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FIG. 4. E!ective theories and “smoothed” computations. (a)
An eight-state automaton with two input letters, built from
XOR gates on the left-shift register. (b) The top level of the
decomposed machine. Despite the complicated internal struc-
ture of (a), at the coarse-grained level, the process is seen
count modulo three (on receiving a signals), and reset (on
receiving b signals.) Movement within the three superstates
of (b) is dictated by Z2 counters and resets at lower levels in
the decomposition. For example, states C and F are shared
by all three states of the high level theory; transitions to this
sub-space are described by resets at lower levels.

(group symmetry) and irreversible transformations of the
system. While the groups resolve themselves into a non-
trivial catalog of simple subunits, there are no “irre-
ducible” semigroups of dissipation beyond the flip-flop.
There are distinct and irreducible groups of reversible
computations, but the irreversible aspects of a computa-
tion decompose finally into collections of pure identity-
resets.
We now have all of the necessary tools to demonstrate

the emergence of incommensurate e!ective theories in
non-probabilistic systems.

VI. EFFECTIVE THEORIES IN
NON-PROBABILISTIC SYSTEMS

Fig. 2b shows the action of an XOR structure on two
bits. It contains a Z3 counter (as in Fig. 4, the su-
perstates of the top level overlap.) Such a counter can
be chained in di!erent ways; with an appropriate choice
of cascade, it can play the role of a multi-digit trinary
counter (and similar, degenerate machines.)
The apparatus of group theory, however, provides a

clear answer to what the machine can not do and con-
strains the form of any e!ective theory built out of
parallel or serial compositions of these machines. The
group structures of these new e!ective theories must be
(Jordan-Hölder) reducible to their constituents.
By contrast, combinations of gates – as opposed to

3-bit XOR 1 letter 2 letters

1 gate Zn=7 PSL(3, 2)

2 gates Zn=2,3 S4

3 gates – –

4-bit XOR 1 letter 2 letters

1 gate Zn=2,3,5 A8

2 gates Zn=7 PSL(3, 2)

3 gates – Sn=3,5,6

4 gates – –

TABLE I. The relationship between mechanism, environment,
and top-level emergent group structures, with increasing com-
plexity in mechanism (going down the table) and environmen-
tal diversity (from a singleton environment to a binary sig-
nal.) Notation: Zn (counters modulo n); An (the alternating
groups on n elements); Sn (full permutation group); PSL(3, 2)
(second smallest non-Abelian simple group after A5.) In many
cases, these groups appear as semidirect products with other
groups (not shown on table, for clarity.) A dash indicates
that no new simple groups appear.

their induced automata – will not be so restricted, and it
is these innovations, at the mechanism level, that we will
be concerned with. In general, combinations of larger
numbers of circuits, with greater environmental sensitiv-
ity and over longer histories will naturally produce more
complicated behavior.
This is similar to how a collection of n members of a

crowd will be more complicated than a single individual,
because one now has to keep track of n times as many
variables, as well as the combinatorics of their interac-
tions. However, depending on the nature of the interac-
tions, the e!ective theory of such a collection – a theory
over a set of states comparable in size to that of the orig-
inal members – may have qualitatively new properties.
A pair of Z2 counters may be cascaded to count modulo
4, but the mechanisms underlying those counters may be
re-wired in such a way to produce a machine with novel
decomposition.
The only permutation machines with a single input

letter – corresponding to groups with a single generator –
are the counters, and they factor into the cyclic groups of
prime order (if a machine can count modulo three, copies
can be chained together in a cascade to count modulo 27
(33), but can not count modulo 7, for example.) We will
see that mechanism-level compositions, by contrast, lead
to new categories of machine that can count modulo an
arbitrary number (and whose cascades can do arithmetic
in an arbitrary combination of bases.)
New and irreducible e!ective theories may also arise if

one allows the machine to discriminate di!erent environ-
mental states – i.e., if one expands the input alphabet.
Since many groups have a small number of generators
(and the simple groups have at most two) one does not
need a great amount of environmental diversity to realize
these more complicated structures.

New descriptions of functional / 
computational properties of a 
system under coarse-graining. 
Extens ions o f Krohn-Rhodes 
theorems to the stochastic domain; 
quantifying emergent effects. New 
methods for inferring dynamics on 
c o a r s e - g r a i n e d s y s t e m s 
(renormalization) in social and 
biological systems.
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FIG. 1. Top. Distribution of consecutive C (“cooperative”) events in the edit history of the most-edited
article on the English-language Wikipedia, George W. Bush. Solid histogram: actual data. Red/solid line:
maximum-likelihood fit for the three-parameter collective state (CS) model of Eq. 6, preferred over the sum
of exponential model (nEXP) of Eq. 2. The blue/dashed and green/dotted lines show the one and two
component finite-state approximations to the Collective State model. The finite state model approximates
the collective state model in this data at four components (eight parameters), at which point it is strongly
disfavored as non-parsimonious by Bayesian model selection. Bottom. Contributions to �L (log-likelihood
relative to collective state) for the one, two, and three component fits (blue/dashed, green/dotted and
yellow/solid, respectively).

Stochastic decision-making and the reverse-
engineering of goals; when phenomenological 
accounts of “probability matching” have 
explanations in terms of emergent minds.

Mathematical accounts allow us to extract 
underlying beliefs that are no longer attributable 
to a single individual; these have sufficient 
generality that we are able to extend them to 
financial markets, addiction behavior, and to 
historical timescales (ancient Mediterranean; 
Victorian London).

The study of cognition — forms of 
complex response to environmental 
context — has generally proceeded by (1) 
identification of a basic unit (the human 
mind; the recursive function), (2) 
external ly- imposed partit ioning of 
behaviors, and (3) intuitionistic beliefs 
about “what counts” as thinking. 

When studying non-traditional cognitive 
systems (non-human organisms, groups 
and societies), all of these approaches fail.

[group cognition in Wikipedia, DeDeo (2013); the emergence of bureaucratic 
genres in the British legal system, Klingenstein, Hitchcock and DeDeo (2013)]

[effective theories for computational systems, DeDeo (2011); new methods 
for information flows in social systems, DeDeo et al. (2013)]

New Problems . . .

This poster presents two directions for further 
investigation. Our theoretical work (to the right) 
focuses on adapting accounts from the theory of 
computation and information theory to the problem 
of coarse-graining (where the underlying system state 
may only be partially known, and may be largely 
irrelevant) — including both new statistical methods, 
and new mathematical results (stochastic coarse-
graining; the probabilistic pumping lemma).

Our empirical work adapts these tools to the 
study of large-scale data on human behavior, with a 
focus on (1) decision-making in groups (Wikipedia), (2) 
emergence of norms concerning violence (British legal 
system), and (3) reasoning under conflict (insurgent 
strategies in Afghanistan).
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