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Simple Network Statistics

Numbers of vertices and edges

Degree sequences or degree distributions
Degree correlations

Path lengths, diameter

Transitivity, reciprocity

Motif (subgraph) counts

Centrality measures (eigenvector centralities,
betweenness, etc.) and their distributions



Modules, groups, or communities




Adamic & Glance 2005



Network hierarchy




Vertex classification
(Newman and Leicht 2007)

* We specity a very broad set of possible structures that
we are interested in:




Definition of the model

* There are three kinds of quantities in this approach:

- Observed data: the pattern of edges observed
between the vertices. These are given to us by the
experimenter.

- Missing data: We assume that the vertices divide
into ¢ groups. We denote the group to which vertex
1 belongs by ¢;. These are missing data.

- Model parameters: these describe the patterns of
connection between vertices in different groups.



Definition of the model

Directed case:

71, = probability of being in group r
and

0,; = probability of a link to vertex 1

These satisty
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Likelihood and log-likelihood

e The likelihood is
Pr(A,gl|r,0) = Pr(Alg, ,0) Pr(gl|m,6)

e Here
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* Unfortunately, we don't know the values of the
missing data, so we can't evaluate this expression

* However, we can make a pretty good guess at the
values of the missing data if we know A, &, and 6.
More specifically, we can calculate the probability that
g; takes a particular value r thus:

PI‘(A,gI' — T‘TC,Q)
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* The numerator we can calculate by summing Pr(A,g |
i ) over all the gs except g;

qir = Pr(gi =r|A, ,0) =

* The denominator is fixed by the normalization



e The result is:
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« This looks odd: we're saying you can calculate g;,

given the model and the data, and then we're going to
calculate the model from g;, and the data?

* Yes, but we have to do it self-consistently. . .



0

Expected likelihood

* We can now make a guess about the value of the log-
likelihood. Our best guess is just the expectation
value:
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* Now it's a straightforward matter to maximize this
with respect to ™ and 6 to find the best values. The
result is:
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* S0 we have w and 0 in terms of 4 and we have g in
terms of T and 0

* To find a self-consistent solution to both sets of
equations, we iterate from a suitable set of starting
values



Expectation-Maximization Algorithm

* Has a number of clear advantages:

- Very simple: just a few lines of computer code to
implement the method

- Fast: typically only a few seconds to analyze even a
large network

- Simultaneously tells us how to group the vertices in
the network and what the appropriate definition is
for the groups

* Derivation is more complicated for undirected case,
but the final equations are exactly the same



Example: Social network
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EM algorithm

Ordinary community
detection



Citation networks




* The links in a citation network contain information
about relations between subject matter (and possibly
other connections, such as social connections)

— Similar to World Wide Web, where these

connections have successfully been mined by search
engines such as Google

* Example:

- Network of citations between cases heard by the US
Supreme Court

- About 30,000 decisions
- Spans over 200 years, from 1789 to present day



EM algorithm

* Divide cases up into groups denoted by r=1,2,3 . ..

- 11, = fraction of cases in group r

— 0, (t) = probability that a case in group r cites an
opinion at time ¢

- g; = probability that case i belongs to group r

* If we know 1, and 0, (t), then
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EM algorithm

e From maximum likelihood:

L 1 _ . zi qirzf(t)
T = H ;f?hw Qr(t) — Y. q:'rk.i .

* Iterate from a random starting point until the
equations converge

e End result:

- Division of the equations into group

- A definition of what the groups are
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