and	
  you,	
  all	
  of	
  you,	
  will	
  be	
  ler	
  to	
  just	
  study	
  what	
  
we	
  do."	
  	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
  [the	
  aide	
  was	
  presumable	
  Karl	
  Rove]	
  	
  



"
The public is now awakening, as if from a bad dream. What can it learn from the 
experience? That reality is a hard task master, and we manipulate it at our peril: The 
consequences of our actions are liable to diverge from our expectations. However 
powerful we are, we cannot impose our will on the world: we need to understand the 
way the world works. Perfect knowledge is not within our reach; but we must come as 
close to it as we can. Reality is a moving target, yet we need to pursue it. In short, 
understanding reality ought to take precedence over manipulating it."
"
As things stand now, the pursuit of power tends to take precedence over the pursuit 
of truth. Popper and his followers--including me--made a mistake when we took the 
pursuit of truth for granted."
..."
In addition to the familiar attributes of a liberal democracy--free elections, individial 
liberties, division of powers, the rule of law, etc.--it entails an electorate that insists on 
certain standards of honesty and truthfulness. "
"

" "[George Soros (in The new paradigm for financial markets, 2008)]"



•  From	
  Art	
  to	
  Maps	
  
•  Entropy	
  once	
  more	
  
•  Maximal	
  Entropy	
  principle	
  
•  From	
  microscopics	
  to	
  macroscopics	
  and	
  back	
  
•  Phase	
  transi9ons/	
  symmetry	
  breaking	
  
•  Nonlinear	
  dynamics	
  and	
  informa9on	
  
•  Food	
  for	
  thought	
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The	
  nonlinear	
  equa9ons:	
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  ini9al;	
  condi9on:	
  

Let	
  it	
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Kantz’s algorithm: 

1.  Choose point K!
2.  Look at the points around it!
3.  Measure how far they are from K!
4.  Average those distances!
5.  Watch how that average grows with time (!n)!
6.  Take the log, normalize over time ! S(!n)!
7.  Repeat for lots of points K and average the S(!n)!

If you’re lucky: 

 The slope of the scaling region—iff one exists—is the "1#

S(!n)!

!n!

Calculating " (& other invariants) from data  

•   Be careful!  TISEAN has lots of knobs and its 
results are incredibly sensitive to their values!!

•  Use your dynamics knowledge to understand & 
use those knobs intelligently!

•  Look at the plot; do not blindly fit a regression 
line to something that has no scaling region!

Fractal dimension: 

•  Capacity    

•  Box counting   

•  Correlation   (d2 in TISEAN) 

•  Lots of others:  
•  Kth nearest neighbor 

•  Similarity 

•  Information 

•  Lyapunov 

•  … 

•  See Chapter 6 and §11.3 of Kantz & Schreiber 

We’ve been assuming that we can 
measure all the state variables… 

x!

y!

z!

y!
x!

z!







•  	
   In	
  complex	
  systems,	
  we	
  wish	
  to	
  understand	
  how	
  a	
  
large-­‐scale	
  paJern	
  arises	
  from	
  the	
  aggrega9on	
  of	
  
small-­‐scale	
  processes.	
  	
  

•  	
   A	
  single	
  dominant	
  principle	
  sets	
  the	
  major	
  axis	
  from	
  
which	
  all	
  explana9on	
  of	
  aggrega9on	
  and	
  scale	
  must	
  
be	
  developed.	
  This	
  dominant	
  principle	
  is	
  the	
  
existence	
  of	
  a	
  	
  limi*ng	
  distribu*on.	
  



Convolu9on:	
  
	
  

F (s) = F(f) = 1
2π

�
f(x)eisx

dx

Then convolution becomes ordinary product:

H(s) = F(h) = F (s)G(s) = F(f ∗ g)

X1 with p.d.f. f(x)

X2 with p.d.f. g(x)

Then X = X1 + X2 has p.d.f.

h(x) =
�

f(u)g(x− u)du = f ∗ g

h(x) is the convolution f ∗ g of f and g

Fourier	
  transform:	
  



f(x)	
  

f*f	
  

F(s)	
  

F2	
  

F3	
   f*f*f	
  

=>	
  

=>	
  

<=	
  

=>	
  Gaussian	
  



•  	
   The	
  individual,	
  small-­‐scale	
  fluctua9ons	
  caused	
  by	
  
each	
  contribu9ng	
  process	
  rarely	
  follow	
  the	
  Gaussian	
  
curve.	
  But,	
  with	
  aggrega9on	
  of	
  many	
  partly	
  
uncorrelated	
  fluctua9ons,	
  each	
  small	
  in	
  scale	
  rela9ve	
  
to	
  the	
  aggregate,	
  the	
  sum	
  of	
  the	
  fluctua9ons	
  
smoothes	
  into	
  the	
  Gaussian	
  curve	
  –	
  the	
  limi9ng	
  
distribu9on	
  in	
  this	
  case.	
  	
  

•  	
   One	
  might	
  say	
  that	
  the	
  numerous	
  small	
  fluctua9ons	
  
tend	
  to	
  cancel	
  out,	
  revealing	
  the	
  par9cular	
  form	
  of	
  
regularity	
  or	
  informa9on	
  that	
  characterizes	
  
aggrega9on	
  and	
  scale	
  for	
  the	
  process	
  under	
  study.	
  	
  



•  	
   The	
  best	
  known	
  of	
  the	
  limi9ng	
  distribu9ons,	
  the	
  
Gaussian	
  (normal)	
  distribu9on,	
  follows	
  from	
  the	
  
central	
  limit	
  theorem.	
  	
  

•  	
   If	
  an	
  outcome,	
  such	
  as	
  height,	
  weight	
  or	
  yield,	
  arises	
  
from	
  the	
  summing	
  up	
  of	
  many	
  small-­‐scale	
  processes,	
  
then	
  the	
  distribu9on	
  typically	
  approaches	
  the	
  
Gaussian	
  curve	
  in	
  the	
  limit	
  of	
  aggrega9on	
  over	
  many	
  
processes.	
  	
  



f(x) =
1√

2πσ2
e−x2/2σ2

(with	
  average	
  <x>=0	
  and	
  variance	
  σ =1)	
  



•  	
   I	
  know	
  of	
  scarcely	
  anything	
  so	
  apt	
  to	
  impress	
  the	
  
imagina9on	
  as	
  the	
  wonderful	
  form	
  of	
  cosmic	
  order	
  
expressed	
  by	
  the	
  ‘law	
  of	
  frequency	
  of	
  error’	
  [the	
  normal	
  
or	
  Gaussian	
  distribu9on].	
  Whenever	
  a	
  large	
  sample	
  of	
  
chao9c	
  elements	
  is	
  taken	
  in	
  hand	
  and	
  marshaled	
  in	
  the	
  
order	
  of	
  their	
  magnitude,	
  this	
  unexpected	
  and	
  most	
  
beau9ful	
  form	
  of	
  regularity	
  proves	
  to	
  have	
  been	
  latent	
  
all	
  along.	
  The	
  law	
  …	
  reigns	
  with	
  serenity	
  and	
  complete	
  
self-­‐effacement	
  amidst	
  the	
  wildest	
  confusion.	
  The	
  larger	
  
the	
  mob	
  and	
  the	
  greater	
  the	
  apparent	
  anarchy,	
  the	
  more	
  
perfect	
  is	
  its	
  sway.	
  It	
  is	
  the	
  supreme	
  law	
  of	
  unreason.	
  

•  	
  (Galton,	
  1889)	
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Where nonlinear dynamics turns up 

•  Classical mechanics 

- three-body problem 

-  paired black holes 

-  pulsar emission 

-  …. 

•  Protein folding 

•  Population biology 

•  And many, many other fields (including yours) 

Hut & Bahcall Ap.J. 268:319!

•  continuous time systems:  

•  time proceeds smoothly 

•  “flows” 

•  modeling tool: differential equations 

•  discrete time systems:  

•  time proceeds in clicks 

•  “maps” 

•  modeling tool: difference equation 

A useful graphical solution 
technique  

•  “cobweb” diagram 

•  aka return map 

•  aka correlation plot 

Image from Doug Ravenel’s website at URochester!

Bifurcations  

Qualitative changes in the dynamics caused by 
changes in parameters 

Bifurcations  

Qualitative changes in the dynamics caused by 
changes in parameters: 

•  Heart: pathology 

•  Eddy in creek: water level  

•  Olfactory bulb: smell 

•  Brain: blood chemicals 

•  etc. etc. 

xn+1 = rxn (1! xn )
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Bifurcations in the logistic map  

R=2.8!

R=3.3!

Note: in discrete time plots, it makes no sense to connect dots!!!
Plots from Strogatz!

R=3.3!

R=3.5!

Plots from Strogatz!

R=3.5!

R=3.9!

Plots from Strogatz!

Courtesy of Allison Brown; 
Chaos, in preparation.!

•  chaos 

•  veils/bands: places where chaotic attractor is dense (UPOs) 
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R=3.3!

Note: in discrete time plots, it makes no sense to connect dots!!!
Plots from Strogatz!

R=3.3!

R=3.5!
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R=3.5!

R=3.9!

Plots from Strogatz!

Courtesy of Allison Brown; 
Chaos, in preparation.!

•  chaos 

•  veils/bands: places where chaotic attractor is dense (UPOs) 

r	
  



Introduction Process I-Diagrams Decompositions Computing Examples The End

Visualizing Information

Past, Present & Future

H[X:0] H[X1:]

H[X0]

σµ

H[X0] is partitioned by the past and the future

σµ = I[X:0;X1:|X0]: evidence of internal states



Introduction Process I-Diagrams Decompositions Computing Examples The End

Crystal Ballin’

The Recommended Decomposition

ρµ = I[X:0;X0]:

anticipated

information

bµ = I[X0;X1:|X:0]:

unanticipated and

relevant

rµ = H[X0|X:0;X1:]:

unanticipated and

irrelevant

ρµ

bµ

rµ















•  What	
  if	
  not	
  Markovian?	
  
•  Role	
  of	
  noise?	
  
•  How	
  does	
  the	
  epsilon	
  machine	
  do	
  for	
  a	
  9me	
  series	
  
measured	
  in	
  economy?	
  

•  What	
  if	
  there	
  is	
  a	
  hierarchy	
  in	
  the	
  underlying	
  
dynamics?	
  

•  How	
  this	
  combine	
  with	
  the	
  Max	
  Entropy	
  principle?	
  
•  Is	
  there	
  an	
  applica9on	
  horizon	
  for	
  networks?	
  



•  From	
  Art	
  to	
  Maps	
  
•  Entropy	
  once	
  more	
  
•  Maximal	
  Entropy	
  principle	
  
•  From	
  microscopics	
  to	
  macroscopics	
  and	
  back	
  
•  Phase	
  transi9ons/	
  symmetry	
  breaking	
  
•  Nonlinear	
  dynamics	
  and	
  informa9on	
  
•  Food	
  for	
  thought	
  



“The most important task for scientists is to search for the most 
fundamental laws, from which a picture of the world can be deduced. 
There is no logical path that leads to these elementary laws, only an 
intuitive one, based on creativity and experience.  

With such a methodological uncertainty one would think that an arbitrary 
number of equally valid systems would be possible. However, history 
shows that of all conceivable constructions always a single one did 
stand out as absolutely superior to all others.” 



“Discovering its structure was wonderful. You must imagine the time 
when proteins were black boxes. Nobody knew what they looked like. 
There I was , having worked on this vital problem for twenty-two years, 
trying to find out what this molecule looked like, and eventually how it 
worked. When the result emerged from the computer one night and we 
suddenly saw it, it was like reaching the top of a difficult mountain after a 
hard climb and falling in love at the same time. It was an incredible 
feeling to see this molecule for the first time and to realize that my work 
had not been in vain: because during those long years I feared that I 
was wasting my life on a problem that would never be solved.” 



“You see, one thing is, I can live with doubt and uncertainty and not 
knowing. I think it’s much more interesting to live not knowing than to 

have answers which might be wrong. I have approximate beliefs and 
different degrees of certainty about different things, but I’m not absolutely 

sure of anything and there are many things I don’t know anything about, 

such as whether it means anything to ask why we’re here… 

I don’t know the answer. I don’t feel frightened by not knowing things, by 

being lost in a mysterious universe without any purpose, which is the way 
it really is as far as I can tell, it doesn’t frighten me.” 


