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Complexity
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Processes and Their Models ...
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Complexity:
Processes and their Models

Previous Dynamics Lectures:

When measurements are faithful
study infinite discrete sequences
to learn about continuous-state dynamical system.

Now:
|. Processes
2. Information
3. Complexity
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Processes and Their Models ...

Measurement Theory ...

Main questions now:

How do we characterize the resulting process?
Measure degrees of unpredictability & randomness.
What correlational structure is there!

How do we build a model from the process itself?

How much can we reconstruct about the

hidden internal dynamics?
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Processes and Their Models ...

Stochastic Processes:

Chain of random variables:

<>

S = ... 5_25_1505132 c e

Random variable: 5;

Alphabet: A

Realization:

-+ 8_98_180981S2 " St € A
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Processes and Their Models ...

Stochastic Processes:

— — —

Chain of random variables: S=5:5'+

Past: St

. Ot—35t—25t 1

Future: St = S¢5t115t42 ...

L-Block: SF = 8,841 ...8 11

Word: Sf StSt+1 .- St+L—1 - AL
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Processes and Their Models ...

Stochastic Processes ...
Process:

Pr(S) = Pr(...S_2S_15051S5...)

Sequence (or word) distributions:

{PI’(S&L) — PI’(StSH_l c e St—I—L—l) . St - ./4}
Process:
(Pr(SF) : vt, L}
Consistency conditions:

Pr(S/~") = » Pr(S}) Pr(SEY ZPI (SF)

St4r—1
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Processes and Their Models ...

Types of Stochastic Process:

Stationary process:

PI'(StSt_|_1 “ . St—I—L—l) — PI’(S()Sl .« . SL—l)

Assume stationarity, unless otherwise noted.

Notation: Drop time indices.
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Processes and Their Models ...

Types of Stochastic Process ...

Uniform Process:
Equal-length sequences occur with same probability

UL . Pr(st) = 1/|A|F

Example: Fair coin

A={H,T}
Pr(H) =Pr(T)=1/2

Pr(s®) =27+

Complexity Lecture |: Processes and information (CSSS 201 1) Jim Crutchfield

Wednesday, June 22, 2011

12



Processes and Their Models ...

Types of Stochastic Process ...

Independent, Identically Distributed (lID) Process:

<>

Pr(S) =...Pr(S;)Pr(S;s1)Pr(Siia)...
Pr(S;) = Pr(S,), Vi, 1
Example: Biased coin
Pr(H) =p
Pr(T)=1-p=q
Pr(s") =p"¢" ™"
Number of heads in sequence: n
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Processes and Their Models ...

Types of Stochastic Process ...

Markov Process:

Pr(g‘)) — ... PI‘(SH_l‘St)PI'(SH_Q‘St+1)PI'(St+3|St_|_2) ..

Example: No Consecutive Os (Golden Mean Process)

A={0,1}
Pr(0|0) =0
Pr(1]0) =1
Pr(0|1) =1/2
Pr(1]1) = 1/2

Not Noisy Period-2 Process: GMP @ L =4 has 01 10.

Complexity Lecture |: Processes and information (CSSS 201 1) Jim Crutchfield

Wednesday, June 22, 2011

14



Processes and Their Models ...
Types of Stochastic Process ...

Hidden Markov Process:
<

Internal Order-R Markov Process: Pr(S)
PI‘(St‘ - St—2St—1) — PI‘(St|St_R c . St—l)
St € A

Obse!;ved viia function of the internal sequences
Y= f(S)
Measurement alphabet: y; € B
Measurement random variables: 17): Y oY qYoYy. ..
Observation process: Pr(?\ §)

<

Observed process: Pr(Y)
Block Distribution: Pr(Y*)
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Processes and Their Models ...
Types of Stochastic Process ...
Hidden Markov Process ...

Example: The Even Process

Internal Process: Golden Mean
s; € {0,1}

Observation Process: y: € {a, b}
Yi = f(st—lst)

a, Si—15¢t =11
Yt = _
b, St—1St — 01 or 10

s =1101110111101011111011 . ..

Y = . abbaabbaaabbbbaaaabba...
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Processes and Their Models ...

Models of Stochastic Processes:

Markov chain model of a Markov process:

States: v € A =A1,...,k}
V=.. VoV VVi...

Transition matrix: T;; = Pr(vey1|ve) = powr

P11 - Pik
T —

Pk1 - Dkk

k
Stochastic matrix: ZTU =1
i=1
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Processes and Their Models ...

Models of Stochastic Processes ...
Markov chain ...

Example: A= {A,B,C}

DAA PAB PAC
T'= |pBa PBB PBC
PCA PCB PCC

PAA +PpPaB +Pac =1

PBA +PBB +PBC =1

pca t+pcB +pcc =1
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Processes and Their Models ...

Models of Stochastic Processes ...
Kinds of state:

Strongly Connected

Strongly
Connected

Start State

Transient Recurrent
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Processes and Their Models ...

Models of Stochastic Processes ...

Example:
Fair Coin: A= {H,T}

1/2

1 1
r(i 1) {H_ (1))
2 2

1/2
7= (1/2,1/2)

Pr(H)=Pr(T)=1/2
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Processes and Their Models ...

Models of Stochastic Processes ...
Sequence Distribution: Pr(v™)

Example:
Fair Coin ...

Word as binary fraction:

SL — S8189...85,
L
ccSLw _ ﬁ
22
1=1
st € 10,1]

5

log P

1
WD W

log P

1
WD W

log P

-3

L=1

L=2

L=3

0

sk 10
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Processes and Their Models ...

Models of Stochastic Processes ...

Example:
Biased Coin: A ={H, T}
T (p 1 —p>
p l-p 1—p
p
m=(p,1—p)
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Processes and Their Models ...

Models of Stochastic Processes ...

PI‘(SL) _ pn(l . p)L—n’
L

n =Number Hs in s~ 3

5

Example: L= (=2 =3
Biased Coin ... |
log P ; .
| 1 |
| — -
_3. |
5
. . . L=4 L=5 L=6
Sequence Distribution:
- W
L=8 .
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Processes and Their Models ...

Models of Stochastic Processes ...

Example:
Periodic: A = {A,B,C} A ! B
0 1 0
T=10 0 1 1 1
1 0 0

T = (%7 %7 %) Careful!

Sequence distribution:

Pr(A) = Pr(B) = Pr(C) = 5

PI’(AB) — PI‘(BC) — PI’(CA) — % PI‘(SQ) — ()  otherwise

PI”(ABC) — PT(BCA) — PI‘(CAB) — % PI“(SS) — () otherwise
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Processes and Their Models ...

Models of Stochastic Processes ...

Example:
Golden Mean over 2-Blocks: A = {10,01,11}
10 Ol |l
1 1
1 g 1
T — i 1 i
t 11
i 2 14
_ (1 1 1
™= (33 3)
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Processes and Their Models ...

Models of Stochastic Processes ...

Example ...
Golden Mean over |-Blocks: A = {0,1}

1 1
— (2 2
=11 0 =
1
_ (2 1 (c_@
W—(g»g) )

Also an order-1 Markov chain. Minimal order.

Previous model and this:
Different presentations of the Golden Mean Process
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Processes and Their Models ...

Models of Stochastic Processes ...

5

Example: L=1
Golden mean:

log P

1
WD W

log P _|_

1
WD W

log P ][

-3

I

I

0 s|_
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Processes and Their Models ...

Models of Stochastic Processes ...

Two Lessons:

Structure in the behavior: supp Pr(s”)

Structure in the distribution of behaviors: Pr(s™)

Complexity Lecture |: Processes and information (CSSS 201 1) Jim Crutchfield

Wednesday, June 22, 2011

28



Processes and Their Models ...

Models of Stochastic Processes ...
Hidden Markov Models of Processes:

Internal states: v € A
Transition matrix: T' = Pr(v'|v), v,v" € A

Observation: Symbol-labeled transition matrices

T¢) = Pr(v', s|v), s € B

T=>% TW

selBB

Stochastic matrices:

D Ti=) ) 1) =1
) TR
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Processes and Their Models ...
Models of Stochastic Processes ...

Hidden Markov Models ...
Internal state distribution: py = (p1,p2, ..., Pk)

Evolve internal distribution: p,, = po1™

State sequence distribution: vl = vovive .. v

PT(UL) = (vg)p(v1|vo)p(v2|vL) - - - p(vL—1|vL—2)
Observed sequence distribution: st = S0S1S92 ...S1,_1

PT(SL) — Z m(vo)p(v1, s1|vo)p(v2, S2|v1) -+ - P(VL-1, SL—1|vL—2)
vle AL

No longer |-1 map between internal & observed sequences:
Multiple state sequences can produce same observed sequence.
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Processes and Their Models ...
Models of Stochastic Processes ...

Hidden Markov Models ...
Internal: A ={A,B,C}

DAA PAB DPAC
T=|pBa pPBB PBC
PCA PCB PCC

Observed: B = {0, 1}

PAA:s PAB:s PAC:s
T(S) — | PBA:;s PBB:;s PBC:s
PCA:s PCB:s PCC:s

PAA — E PAA;s
seBB
Complexity Lecture |: Processes and information (CSSS 201 1) Jim Crutchfield
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Processes and Their Models ...
Models of Stochastic Processes ...

Types of Hidden Markov Model:

“Unifilar”: current state + symbol “determine” next state

1
Pr(v'|v, s) = ) 1

Pr(v', s|lv) = p(s|v) @

Pr(v|v) = 3 pls[o)

sc A
L _(B)
“Nonunifilar’: no restriction @

Multiple internal edge paths can generate
same observed sequence.

Complexity Lecture |: Processes and information (CSSS 201 1) Jim Crutchfield

Wednesday, June 22, 2011

32



Processes and Their Models ...
Models of Stochastic Processes ...

Example:
Golden Mean Process as a unifilar HMM:
Internal: A ={A, B} 1|5 0/5
O8O
T = (% 8) v = (2/3,1/3) 1)1

Observed: B = {0,1}

1 1
o_ (0 3} pm_(2 0
=) =y
Initial ambiguity only: At most 2-to-|1 mapping
BA™ =1 Syncd: s=0 =v=20D

AA" =1" s=1=v=A
Irreducible forbidden words: F = {00}
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Processes and Their Models ...
Models of Stochastic Processes ...

Example:
Golden Mean Process ... Sequence distributions:
Internal state sequences Observed sequences
(A=1;B=0)
og log P _l_
~ L L L |
log P —|_‘ In h |’L H‘" H[ log P ‘|_‘ ][] ]_‘ L_]_ LW LL"\
-
log P l } [ l [ ||l| log P H} H[ ||]|
Same!
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Processes and Their Models ...
Models of Stochastic Processes ...

Example: 0] 12
Even Process as a unifilar HMM:
Internal (= GMP): A ={A, B} (e_@
11

11::<% g) = (2/3,1/3)
Observed: B = {0,1}

1 1
o _ (3 U W _ (U 3
o= (5 o) =0 )

vl = ... AABAABABAA ...

sk=....011011110... st=1{...012"0...}

Irreducible forbidden words: F = {010,01110,0111110,...}
No finite-order Markov process can model the Even process!
Lesson: Finite Markov Chains are a subset of HMM:s.
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Processes and Their Models ...

Models of Stochastic Processes ...

Example:
Even Process ...

Internal states (= GMP)

Sequence distributions:
Observed sequences

L=

2

L=

3

- (/ij ;B =0) L=3 .

og P 1 og P

- e R A e
MO A 1
il (I

P:ather diffeorentSL!
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Processes and Their Models ...
Models of Stochastic Processes ...
Example:
Simple Nonunifilar Source:

Internal (= Fair Coin): A = {A, B}

DO | DD | =

1
r=(1 1) w=()) T
2
1
1

1 1
Ovserved £ (0.1 K (AL__(B) i}

© m_ (3 3 i
_ — | 2
7O = (] T = (2 3
2 2
([ AAAAAAAA. ..
ABBBBBBB...
AA
Many to one: 1111111 « - BBBBED
AAABBBBB... ,
Is there a unifilar HMM
T presentation of the
. BBLBBBBE... observed process!?
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Processes and Their Models ...

Models of Stochastic Processes ...

log P

log P

log P

-3

Example:

Simple Nonunifilar Process ...

Internal states (= Fair coin)

(A=1;B=0)
L=1 L=2 L=3
L=4 L=5 L=6
L=7 L=8 L=9
0 oL 10 oL 10 oL 1

Observed sequences

log P _|_,_
" Al
) m’m ’mm’h‘ “‘|||I|_||.|.||

0 sk 10 sk 10 sk 1
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Processes and Their Models ...

Next lectures:“Complexity Module”
|. Information theory for general stochastic processes
2. Measures of complexity
3. Optimal models and how to build them

4.Applications

Labs:

Track these topics closely.
Ryan will describe.
Work through them on your own.
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