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Community detection

e Model structure (e.g.
summarize data)

e /isualize structure (e.g. graph
layout)

e Analyze interactions (e.g.
affinities within/between

groups)

e Predict (e.g. function,
attributes, links)

Image from Giorgini, et. al., Genome Biol, 2005




Community detection: Background

® Physics literature * Machine learning literature
e Newman et. al. (2002,...) e Nowicki & Snijders (2001)
e Bornholdt & Reichardt (2006) e Kemp et. al. (2004)
e Hastings (20006) e | eicht & Newman (2007)
° .. e Airoldi et. al. (2007)

e Xu et. al. (2007)
e Sinkkonen et. al. (2007)

e Parametrized cost function (energy), e Complex models, approximate
mostly focus on how to optimize inference (often expensive)



Community detection: Questions

* Methodology:
e Can we infer the complexity of a given network?
e Can we compare competing network models?

e Applications:

e How does topological community structure correlate with
attributes/function?

e How does community structure vary over time?



Complexity control
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Images from http://research.microsoft.com/~minka/statlearn/demo/ and Giorgini, et. al., Genome Biol, 2005



http://www.cs.purdue.edu/homes/koyuturk/mawish/
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Regression

e Data D={xyi} i=1,...,N
e Parameters O=coefficients (e.g. slope, intercept,...

e Given D, infer ©® and K

"

| dcgtl'ec4 |
Images from http://research.microsoft.com/~minka/statlearn/demo/



https://research.microsoft.com/~minka/statlearn/demo/
https://research.microsoft.com/~minka/statlearn/demo/

Maximum likelihood regression

e Given D, infer ® and K

e “Best parameters” = most probable: ©* = argmaxoe p(D|O,K)

e Problem: likelihood, p(D|®,K), increases with K

degree 4 degree 5

Images from http://research.microsoft.com/~minka/statlearn/demo/
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https://research.microsoft.com/~minka/statlearn/demo/
https://research.microsoft.com/~minka/statlearn/demo/

Bayesian regression

e Given D, infer ® and K

e “Best complexity” = most probable: K* = argmaxk p(D|K)

w10 Evidence
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http://research.microsoft.com/~minka/statlearn/demo/
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Sayesian inference

e “Best complexity” = most probable: K* = argmaxk p(D|K)

e Avoid choosing best parameters; integrate over parameters

posterior likelihood prior
p(D|6, K)p(0|K)
p@|D, K) =
p(DIK)
evidence
where

p(DIK) = /de (DI, K)p(@IK)

Bayes (1763), Jeffreys (1935)



Sayesian inference

¢ |[nference = inverse statistical mechanics

e Calculate and optimize partition function (or free energy)

posterior likelihood prior
—H
e " p(O|K)
p(O|D, K) = 2(7
evidence
where

H=—Inp(D|O, K)

Z = [dO e " p(O|K)

—
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e Maximize evidence (integrating over unknown parameters and latent variables) to

Sayesian complexity control

iInfer most probable model complexity

=54 Likelihood
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Community detection as inference

e Data D={Aj} i,j=1,...,N; Aj=1 if nodes i and j connected

e Parameters bias of die 1, bias of coins 0

e |atent variables {z}, assignments of nodes to communities

12



Community detection as inference

Sampling

Model
(parameters 0,
latent variables z,
complexity K)

Inference

Data

13



Constrained stochastic block model

e Nodes belong to “blocks” of

varying size N RV IR PR
e Roll die for assignment of nodes R T A SECE SRR S
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Generating modular networks

e For each node:

¢ Roll K-sided die with bias 11 to
determine zi=1,...,K, the
(unobserved) module
assignment for it" node

e For each pair of nodes (i,):

o |[f zi=z;, flip “in community”
coin with bias 0. to determine
edge Aj

o |f zizz;, flip “between
communities” coin with bias 04
to determine edge Aj

15
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Generating modular networks

e For each node:

* Roll K-sided die with bias 1 to
determine zi=1,...,K, the
(unobserved) module
assignment for it" node

e For each pair of nodes (i,):

o |[f zi=z;, flip “in community”
coin with bias 0. to determine
edge Aj

o |f zizz;, flip “between
communities” coin with bias 04
to determine edge Aj

15



Generating modular networks

e For each node:

* Roll K-sided die with bias 1 to
determine zi=1,...,K, the
(unobserved) module
assignment for it" node

e For each pair of nodes (i,):

o |[f zi=z;, flip “in community”
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Community detection as inference

Sampling

Model
(parameters 0,
latent variables z,
complexity K)

Inference

Data
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Community detection as inference

® From observed graph structure,
infer distributions over module
assignments, model parameters,
and model complexity

18



Community detection as inference

® From observed graph structure,
infer distributions over module
assignments, model parameters,
and model complexity

} Al7
(7. 0la, &) = VAT

p(Z1A, K) =

Multiplication is easy, but
normalization is intractable O(KN);
use mean-field variational approach

18



Approximate inference for modular networks

e [teratively optimize F{q;A} by updating distributions over parameters {m, 0} and latent
variables {z}

Algorithm 2 Variational Bayes for maximum evidence inference
1: t=0
2: choose initial distributions ¢'%(Z2), ¢©(©)
3: repeat
4:  BE-step: calculate In ¢V (Z) o (Inp(D, Z|O, K)p(O|K)) 00
5
6
7

M-step: calculate In ¢+ (0) o« (Inp(D, Z|0O, K)p(O|K)) yw+1)(z)
. t—1t+4+1
until Fg@+)(2),¢ ()] — Flg(2),¢"(O)] < o1 t = Ty




Validation: complexity control

e Automatic complexity control: probability of occupation for extraneous modules
goes to zero

20



Validation: complexity control

e Automatic complexity control: probability of occupation for extraneous modules
goes to zero

variational distributions over 8
c,=22 c =18
d =26 d =71
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http://viomod.sourceforge.net
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Validation:

¢ O(MK) runtime;

Runtime

~400 sec for N=10° nodes, K=4 modules, average node degree 16

Runtime (sec)

10° 10 10
Number of Nodes

22



Full stochastic block models

e Nodes belong to “blocks” of
varying size

adjacency matrix

* Roll die for assignment of nodes
to blocks

¢ Probability of edge between two
nodes depends only on block
membership

* Flip (one of K?) coins for edges

¢ Result: mixture of Erdos-Renyi
graphs 100

20 40 60 80
nz = 2275

Holland, Laskey, Leinhardt 1983; Wang and Wong, 1987



Variational Bayes for stochastic block models

adjacency matrix

nz = 2803
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Model comparison

¢ Using same framework we can compare the constrained and full stochastic block
models via p(D|M,K*)

1¢- -0- O0— ©- ©-60-6 -6 —g .
09 N .
0.8
0.7F \ i

0.6} \ i

o
>
T
!

win percentage for unconstrained model
o o
w ()]
I I
/
| |

0.1F o .

O ©-°9-6 -9

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
perturbation to constrained model




Model comparison

¢ Using same framework we can compare the constrained and full stochastic block
models via p(D|M,K*)

win percentage for unconstrained model

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
perturbation to constrained model
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University email data set

e How does topology (who emails whom) correspond to attributes (age, gender,
academic affiliation, etc.)?
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University email data set

e Module 2: Female graduate students in same major (code L3), across all years

module 2: academic field
NC

L3
(961145 nodes)

module 2: student status
U

P

G
(991145 nodes)

module 2: gender

module 2: birth year
B L aama BT M

2 1979
197
197
197
978
1975 1977
1976 F
(917145 nodes) (971145 nodes)

module 2: school year

5
1

module 2 stats:

nodes: 145

edges: 917

edge density: 0.0878352

3
(921145 nodes)
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University email data set

e Module 47: Junior and senior undergraduates of various majors

module 47: academic field
Ad 54

AD 33

S2

AB P7

L2upc 2
(305/519 nodes)

module 47: student status

PG

U
(3237519 nodes)

module 47: birth year

1 el

1984
(3307519 nodes)

module 47: school year
2b

(3147519 nodes)

module 47: gender

(3577519 nodes)

module 47 stats:

nodes: 519

edges: 6474

edge density: 0.0481621
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University email data set

e Compare cluster assignments between weeks

mutual information

mutual information
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University email data set

e Compare model performance as trained/tested on different weeks

log-likelihood per edge

log-likelihood per edge

log-likelihood between weeks
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Conclusions

® Phrased community detection as Bayesian inference

* Implemented model selection and comparison for constrained
and full stochastic block models in variational framework

e Some correlation between topology and attributes, but unclear
without additional information

e Non-trivial dynamic evolution of community structure

e References: http://vbmod.sf.net, Phys. Rev. Lett. Vol 100
(2008)
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