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Many propagation processes on networks can be explained by assuming a simple random walk dy-
namics. Inspired by the well-known relation between number of steps and mean squared distance in
pure diffusive process, we studied diffusion over complex networks, using several models of networks:
random, small-world, scale-free and geographical. Because the rate at which the process reaches
larger distances is also of interest, we additionally studied the spreading rate, which is simply a
measure of the random walker efficiency to spread away from the node that started the process.
Our results thus far show that many important features of the network topology are displayed by
these measures. The results to come involve the scaling of these measures with network size and

density.
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I. INTRODUCTION

Many real-world systems that exhibit network struc-
ture hold non-trivial properties in between those of reg-
ular and random networks. To capture this fact they
received the name of complex networks [1-3]. Several dif-
ferent complex network models have been proposed. One
such model is the small-world [4], which departs from a
purely random structure [5] by presenting high local clus-
tering while distances between nodes are relatively small.
Networks with a power-law degree distribution (scale-free
networks [6]) provide another model suitable for systems
where a small percentage of the nodes monopolize most
of the links. Other models were proposed to have the
so-called community structure [7], where groups of nodes
are tightly connected to each other in comparison with
the rest of the network.

A miscellany of temporal processes were studied using
these models, where frequently the dynamics is driven by
local interactions between each node and its neighbors.
One may consider, for example, the information flow on
the Internet [8] and in the brain [9], culture dissemina-
tion [10], rumor spreading [11] and the transmission of
diseases like flu over the network of acquaintances [12]
or HIV and other STDs over the network of sexual con-
tacts [13]. Issues such as the characteristic time in which
a propagation process reaches all nodes or which elements
are efficient as transmitters are critical to the control and
understanding of these phenomena.
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The propagation dynamics is represented in this paper
by the random walk [14], a well-known Markovian process
frequently used to model navigation and exploration pro-
cesses on networks. Although simple, the random walk
is a powerful tool to understand the general diffusive dy-
namics on specific types of networks. We then investigate
some essential properties of diffusion on networks to find
out how fast random walkers go away from the origin
and if they have a tendency to spread away from the
origin at specific network positions (we call them bound-
aries). We then analyze several different network topolo-
gies: random [5], small-world [4], scale-free [6] and geo-
graphical [15] networks. The next section provides the
necessary definitions, followed by a brief description of
network models used in simulation experiments. Results
of the experiments are provided along with a discussion of
observed propagation features. Finally, we present gen-
eral conclusions of our analysis.

II. DEFINITIONS AND PROPOSED
MEASURES

A network can be represented as a graph: a tuple G =
(N,E) where N = {1,..., N} is the set of N nodes and
E = {e1,...,eg} is the set of E edges. Each edge e;
is a set {a, b} that represents the undirected connection
between nodes a and b. A graph can be described by an
adjacency matrix A of size N x N, whose elements A,
are equal to 1 whenever there exists an edge 7 so that
e; = {a,b} (otherwise Ay, = 0). A walk on a graph is
defined as the string of nodes W(ny, nw) = (n1,...,nw)
where each pair of subsequent nodes is connected by an
edge. The length of a walk is its number of edges, W —1.
A path is a walk where each node in the string W is visited
only once. The minimum path Wi,in(a,b) between nodes
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a and b is the path of smallest length ¢(a,b) starting at
node a and ending at b. We now define (i) the distance
between nodes a and b as the length of the minimum path
l(a,b), (ii) the distance matric D with elements D,; =
€(i, ), and (iii) the squared distance matriz Dj; = Dj;.
In this paper we only deal with connected graphs: a path
can be found for any pair of nodes. Finally, we define the
boundary B(i,h) of a node i
B(i,h) = {j : d(i,j) = h} (1)
which is the set of all nodes at distance A from 4, called
also the hierarchical (or concentric) level h of node i [16].
The cardinality of the set B(i, k), |B(i, h)|, is always less
than N save for the trivial case of a graph consisting of
a single node when the equality holds.
A discrete time random walk on a graph is driven by
the stochastic matrix S defined as

A
Sij= =N+ (2)
k=1 Aik

where S;; is the probability of a random walker going
from node 7 to 7 in one time step. The number of paths
existing between nodes i and j after ¢ walker steps is
A(t);j, where matrix A(t) = A’, the t-th power of A.
We then define the Brownian span S(t) as a matrix with
elements S(t);;, the normalized number of paths of length
t starting at node ¢ and ending at j:

A(t)i

N
D=1 A)in
In other words, S(t);; is the probability of a random
walker going from node ¢ to j in ¢ time steps. The av-

erage squared distance (d*(i,t)) of the random walker to
the origin node i after ¢ time steps is given by

S(t)ij = (3)

(d?(i,t)) = diag(S(t)D’); (4)

where diag(X); gives the i-th element of the diagonal of
X. This quantity is interesting because in pure diffusive
processes [17]

(d2(i,t)) oc t1/2 (5)

This formula has a probabilistic interpretation: the ex-
ponent of ¢ is related to the chance a stochastic process
has to progressively go farther from the diffusion origin.

As far as we know, the relationship between the av-
erage squared distance and t for complex networks has
not been yet derived analytically. In fact, this problem
is closely related to finding the distance distribution of
a network, a task that has been solved only for random
networks under certain assumptions [18]. We therefore
propose to measure this relationship numerically in or-
der to evaluate the tendency of the walkers to go away
from the origin in different graph structures.

As time goes by, the above defined quantity is more
strongly influenced by the nodes lying at the current

boundary. Nevertheless, the precise information about
the spreading process at the boundary is not reflected by
this measure. To tackle this issue, we measure the prob-
ability of a walker going away the origin given that it is
currently at boundary B(%, h)

Z]EB(z h) ]( )
Y sengin (ki — k(i h)

where k; is the number of edges attached to node j (de-
gree) and k;r(z, h) is the number of edges linking node j
to the next boundary h + 1 having node i as reference
(origin) node. In other words, o measures the spreading
rate of the diffusion at a given boundary by considering
the proportion of links leading the current boundary to
the next in relation to the number of links connecting the
current boundary to itself or to a previous one.

a(i,h) = (6)

III. NETWORK MODELS

There is a large number of network models, but two
are commonly believed to capture some of the essential
properties of real world systems: the small-world and
scale-free models. In our analysis we also include the
classic random graph model and a model with a spatially
constrained topology, the geographical model.

In Random mnetworks, introduced by Erdoés and
Rényi [5] and Gilbert [19], nodes are connected to each
other with probability p, and the node degree follows the
Poisson distribution with the average (k) = p(N — 1) in
the limit N — oo, where NN is the total number of nodes.

Scale-free networks, on the other hand, have a power-
law degree distribution: a few nodes have many connec-
tions (the hubs) and a large number of nodes is poorly
connected. Barabdsi and Albert [6] proposed a way to
generate scale-free networks that includes two mecha-
nisms: growth and preferential attachment. The network
starts with mg nodes. A single node is added at each
time step and connected to m nodes already in the net-
work. These m new edges are created with a preference
for nodes with large degrees: a new node 7 is connected
to node j with probability P(i — j) = k;/>_, ku. The
average degree in a scale-free network is (k) = 2m.

Small-world networks are networks in which the dis-
tances between nodes are small (and similar to the dis-
tances in a random network of the same size) and neigh-
boring nodes belong to highly connected clusters. In the
small-world model devised by Watts and Strogatz [4], the
starting structure is regular, with every node connected
to its 27 closest neighbors. Then, a rewiring process takes
place: each edge is rewired with probability p, intercon-
necting distant nodes. The parameter p allows to go from
a regular network (p = 0) to a random network (p = 1).
A small-world network has average degree (k) = 2.

Geographical networks intend to capture the fact that
real world systems (eg. highway and urban networks) are
spatially constrained: nodes close to each other in space
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FIG. 1: Average squared distances of random walkers to the origin as a function of discrete time ¢ for different network
topologies. Solid lines correspond to the mean for all nodes in the network averaged over 50 independent network realizations,
standard deviations are shown as vertical bars. Red dashed lines correspond to the maximum and minimum distances. The
known relation ¢'/? for diffusive processes is shown in blue. Note that the scale of the y-axis is different for geographical

networks.

have a greater chance of being connected than nodes far
away from one another [15]. Although many models al-
low for spacial constraints, we will focus here on a simple
model with a very small chance for direct connections be-
tween spatially distant nodes, which prevents the emer-
gence of the small-world effect. In our model, nodes are
randomly embedded in a 2D space of size L x L and each
node 7 is connected to other nodes distant at most § from
1. In this model, finite border effects emerge and the aver-
age node degree can be approximated as (k) ~ 7§2N/L?.

IV. RESULTS AND DISCUSSION

To evaluate the diffusion propagation at the bound-
ary for complex networks with different topologies, we
generated 50 realizations of each network model with
N = 1000 nodes and E = 4000 edges (ie. average degree
(k) = 8). For each node in each network, we computed

the square root of the average squared distance (Eq. 4)
and the spreading rate at the boundary (Eq. 6).

The diffusion process on random and scale-free net-
works has similar features: super-diffusion (the average
square distance growing more rapidly than ¢!/2) during
the first 10 time steps followed by the stationary regime
(Fig. 1). Even though small-world networks also show a
super-diffusive behavior, the stationary regime is reached
about twice slower than in random and scale-free net-
works, which is a signature of the greater average clus-
tering in this kind of networks. The minimum curve of
the scale-free network is reflecting the existence of hubs:
highly connected nodes from where any node is reached in
a few steps. Geographical networks show a very different
behavior: sub-diffusion at first and then very large stan-
dard deviations. A possible explanation for the minimum
and maximum distance curves in this kind of network is
the absence of long-range links: the diameter (the largest
distance between any two nodes) of the network is rela-
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FIG. 2: The average spreading rate () for each network type as a function of boundary level h. Solid lines correspond to the
mean for all nodes in the network averaged over 50 independent network realizations with standard deviations shown as vertical
bars. Note that the scale of the y-axis is different for all networks (x-axis is scaled differently only for geographical networks).

tively large, so the walkers may reach large distances or
may stay around the origin for a long time without reach-
ing other network regions. When a walker stays trapped
in a region and later reaches other regions, a distance
curve with inflection points like the maximum curve in
Fig. 1 is observed.

As was mentioned above, the spreading rate is tightly
linked to the distance distribution and we can observe
that the characteristic features of small-world and scale
free networks are clearly present. In scale-free networks a
large number of nodes have few links and a small group
monopolizes most of them. Therefore, high spreading
rate at the beginning (see Fig. 2) can be explained as
follows: the most probable scenario for the process is
to have an origin on a weakly connected node, and in
the following step, a densely connected node is reached,
reaching a boundary where there are much more outgo-
ing than incoming links. When comparing random and
small-world networks (both having similar distances be-
tween nodes) it is possible to argue that the high cluster-

ing in the small-world structure is responsible for the high
dissimilarity in the measure on the first four boundaries
(Fig. 2). In these networks two immediate neighbors of a
given node are likely to be connected, which gives rise to
many links lying inside the same boundary, thus reducing
the spreading rate.

For geographical networks, the spreading rate is be-
low 1 even for the first few boundaries, which means
that the diffusion tends to stay near the origin. This
behavior can be explained using, once again, the fact
that geographical networks present a local connectivity
pattern, without long-range links. Another consequence
of this feature is that boundary levels A can be much
larger for geographical networks than for other models.
It is also interesting that that when the diffusion reaches
further boundaries, a plateau near (a) ~ 0.4 is found
for h around 10-20, showing that, after leaving the ori-
gin neighborhood, the diffusion tends to stay in a region
of similar connectivity. Finally, for more distant diffu-
sion boundaries, the spreading rate decays again, since



boundaries are now closer to the network border (recall
that these networks are embedded in 2D space).

V. CONCLUDING REMARKS

In this work we describe the diffusion process on net-
works with different topologies using two measures of
propagation: (i) the average distance of random walk-
ers to the origin at time ¢ and (ii) the spreading rate
calculated using the relative number of outgoing links in
a given boundary h. The results of our simulations show
that small-world, random and scale-free networks can
be put in this order according to the increasing spread-
ing rate and decreasing average distance in a stationary
regime, which is reached later in the case of small-world
networks. Geographical networks behave differently since
they do not have hubs nor long-range links to shorten
the distances between nodes. In this kind of networks

the diameter is large and walkers may stay in one region
for a long time before they diffuse to other, more distant
regions. This results in larger average and maximum dis-
tances, in the presence of inflection points in single dis-
tance curves and in the maintenance of non-zero spread-
ing rate for much farther boundary levels. We believe
that the measures developed here reflect the clustering
coeflicient, distance and community structure of the net-
works, therefore showing how these properties influence
a diffusion process on networks. We are currently work-
ing to show how the proposed measures scale with the
number of nodes and links in the networks.
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