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Abstract

This paper explores the validity of Hamilton’s rule in the case of other-only altruism in which the benefits are shared by other members of the sibling group excluding the donor. It presents a model of competition between two alleles which code for different kinds of altruism.   It derives a simple replicator equation for allele frequencies under conditions of strong selection.  This equation does not depend on the size of the sibling group. In mathematical form, the equation is similar to Hamilton’s original rule in the case of inbreeding, although the causal mechanism is different. The paper derives a simple criterion to determine whether there will be a polymorphism in which both alleles coexist permanently.  Such an event is rare and victory will normally go to the allele with the higher value of ½ b-c, where b is the total benefit which an offspring confers on its siblings and c is the cost to the donor.  The paper also considers how an offspring will behave in particular circumstances.  Using a specialized version of the basic model, it shows how, in the absence of polymorphism, natural selection should take the system towards the point of 50% marginal altruism. With this type of altruism, an offspring will perform any act for which the cost to the donor is at most half the benefit to its siblings. Acts which do not satisfy this criterion are not performed. This accords with Haldane’s quip that he would sacrifice his own life for two of his brothers, but not for less.  Numerical simulation is used to explore these issues in greater depth.  The paper also examines briefly the implications of heterozygote advantage for Hamilton’s rule. It concludes with a brief discussion of the connection between other-only altruism and whole-group altruism, in which the donor gains some benefit from its actions.   
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THE EVOLUTION OF ALTRUISM BETWEEN SIBLINGS

Robert Rowthorn

    Building on the work of Haldane (1932) and Fisher (1958), the theory of inclusive fitness was developed by W. D. Hamilton (1963, 1964).  This gave rise to Hamilton’s famous rule which states that a gene for altruism will out-compete a gene for selfishness if
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, where r is some measure of the genetic relationship between donor and recipient. More generally, if two forms of altruism are in competition, the gene with the higher value of 
[image: image2.wmf]rbc

-

 will win. In the case of siblings, Hamilton initially suggested that r = ½ and that in consequence natural selection should lead offspring to behave altruistically towards their siblings provided the cost to the donor does not exceed half the benefit to the recipient. This claim was based on the observation that, under random mating in a large population, half the genes of an offspring and those of a random sibling are on average identical by descent. In the course of time, Hamilton extended his analysis to take into account the effect of inbreeding and more complex genealogical connections, and under the influence of George Price he pioneered the modern covariance approach to the analysis of altruism (Hamilton, 1970).   This was followed over the next decade by a number of articles by various authors exploring genetic relatedness and the evolution of altruism.  The pace has slowed since then, but the subject is still receiving attention from specialists
.  Meanwhile, there has been a growth of popular interest in the subject and Hamilton’s rule is now a standard part of academic courses on population biology.  

 This paper has a number of objectives. The first is to investigate within the framework of a simple model some of the main issues which have been raised in the extensive specialist literature on Hamilton’s rule.  Much of this literature is concerned with the general theory of genetic relatedness, and the same article often covers widely different species and many different types of kinship.  As a result, the analysis of any particular type of species or kinship is rather cursory.  The present paper is exclusively concerned with altruism between full siblings in a diploid species in which each male and each female have exactly one mate.  The model we use to analyse evolution under these conditions is based on replicator dynamics, and the main results with regard to allelic competition are rigorously established within this framework. We are not primarily concerned with the measurement of relatedness, although such a measure is implied by our analysis.  Our formula turns out to be mathematically identical to Hamilton’s own formula for relatedness when there is inbreeding, although in our case the central factor is not inbreeding but the impact of sibling altruism on the distribution of adult genotypes.  

The paper also explores an issue that has been largely neglected in the specialist literature. Hamilton’s rule is often used in casual discourse to explain how individuals behave in particular circumstances.  An individual will supposedly help its siblings whenever the cost to the donor of doings is no greater than half the combined benefit to the recipients. If the cost exceeds this limit no help will be forthcoming. This is encapsulated in Haldane’s famous quip that he would sacrifice his own life for the life of two of his brothers, but not for less. Such behaviour cannot be directly inferred from the proposition that natural selection causes the quantity ½b – c to increase. This quantity does not refer to particular actions, but to the totality of altruistic acts and their related costs and benefits.  It does not say how an offspring will behave in specific circumstances. We tackle this issue by considering what an economist would call marginal behaviour. Using a specialised version of the basic model, we make a plausible case for believing that sequential mutation will take the system towards the point of 50% marginal altruism.  At this point, offspring will perform any act for which the immediate cost to the donor is at most half the benefit to its siblings. Actions which do not satisfy this criterion are not performed.  

    The structure of the paper is as follows. The first section lays out the basic model and derives a simple replicator equation for the case when two alleles are competing against each other.  The next section examines the issue of polymorphism.  The conditions for a polymorphism are specified exactly and in a transparent and simple fashion.  This section distinguishes between invasion and persistence. It turns out that, except under rather special conditions, there will be no polymorphism and the allele with the higher value of ½b – c will drive out the other allele. The following section uses a more specialized version of the basic model to explore the issue of marginal behaviour. We show that, assuming there is no polymorphism, sequential mutation should take the system towards the point of 50% marginal altruism. Using numerical simulation we explore the conditions under which a polymorphism may occur in this more specialized version of the model.  We then consider briefly the impact of heterozygote advantage on the evolution of altruism.  The paper concludes with a brief discussion of what Pepper (2000) calls whole-group and other-only altruism. For clarity, the mathematical workings are mostly contained in an appendix and only the main outlines are given in the text.

1. The Basic Model

    In this section we present a model of competition between two forms of genetically programmed altruism. We derive a simple replicator equation which specifies what happens in the course of time to the relevant gene (allele) frequencies. We show how this equation is mathematically equivalent to the rule which Hamilton formulated for the case of inbreeding. Finally, we show how our approach yields a measure of genetic similarity which is consistent with the modern covariance approach.

Our model is based on a diploid species in which each female is inseminated by exactly one male. The population is “large” and mating is random. There is no altruism between adults, but there may be altruism between juvenile siblings. Altruism is of the other-only type in which the donor gains no direct benefit from its actions.  The willingness of an offspring to help its siblings is genetically programmed and is governed by the alleles at a single locus. There are at most two alleles (A and a) of the altruism gene present in the population at any moment of time, and the extent of altruism exhibited by an offspring depends on which combination of these alleles it carries. Altruism between siblings is feasible either because offspring can identify their siblings or because they are segregated from non-offspring during their upbringing. All adults breed simultaneously and each mating pair has exactly n offspring.  Parents bring up this generation of offspring and then die, at which point the offspring become adults and breed. 

The genetic transmission of altruism is assumed to follow Mendelian principles, so there is no genomic imprinting and the parental source of an allele is therefore irrelevant. Depending on the nature of the genetic character of the parents, there are six distinct categories of family which are labelled m1, m2…m6 (see table 1). For
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be the probability that a random offspring in a category mi family contains s copies of A.  Let Ni be the total number of offspring belonging to families in category mi and let 
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be the number of such offspring that contain s copies of A. Since the population is large we can assume that
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. All offspring are assumed to be equally fit at birth, but their survival chances are influenced by their interactions with their siblings. Let bs be the total altruistic benefit that an offspring of type s confers on the other offspring in its sibling group. We assume that this benefit is shared equally by all members of the group except for the donor, so that each receives an amount
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Consider a sibling group which consists of 
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).  It will receive benefits at the appropriate rate from all of these siblings. Taking costs into account, the net impact of altruism on the survival probability of this offspring is given by: 
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Using this equation, it is shown in the appendix that, after selection,
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where Z is a scaling factor which reflects the impact of general selective forces which are unrelated to altruism. This formula is derived on the assumption that all mating pairs have the same number of offspring n. Note that the formula does not contain n and hence the value of this parameter does not affect the evolutionary dynamics
.

 Let N and 
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be the total number of offspring in the population as a whole before and after selection. By definition 
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where 
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From these equations we derive the mathematics of selection as laid out in tables 1 and 2. In line with conventional notation, P, H and Q denote the proportion of parents containing 2, 1 and 0 copies of the A allele, p = P + H/2 denotes the frequency of this allele in the population, q = 1- p = Q + H/2   is the frequency the other allele.  The equivalent magnitudes following selection are indicated by a prime.  These are the frequencies that obtain during the next round of mating. 

Changing the notation slightly, let 
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denote the change in the frequency of A from one generation of parents to the next.  It is shown in the appendix that 
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where W is some positive number and 
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.   The quantity F indicates the extent to which the share of heterozygotes in the parental population falls short of the Hardy-Weinberg value of 2pq.  Since mating is random the share of heterozygotes at conception is equal to 2pq.  Hence F indicates the extent to which sibling altruism during childhood reduces the share of heterozygotes amongst adults, thereby increasing the share of homozygotes.  
The above equation implies that natural selection favours the allele with the higher value of
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, irrespective of whether this allele is dominant or recessive.  Note that F is a variable and not a parameter. Its magnitude depends on the frequency of the rival alleles (see below). If one of these alleles is rare, then F is virtually zero, and the replicator equation 

Table 1: Basic Features of Mating and Selection

	Category

mi
	Mating Pair
	Share
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Table 2: Relative Frequencies after Selection

	Type

mi
	Mating Pair
	Offspring Frequency in Population  After Selection 
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 is chosen so as to ensure that
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implies that the allele with the higher value of 
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 will increase in frequency. Thus, an allele can successfully invade another if it has a higher value of  
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 than the incumbent.  However, in the course of time, as allele frequencies change, there will be a consequent change in F. Exceptionally, this may cause 
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 to become the same for both alleles. If this happens, the frequencies of the two alleles will stabilise and they will coexist indefinitely in constant proportions.   The conditions under which this occurs are analysed below in the section on polymorphism.

Comparison with Hamilton

It is interesting to compare the preceding results with Hamilton’s own findings. In his earliest papers on altruism Hamilton (1963, 1964) argued that a gene for altruism towards siblings would out-compete a gene for complete selfishness provided that
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. This “rule” was derived on the assumption that mating is random, the population is large and selection is weak. Hamilton (1970, 1972), and also Michod and Hamilton (1980), later modified his analysis so as to allow for inbreeding. He derived a condition which in the case of full siblings is of the form
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 is the coefficient of inbreeding
.  This is mathematically similar to our condition (4) above. However, there is an important difference in meaning.  In Hamilton’s formulation, F reflects the influence of genealogy on the share of homozygotes in the parental population, whereas in our case F reflects the selective impact of childhood altruism on this share.  In our model, there is no inbreeding so offspring are conceived in Hardy-Weinberg proportions.  However, these proportions may be altered through sibling altruism, causing the share of homozygotes in the adult population to deviate from its original value. Hamilton was aware of this possibility, but he assumed that the selective impact of altruism was so “weak” that its influence on the distribution of parental genotypes could be ignored. He also expressed the hope that his findings would give some guidance even when selection is strong (1964, p 4). As we shall see below, this hope was largely justified. 

Genetic Similarity

    The replicator equation (4) can be given the following intuitive interpretation.  Consider a random offspring that exhibits altruism of type A and let 
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where 2p is the number of copies of A that are carried by an average member of the population.   The expression on the left-hand side is the coefficient of 
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in equation (4), whilst the ratio on the right-hand side is a measure of genetic similarity at a given locus between a random offspring and its siblings. The numerator is the expected “excess” number of copies of A in the offspring as compared with the population average, whereas the denominator is the expected excess number of copies of A carried by the sibling. The corresponding equation for the other allele is
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Note that the above measure of genetic similarity is specific to the particular locus we are concerned with in this paper. It refers only to similarity with respect to alleles at the locus for sibling altruism.  The equivalent ratio for alleles at a different locus might have a very different value. 

Our measure of genetic similarity is consistent with the modern covariance approach
.  Indeed, apart from notational differences, the ratios on the left-hand side of equations (5) and (6) are identical to the formula for genetic similarity given by Grafen (1985, p41).  A variety of other measures have also been suggested, although as Michod and Hamilton (1980) showed, under conditions of weak selection many of them are equivalent to Hamilton’s original measure of relatedness, suitably modified to allow for complex genealogies.  Differences emerge when selection is strong enough to influence the distribution of genotypes and hence the competition between alleles.  This possibility is reflected in the presence of F in our measure of similarity. 
2. Polymorphism

One possible outcome of strong selection is a polymorphism in which two alleles coexist permanently in constant proportions. In this section we examine the conditions under which such an event can occur.  This problem has two aspects: invasion and persistence. Under what conditions can one allele successfully invade an incumbent allele? Under what conditions can two alleles coexist indefinitely in a stable equilibrium?  Several authors have explored these issues in the context of altruism.  Levitt (1975) investigated the boundary conditions under which one allele can successfully invade another. On the basis of numerical analysis, Cavalli-Sforza and Feldman (1978) hypothesised that in the case of siblings a recessive allele might invade and establish a polymorphism with a dominant incumbent, but they did not investigate this formally or state the conditions under which it occurs. Uyenoyama and Feldman (1981a) investigated this issue mathematically, but they did not provide an explicit criterion for identifying when a polymorphism will occur.  Uyenoyama et al (1981b) examined polymorphism with multiple alleles, whereas Michod (1979) established the possibility of polymorphism when there is inbreeding. The latter works are not of direct relevance here. 

When comparing two alleles, let us use the term “superior” to denote the allele with the higher value of 
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. The other allele will be described as “inferior”. It is shown in the appendix, that an inferior allele, so-defined, whether dominant or recessive, can never invade a superior allele, whereas the latter can always invade an inferior rival.  This leaves open the possibility of an internal equilibrium in which the share of each allele is constant. Such an outcome can only occur when an incumbent allele is invaded by a superior rival with which it is eventually able to coexist. Throughout this section, for reasons explained in the appendix, we shall assume that
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where μ is a parameter to be defined.  This is a long list but it is not actually very restrictive.  These conditions are satisfied in all of the simulations reported below. As before, we assume that A is dominant and that p denotes the frequency of this allele in the population.

It is shown in the appendix that, at any internal equilibrium, p must be a root of the following equation


[image: image89.wmf](

)

(

)

(

)

(

)

(

)

2

2

()()()

()()2()3()

()2()1

aAaA

aAaAaAaA

aAaAaa

fpbbccp

bbccbbccp

bbccbc

=---

-------

+---+-

                                  (8)

There are three cases to consider.

Superior A: 
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In this case, there can be no root between 0 and 1. There can be no polymorphism if the superior allele is dominant.

Neutral A: 
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In this case, 
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Inferior A: 
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In this case, there are either no roots or two roots between 0 and 1.  The conditions under which there are two roots are as follows. Define 
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We shall assume that 
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Comparing (9) and (10) it follows that in a polymorphic equilibrium
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 It is shown in the appendix that the condition for equation (8) to have roots strictly between 0 and 1 is
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where
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If condition (11) is satisfied there will be two internal equilibria - one stable and one unstable. The system will converge to the stable equilibrium if A is the incumbent allele and it is invaded by allele a.

The role of F in establishing a polymorphism can be illustrated by the following examples.  In each case, a dominant incumbent A is invaded by a recessive allele a, and the boundary condition for successful invasion (
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) is satisfied. In the first example, 
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.  Figure 1a shows what happens to the variable F in this case. At first F is zero and parental genotypes are initially in Hardy-Weinberg proportions.  In the course of time, F becomes negative under the impact of altruistic selection, indicating that the proportion of homozygotes is now below the Hardy-Weinberg share.   This reduces the competitive advantage of allele a, but does not eliminate it completely.  Throughout the trajectory it is always the case that 
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. As a result, the invader eventually takes over and drives A towards extinction.   When this happens F returns to zero. 
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and the boundary condition for successful invasion is therefore satisfied.  As before, F becomes negative under the impact of altruistic selection and the competitive advantage of allele a is thereby reduced. However, in this example, the point is eventually reached where
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 . The competitive advantage of allele a is thereby eliminated and the share of the invader stops increasing. The result is a polymorphism indicated by the stable equilibrium point S in the diagram. There is also an unstable equilibrium at U which is never reached by the invading allele.  
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These diagrams illustrate two important processes: (1) what happens at the end-points, (2) the nature of the intermediate trajectory.  In both diagrams, the degree of genetic similarity 
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 is equal to one half at the endpoints when one of the alleles is rare and
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. In each case, therefore, entry and exit are governed by the condition
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. However, between these endpoints, when both alleles are relatively common, F is negative and the degree of genetic similarity is less than a half.  This reduction in genetic similarity is due to sibling altruism and its effect is to erode the competitive advantage of allele a over its rival A.  Under certain conditions, the effect of altruism is so strong that the competitive ranking of the two alleles is reversed.  If by some accident, the system were to find itself between S and U, the degree of genetic similarity between siblings would be so low that 
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. In this case, allele A would out-compete allele a despite the fact that 
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3. Marginal Behaviour  

  Hamilton’s rule is often interpreted to mean that an altruist will take any action for which the cost to the donor is less than half the benefit to the recipients. Such behaviour cannot be inferred simply from the proposition that natural selection causes the quantity 
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to increase. This quantity refers to the totality of altruistic acts and related costs, and it does not say how the altruist will behave in particular circumstances.  It does not identify the margin which separates those acts which a particular type of altruist perform from those which it fails to perform. To answer such a question some additional structure must be imposed on the model.  In this section, we provide the required structure by specifying the context in which altruism evolves and by assuming that each kind of altruism can be specified in terms of a unique dispositional parameter.  The actual behaviour of an offspring will depend on both the context and its intrinsic disposition. Using this more specific model, we shall establish that, in the absence of polymorphism, successive mutations should lead to the point where 50% marginal altruism prevails. At this point, an offspring will perform all actions for which the immediate cost to the donor is less than or equal to one half of the benefit to its siblings.  It will refrain from altruistic acts where the cost to benefit ratio is more than 50%.

 The context in which altruism evolves is specified as follows. Suppose that each offspring faces a variety of opportunities to act altruistically towards its siblings, and that a particular act confers a total benefit of λ on its siblings at a cost of λx to the donor. An offspring will be said to exhibit altruism of type θ if it behaves altruistically whenever 
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 but not otherwise. Thus, the greater the value of θ the more altruistic is the offspring in question. Note that this formulation does not assume that an offspring consciously evaluates costs and benefits in each situation. It could be that the offspring is programmed to behave altruistically only in those situations that on average satisfy the cost-benefit condition 
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 We shall assume that the frequency of altruistic opportunities faced by an offspring can be specified by a continuous function M(x) as shown in Figure 2. The means that number of altruistic opportunities with a cost-benefit ratio between
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.  An offspring of type θ is assumed to perform all acts of altruism for which x ≤ θ.  Assuming that all costs and benefits are additive, the total benefit conferred on siblings is given by
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and total cost to the donor of these acts is equal to
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Note that c(θ)/b(θ) is the average cost-benefit ratio of altruistic acts, whereas θ is the marginal cost- benefit ratio beyond which an altruist of type θ will not go.

The evolution of allele frequencies can be found by substituting the above expressions for b(θ) and c(θ) in equation (3). Assuming that polymorphisms do not occur, natural selection will move θ towards the value θ* that maximises the function
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. Since b and c are continuous, the first order maximum condition is then as follows:  
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Provided that suitable concavity conditions are satisfied there will be a maximum at θ = ½.  By hill-climbing, natural selection should cause altruism to evolve to the point where a sibling “counts” half as much as the individual. Note that this conclusion assumes that no polymorphism occurs on the way.  If a polymorphism does occur, then the evolutionary convergence towards θ = ½ may come to a temporary or even permanent halt.

Under what conditions will there be a polymorphism in this model?  Suppose there is an incumbent allele A with parameter θ which is invaded by a recessive allele a with parameter θ+Δθ.  Then 
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. Using Taylor’s theorem, it can be shown that  
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Provided that
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 we can always choose λ or Δθ small enough to ensure that the ratio
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 lies outside of the interval (0, 1). Thus, if altruism is sufficiently weak, or mutations are sufficiently small, there will never be a polymorphism and hill-climbing should take θ ever closer to ½ (as can be seen from equation 15)..  

4. Simulation Results

We shall now present some simulation results based on the above model. These simulations were designed to investigate how critical parameters affect the possibility of invasion by a new allele and influence its subsequent trajectory.  The focus is initially on a recessive invader since this is the only type of invader that can establish a polymorphism in the above model.  We then go on to consider how the model might be modified so as to permit a polymorphism even if the invader is dominant. This is illustrated numerically for the case of heterozygote advantage.

Our simulations assume that the frequency of altruistic opportunities facing the typical offspring can be specified by a single parameter family of the form
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.  This functional form is flexible enough to cover a wide variety of situations. If α < 0 there are frequent occasions when the cost to benefit ratio of altruism is low, but if α > 0 such occasions are comparatively rare and most altruistic opportunities are costly for the donor in relation to their collective benefit. From equations (13) and (14) it follows that the benefits and costs of altruism are given by:
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 The parameter λ determines the absolute scale of costs and benefits. The larger the value of λ, the greater is the impact of altruism on both donor and recipients. As an illustration, suppose that α = 0, and consider a situation in which there is initially no altruism and each adult pair has six offspring. If the population is stationary, two of these offspring will on average survive, and the typical offspring will have a survival probability of 33.3%. Suppose that a lone altruist with θ = 0.5 appears amongst the offspring. If λ = 0.1, the effect of such altruism is to reduce the survival probability of the donor from 33.3 percent to 32.9 percent, whilst raising that of the average sibling to 33.7 percent. With λ = 1, the effects are much greater and the survival probabilities of donor and sibling become 29.1 percent and 36.7 percent respectively. 

To explore the properties of this model, simulations were run covering many millions of parameter combinations
. The main results were as follows. If the superior allele (higher value of 
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θA.  However, there may be a polymorphism if the two values of θ lie on opposite sides of 0.5 and are roughly equidistant from this central value.  In this case, the successful invader will not completely drive out its incumbent rival and the two alleles will settle down in stable coexistence. Thus, if the incumbent allele A codes for very selfish behaviour, there can only be polymorphism if the invader a codes for highly altruistic behaviour.  Conversely, if the incumbent allele codes for highly altruistic behaviour, a polymorphism can only occur if the invader codes for the extreme opposite.  

Table 3 presents some of these results.  The table assumes that a recessive allele a invades a dominant allele A. In each cell two numbers are shown, indicating the interval within which the invader’s altruism parameter 
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	Table 3: Recessive Invader a
Maximum and Minimum Values of θa for a Polymorphism



	
	Parameters
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	Dominant

θA
	θa
	θa
	θa
	θa

	0.00
	0.9939

1.0000
	0.7433

1.0000
	1.3300

 1.5000
	0.8095

 0.8333



	0.30
	0.6976

0.7000
	0.6456

0.7000
	0.7112

 0.7315
	0.6629 

0.6755



	0.45
	0.5494

0.5500
	0.5380

0.5500
	0.5476

 0.5517


	0.5449

0.5484

	0.49
	0.5099

0.5100
	0.5077

0.5100
	0.5093

0.5101


	0.5092

0.5099

	0.51
	0.4901

0.4900
	0.4923

0.4900
	0.4908

 0.4901


	0.4907

0.4899

	0.55
	0.4506

0.4500
	0.4614

0.4500
	0.4553 

0.4516


	0.4521

0.4483

	0.70
	0.3024

0.3000
	0.3437

0.3000
	0.3364

 0.3239


	0.2855

0.2668

	1.00
	0.0060

0.0000
	0.1146

0.0000
	0.1565

 0.1340


	0.0000

0.0000


These findings have an obvious implication.  Suppose that evolution proceeds in steps with a maximum length L, so that the parameters of invader and incumbent satisfy the condition
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.   For there to be a polymorphism, 
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 must lie within a certain interval on the opposite side of 0.5 from
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. There can be no polymorphism if the incumbent parameter 
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 is so far to one side of 0.5 that its distance from the required interval is more than L. In the above example
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 is equal to 0.3 and for there to be a polymorphism the invader’s parameter 
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 must fall within the interval (0.6629, 0.6755).  To achieve such an outcome requires that
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, which is impossible if the maximum step length L is less than 0.3629. As the incumbent parameter gets closer to 0.5 the length of step needed for a polymorphism gets shorter.  For example, with 
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 a step length equal to 0.02 would be sufficient to produce a polymorphism.  If the maximum step length is short this does not completely prevent a polymorphism, but it does ensure that such an event can only occur when the system is close to 0.5, in which case the coexisting alleles will be very similar in their effects. One type may be slightly more altruistic than the other, but the difference will be minor and both will code for approximately 50% altruism at the margin.

Polymorphism when the Invader is Dominant: Heterozygote Advantage
It has been assumed so far that mating is random and that all genotypes are equally fit apart from the differential impact of sibling altruism. Under these conditions, it is always the case that a dominant invader will triumph in pair-wise competition if it has a higher value of ½b-c than the incumbent.  However, by relaxing the assumptions about mating or fitness it is possible to generate a polymorphism when the invader is dominant.  We shall use our simulation model to consider briefly the effect of heterozygote advantage. 

Heterozygotes may have increased fitness either because they have a higher survival rate than homozygotes or because they are more fertile.  Many examples of this phenomenon have been documented in the literature, including at least one associated with a behavioural trait
.  As Queller (1985) hints, such a phenomenon could arise in the case of sibling altruism.  To model its effects we assume that heterozygote advantage takes the form of increased survival and we use the following formulae to modify the distribution of genotypes in the adult population
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These imply that heterozygotes have a proportionate advantage of γ relative to homozygotes. 
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Figure 3 illustrates the effect of the above modification when an incumbent allele a is invaded by dominant allele A. The former allele codes for complete selfishness (θa = 0) and the latter for a fairly high level of altruism (θA = 0.5). It is assumed that α = 0 and λ = 1.  These parameters specify the spectrum of altruistic opportunities available to siblings. Two cases of heterozygote advantage are shown.  In one case, the parameter for heterozygote advantage is 
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 and the invading allele drives the incumbent towards zero. In the other case, heterozygote advantage is greater (
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) and the incumbent is not completely driven out. There is a polymorphism in which the share of the allele for selfish behaviour stablises at an equilibrium value of 26.77%. Since this allele is recessive, only homozygotes which carry two copies of it manifest selfish behaviour.  They constitute 6.07% of the breeding population, which is somewhat lower than the Hardy-Weinberg share of 7.17% that obtains at conception.  The difference reflects the combined impact of sibling altruism and heterozygote advantage on the distribution of adult genotypes.  

The fact that a polymorphism was established in the above example was not just a fluke. A grid search was conducted to see which combinations of θa and θA in the range 0 to 1 will yield a polymorphism for given values of α, λ and γ.  This showed that there is always some value of γ for which all combinations of θa and θA between 0 and 1 will yield a polymorphism. For example, with α = 0 and λ = 1, and a heterozygote advantage
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, any allele, whether dominant or recessive, can coexist permanently with any other allele specified range.  

The above example illustrates how heterozygote advantage may establish a polymorphism even when the invading allele is dominant. The same may also true in the case of dissortative mating in which individuals prefer mates which manifest a different kind of altruism from their own.  We shall not explore this topic here
.

5. Whole-Group Altruism

Pepper (2000) has drawn attention to the distinction between other-only and whole-group altruism. The distinction hinges on whether on not the individual which performs an altruistic act derives any direct benefit from it. The analysis in this paper has been formulated in terms of other-only altruism but using a transformation suggested by Pepper it can easily be reformulated in terms of whole-group altruism. Consider a type of altruism that costs the donor 
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 to perform and confers a benefit 
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which is shared equally between all n members of the group including the donor.  Thus, each member of the group including the donor receives a benefit equal to
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. Taking this benefit into account, the net cost the donor of behaving altruistically is given by 
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, and the aggregate benefit received by the other members of the group is given by 
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.  Thus, in mathematical terms, whole-group altruism with parameters  
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 and  
[image: image168.wmf]ˆ

c

 is equivalent to other-only altruism with parameters b and c.   Using this equivalence, we can convert equation (4) into the following replicator equation for the case of two competing forms of whole-group altruism, 
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For large n this is virtually identical to equation (4), but for small values of n the difference is substantial.  

In the absence of polymorphism, victory will eventually go to the allele with the largest value of
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.  By a process of hill-climbing, a type of whole-group altruism may eventually emerge in which the donor will perform any action for which the cost to itself does not exceed
[image: image171.wmf]1

2

n

n

+

æö

ç÷

èø

times the benefit to the group as a whole.  For 
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 this ratio is equal to ¾. 
6. Concluding Remarks

The main conclusions of this paper are as follows.  If mating is random and the only selective force is sibling altruism, competition will mostly favour the allele with the higher value of 
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 where b is the combined benefit to other members of the sibling group and c is the cost to the donor.  This in turn may lead to a situation in which an offspring will perform any individual altruistic act for which the cost does not exceed half the benefit to its recipients, but will behave selfishly in situations that do not fulfill this criterion.  These results confirm and extend the original insight of Hamilton.  They were derived independently of the size of the sibling group and under conditions of strong selection. The results refer to other-only altruism in which the donor enjoys no direct benefit from its actions. The analysis can easily be reformulated in terms of whole-group altruism from which the donor also derives some benefit from its actions, although in this case the results do depend on the number of members in the sibling group.

The analysis in this paper also has some implications for measurement of relatedness. If selection is strong, the degree of genetic similarity between siblings, as we define it, is endogenous. It depends on the distribution of genotypes in the parental population at the time of mating, which in turn depends on the relative frequency of the competing alleles.  When one of the alleles is rare, parental genotypes are in Hardy-Weinberg proportions and the genetic similarity of siblings is equal to one half. However, if both alleles are common and selection is strong, then parental genotypes will no longer be in Hardy-Weinberg proportions, and the genetic similarity of siblings will no longer be equal to one half. Under certain conditions, such an induced variation in similarity will give rise to a polymorphism, although this is an unusual event. 
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Appendix

Derivation of Equation (2)
Throughout this section we consider only families belonging to category 
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 (as defined in table 1 of the text). Let

 Ni  =  total number of offspring in all families belonging to category 
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 probability that a random offspring in such a family contains s copies of A

 n   = number of offspring in a family (the same for every family)
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The joint probability distribution of the 
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is given by the multinomial distribution
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The total number of families in category
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 is equal to
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, of which the proportion belonging to a sibling group of type (
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. Thus, the total number of offspring of type s in this type of sibling group is given by
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For large values of 
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 the proportionate error in the above formula is likely to be small.

The total number of offspring of type s is given by
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Note that
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 After selection, this number becomes
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where Z is a scaling factor that reflects the impact of general selective forces which are unrelated unrelated to altruism and 
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.  The coefficient of 
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 since the donor does not benefit from its own altruistic behaviour. 

To evaluate the above expression let us first evaluate 
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where 
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Thus, for any s and t (= 0, 1, 2)
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Substituting in (A6) yields
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and hence
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This is an approximate formula which can be taken as exact when 
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is sufficiently large (‘infinite’).

Derivation of Equation (4)

From Table 2 in the text
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Note that
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Also, for future use,
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Hence
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Thus,
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It is assumed that A is dominant over a.  Thus,
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Substituting in equation (A19) yields
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After simplification,
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which can be written in the form
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where  
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Derivation of Equations (5) and (6)

    Let P, H and Q denote the frequencies of
[image: image229.wmf],

AAAa

and aa at the time of mating. The frequencies of mating types are:

Table A1. Mating pairs

	name
	pairing
	frequency

	m1
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    Let s denote the number or copies of A in an offspring. The conditional probability 
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Table A2.
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	m1
	m2
	m3
	m4
	m5
	m6

	s = 0


	0
	0
	0
	1/4
	1/2
	1

	s = 1


	0
	1/2
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	1/2
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	s = 2
	1
	1/2
	0
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The joint probability 
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Table A3. 
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	s = 1
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The conditional probability 
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where 
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 is the probability that an arbitrary offspring has s copies of 
[image: image243.wmf]A

. Since mating is random, these probabilities satisfy the Hardy-Weinberg conditions: 
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 where p = P+H/2 is the relative frequency of A and q = 1 - p. This yields the conditional probabilities shown in Tables A4 and A5.

Table A4. 
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	m2
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	r = 1
	r = 2
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	s = 2   
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where 
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 is the conditional probability that a sibling carries r copies of A given that self carries s copies of the allele.
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where 
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Hence the expected number of copies of A carried by an offspring exhibiting altruism of type A is given by


[image: image271.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

self0Prob01Prob12Prob2  

Prob12Prob2

Prob1Prob(2)

22

2

2

1

EAAAA

pqp

pqp

q

=´+´+´

+

=

+

+

=

+

=

+

                   (A26)

 Thus,    
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From table A5 it follows that
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where 
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and 
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Since a ids recessive 
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Also


[image: image286.wmf](

)

(

)

(

)

(

)

(

)

ˆ

siba

10220

rs

ErPrsPsA

PP

=åå

=+


                      (A34)

Using table A5 this can be written as follows 
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Thus,
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Dividing yields
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Polymorphism

In this section we assume that the following conditions on the parameters hold,
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If there is a polymorphism the system is stationary and 
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From (A19) it follows that
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Since 
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Combining the above three equations and cancelling p and 
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[image: image300.wmf]22

210

()

0

fpdpdpd

=++

=

                                                                                       (A41)

where
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Let us examine the roots of
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 Three cases can be distinguished.

Superior A: 
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 can have no roots in the open interval (0, 1). This establishes that there can be no polymorphism if the dominant allele is superior.
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By definition,
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From which it follows that 
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For 
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 to have roots in the interval (0, 1) it is necessary for 
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It is assumed that
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The next step is to determine the outer limit 
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Using these definitions and (A43) it is easily shown that 
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The condition for equal roots is 
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The assumptions about μ and 
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The solution to this is given by
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It is assumed that
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From (A30) it follows that 
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By assumption A is inferior to a, and hence 
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Behaviour of F for small p or q

The following proof is inspired by Levitt (1975).

Small p
By definition 
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Hence 


[image: image354.wmf]2

()

Porderp

¢

=

                                                                                   (A53)

From equation (A18) it follows that


[image: image355.wmf]2

101

(1)()

4

H

KppcbPborderp

¢

=-+++

                                       (A54)

Thus
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We know that 
[image: image357.wmf]0,

2

H

Pp

££

.  Hence, provided
[image: image358.wmf]100

0(1),(1)

cbc

<-+-

, the following inequalities hold 


[image: image359.wmf]0

11

1

0000

(1)

(1)

4

0()()

(1)(1)

b

cb

c

p

orderporderp

bcpbc

-++

¢

-

<+££+

+-+-

               (A56)

Thus, p and 
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 are of the same order of smalls and (A53) implies that
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Provided selection has already been underway for more than one period, the same argument can be applied in the proceeding period, and thus
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We can now complete the proof.  By definition
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Thus, as p goes to zero the same is also true of F.

Small q

The above proof made no reference to dominance relations between A and a. Thus, to establish the result in the case of small q it is sufficient to re-label the variables so that A is interchanged with a and p with q.  This yields the following results 


[image: image364.wmf]2

()

Qorderq

=

                                                                                                   (A60)

and
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Thus, if q goes to zero the same is also true of F.

Figure 2
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�  This is an unusual feature of the present model. In deriving his replicator equations, Levitt (1975) assumed that the number of offspring in a sibling group was “large”, by which he meant virtually infinite. Other authors seem to make the same assumption but this is not made explicit.


� The definition of F is given in Hamilton (1972, p. 198). 


� The covariance approach was inspired by Price (1970).  Some of the authors using this approach are listed in footnote 2  


� The simulations covered 10 values of λ between 0.1and10, together with 10 values of α between -0.9 and +0.9. In each case, 250 thousand combinations of � EMBED Equation.DSMT4  ���and� EMBED Equation.DSMT4  ��� were examined. There was also a more detailed examination of certain particular combinations. 


� For example, sickle-cell anaemia (Allison, 1955), birth weight (Saugstad, 1977), cystic fibrosis (Meindl, 1987), mating behaviour (Lank et al, 1995), plumage (Krüger et al, 2001), and deafness (Common et al, 2004). 


� For a discussion of the related topic of inbreeding and kin selection see Michod (1979).
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Figure 1a. Behaviour of F
Recessive Invader: NO Polymorphism
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		0.0148		-0.0022
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		0.0149		-0.0022
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		0.0152		-0.0023
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		0.0154		-0.0023
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		0.0163		-0.0025

		0.0164		-0.0025

		0.0164		-0.0025

		0.0165		-0.0025

		0.0165		-0.0025

		0.0165		-0.0025
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		0.0203		-0.0031

		0.0204		-0.0031
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		0.0229		-0.0034
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		0.0230		-0.0035
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		0.0248		-0.0037
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		0.0254		-0.0038
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		0.0257		-0.0038

		0.0257		-0.0039

		0.0258		-0.0039
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		0.0260		-0.0039
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		0.0262		-0.0039
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		0.0276		-0.0041

		0.0277		-0.0041
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		0.0281		-0.0042
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		0.0289		-0.0043
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		0.0294		-0.0044
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		0.0302		-0.0045
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		0.0304		-0.0045
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		0.0310		-0.0046
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		0.0454		-0.0067

		0.0457		-0.0067
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		0.0467		-0.0069
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		0.0472		-0.0070

		0.0475		-0.0070
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		0.0747		-0.0108

		0.0753		-0.0109

		0.0760		-0.0109

		0.0767		-0.0110

		0.0773		-0.0111

		0.0780		-0.0112

		0.0787		-0.0113
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		0.1671		-0.0220

		0.1698		-0.0223
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		0.1755		-0.0229

		0.1784		-0.0232

		0.1815		-0.0235

		0.1846		-0.0239

		0.1878		-0.0242

		0.1911		-0.0245

		0.1945		-0.0248
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		0.2015		-0.0255

		0.2052		-0.0259

		0.2090		-0.0262

		0.2129		-0.0266

		0.2170		-0.0270

		0.2211		-0.0273

		0.2254		-0.0277

		0.2298		-0.0281

		0.2343		-0.0285

		0.2390		-0.0289

		0.2438		-0.0293
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		0.5238		-0.0373
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		0.5731		-0.0358
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		0.6114		-0.0342
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		0.6631		-0.0312
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		0.7015		-0.0287

		0.7141		-0.0277

		0.7266		-0.0268

		0.7388		-0.0258

		0.7509		-0.0249

		0.7627		-0.0239

		0.7743		-0.0229

		0.7855		-0.0219

		0.7966		-0.0209

		0.8072		-0.0200
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		0.8276		-0.0181

		0.8373		-0.0171
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		0.8724		-0.0137

		0.8802		-0.0129
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		0.9015		-0.0107
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Figure 1b. Behaviour of F
Recessive Invader: Polymorphism
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Figure 1b. Behaviour of ε
Recessive Invader: Polymorphism
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Figure 1b. Recessive Invader: Polymorphism
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				text

		q		epsilon		(1+epsilon)/2

		0.0000		0.0000		0.5000

		0.0050		-0.0015		0.4992431086

		0.0051		-0.0016		0.4992245091

		0.0052		-0.0016		0.4992049863

		0.0054		-0.0016		0.4991844705

		0.0055		-0.0017		0.4991628847

		0.0057		-0.0017		0.499140144

		0.0058		-0.0018		0.4991161542

		0.0060		-0.0018		0.4990908109

		0.0062		-0.0019		0.4990639974

		0.0064		-0.0019		0.4990355839

		0.0066		-0.0020		0.4990054245

		0.0068		-0.0021		0.4989733556

		0.0070		-0.0021		0.4989391926

		0.0072		-0.0022		0.4989027263

		0.0075		-0.0023		0.4988637196

		0.0078		-0.0024		0.4988219018

		0.0081		-0.0024		0.4987769626

		0.0084		-0.0025		0.4987285457

		0.0087		-0.0026		0.4986762383

		0.0091		-0.0028		0.4986195614

		0.0095		-0.0029		0.4985579548

		0.0100		-0.0030		0.4984907606

		0.0105		-0.0032		0.4984171998

		0.0110		-0.0033		0.4983363452

		0.0116		-0.0035		0.4982470837

		0.0123		-0.0037		0.4981480694

		0.0130		-0.0039		0.4980376596
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