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A	  Preamble	  

Symmetrie	  

Symmetry,	  as	  wide	  or	  as	  narrow	  as	  you	  
may	  define	  it,	  is	  one	  idea	  by	  which	  man	  
through	  the	  ages	  has	  tried	  to	  
comprehend	  and	  create	  order,	  beauty	  
and	  perfecDon	  

	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Hermann	  Weyl	  

The	  power	  of	  symmetry	  

Symmetry	  as	  	  a	  natural	  language	  for	  structure:	  
•  Symmetries	  ó	  groups/algebra’s	  
•  Symmetries	  of	  things	  
•  Symmetries	  of	  spaces	  (and	  Dme)	  
•  Symmetries	  of	  (sets	  of)	  equaDons	  
•  Symmetry	  as	  guiding	  principle	  in	  the	  search	  for	  
hidden	  order	  	  

•  Symmetry	  breaking	  and	  its	  generic	  features	  
•  Symmetry	  breaking	  and	  phase	  transiDons.	  

Snowflakes 

Splendid (im)perfection / snowflake evolves / path dependence 
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Basic hexagonal ice crystal The many faces (phases) of water 

Ice-eight      ordered       Tetragonal  
Ice-nine       ordered       Tetragonal 
Ice-ten         symmetric   Cubic  
Ice-eleven   ordered        Orthorhombic  
Ice-eleven   symmetric    Hexagonal  
Ice-twelve   disordered   Tetragonal 

2.2. THE SPLENDID DIVERSITY OF CONDENSED MATTER 69

(a) A triangular tiling of the plane. (b) A square tiling of the plane.

(c) The plane cannot be filled with pentagons. (d) A hexagonal tiling of the plane. Adding the centers would
make it a triangular lattice like (a) again.

Figure 2.16: Possible end impossible polygon tilings of the plane. The regular tilings have discrete translational and rotational symmetries
plus reflection symmetries in certain planes.

Space filling lattices 
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Optimal solutions often have the highest symmetry 

Symmetry breaking in cell division 

The quest for universals in biology 

Phase transitons in membrane and 
cytoplasm 
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PERSPECTIVES

macromolecules. However, scientists of that 
era did not understand enough about macro-
molecules to connect them to the physical 
chemistry of the cell.

The molecular biology revolution radi-
cally changed the focus from a physico-
chemical description of the cell to the struc-
ture of individual macromolecules. Biolo-
gists concentrated on determining “lock-
and-key” intermolecular interactions and 
the formation of protein complexes with 
defi ned molecular architecture. But detailed 
insights into the function of single macro-
molecules and macromolecular complexes 
have not been suffi cient to understand cyto-
plasmic and membrane organization on 
larger scales. Currently, the ideas of col-
loidal chemistry and phase separations are 
reemerging to describe the organization of 
cellular biochemistry.

Phase transitions are common in the non-
biological world. For instance, the transfor-
mation of water vapor to liquid drops after 
cooling, as seen on a car windshield on a cold 
morning, is a classic example of a gas-liquid 
phase transition. In biology, phase transitions 
can take the form of liquid-liquid demix-
ing, where two liquids with different proper-
ties separate from each other. One example 
is the two-dimensional separation of lipids 
and proteins in membranes into dynamic liq-
uid membrane rafts, distinct from the sur-
rounding bilayer ( 4). The capability to form 
membrane domains is a subcompartmental-
ization device that allows for regulated pro-

tein segregation within the membrane plane. 
This mechanism is used to control endocytic 
or exocytic membrane transport, to transduce 
specifi c signals across the plasma membrane, 
or to carry out different biochemical reac-
tions, depending on the proteins involved. 
Key to understanding the principles under-
lying liquid-liquid demixing in cell mem-
branes is the mutual interactions between 
sterols, sphingolipids, and raft proteins ( 5). 
These form dynamic nanoscale assemblies 
that coalesce through multivalent interac-
tions between raft lipids or between proteins 
into more stable platforms, which form a 
condensed, tightly packed, and ordered phase 
within the membrane.

However, liquid phase transitions are not 
confi ned to membranes. Cells have numer-
ous examples of nonmembrane-bound 
compartments containing many proteins 
that perform complex biochemistry. These 
compartments form rapidly and are disas-
sembled when not required. Examples are 
protein-RNA bodies such as Cajal bodies 
in the nucleus (implicated in RNA metab-
olism) or nuclear promyelocytic leukemia 
(PML) bodies that form under stress con-
ditions in certain cells. Recent studies on P 
granules and nucleoli suggest that protein-
RNA complexes are liquids that form by 
liquid phase transitions from cytoplasm. P 
granules are protein-RNA complexes that 
are involved in germline formation in the 
nematode Caenorhabditis elegans. These 
granules exhibit liquid-like behavior; that 

is, they form fl uid droplets ( 6), suggesting 
that they arise through liquid-liquid demix-
ing from the cytoplasm (see the figure). 
Nucleoli, which are sites of ribosome syn-
thesis, were also shown to behave like liquid 
droplets of protein-RNA complexes, exhib-
iting viscous-like fl uid dynamics ( 7). A fur-
ther discovery in the structure and function 
of ribonucleoproteins (RNPs) ( 8– 10) dem-
onstrated that in mouse brain and human 
cell extracts, proteins with low-complexity 
sequence domains (regions with low amino 
acid diversity) separate into a different phase 
together with RNA during liquid-liquid 
demixing. These studies suggest a model in 
which RNAs bind to RNA binding proteins, 
which in turn phase separate using their low-
complexity sequences. The function of low-
complexity sequence domains, which are 
abundant in the protein universe, have long 
puzzled biologists, but these experiments 
support the idea that they may have evolved 
to mediate such liquid-liquid demixing.

One problem in thinking about liquid 
phase separations in biological systems is 
the large number of components in a com-
partment. For instance, nucleoli are thought 
to have over 100 components. A possi-
ble framework for thinking about how dif-
ferent proteins contribute to the fl uid state 
would be to consider three classes of mol-
ecules. One class drives the phase separa-
tions—for example, the multivalent, some-
times disordered proteins, the interaction of 
which forms the liquid phase in cells, or the 
ordered phase in membranes ( 10). Even in 
complex compartments, this type of mole-
cule may be relatively few. In the case of P 
granules, although they are thought to con-
tain dozens of components, two alone, when 
expressed in cultured mammalian cells, can 
form P granule–like structures ( 11). A sec-
ond class of proteins make specifi c interac-
tions with the fi rst class. The third are mol-
ecules that partition selectively into the con-
densed phase formed by the fi rst two classes 
of proteins and/or RNAs. In complex com-
partments, this third class is likely to be the 
most abundant and responsible for the local-
ized biochemistry and its regulation.

In cells, the specifi c characteristics of 
liquid phase transitions will depend on 
the interactions between the molecules 
involved. Only recently has it been possi-
ble to reconstitute liquid-liquid demixing 
using in vitro systems ( 12) and multivalent 
signaling molecules. The proteins Nck and 
N-WASP, two molecules that interact with 
each other, when generated in vitro could 
form liquid droplets in which the concentra-
tion of the proteins in the drops was about 

A B C

Membrane domain

Phase transitions

P granule P granule

Phase transitions in the membrane and cytoplasm. (A) Membrane domains (dark regions) are shown in the 

plasma membrane of a rat basophilic leukemia cell. (B) P granules (labeled in green) in a C. elegans one-cell-

stage embryo are imaged by fl uorescence microscopy, as described in ( 6). Liquid P granules consist of proteins 

and RNAs. (C) A single P granule in a C. elegans embryo is imaged by stimulated emission depletion microscopy, 

as described in ( 6). In both examples, the plasma membrane and P-granule compartments have been formed 

by a phase transition involving liquid-liquid demixing. Such demixing can be described by the Gibbs phase rule, 

which states that the number of demixed entities (P) for a system at equilibrium is strictly correlated with the 

number of chemically independent components (C) by the expression P = C – F + 2, where F is the number of 

independent variable properties (such as temperature or the fraction of phase components). Presumably, selec-

tive pressure has selected for certain P values that give small numbers of phases by ensuring that the differ-

ent components are not chemically independent, and together form a collective in the condensed phase ( 13).
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   Three Frontiers  

 
 
 
 

Biggest                         Smallest 
 
 
 
 
 
 
 
 
 
 
 
 
 

   Complexity 
 
 
 
 
 
 

Cosmic Evolution     Symmetries and their breaking 

Electricity Magnetism

Electromagnetism Optics

Maxwell theory Weak interactions Strong interactions

Gravity

Newton's gravity theory

1910 
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Electricity Magnetism

Electromagnetism Optics

Maxwell theory

Quantum electrodynamics

Weak interactions

Fermi theory Strong interactions

Gravity

Newton's gravity theory

General relativity

1950 

    Symmetries and their breaking 

Electricity Magnetism

Electromagnetism Optics

Maxwell theory

Quantum electrodynamics

Weak interactions

Fermi theory

Electroweak theory

Strong interactions

Quantum chromodynamics

Standard model

Gravity

Newton's gravity theory

General relativity
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    Symmetries and their breaking 

Electricticity Magnetism

Electromagnetism Optics

Maxwell Theory

Quantum electrodynamics Fermi theory

Electroweak theory

Strong interations

Quantum chromodynamics

Standard model

Grand unified models
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Newton's gavity theory

General relativity

Supergravity models
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    Symmetries and their breaking A reductionist road towards unification  

Electricticity Magnetism

Electromagnetism Optics

Maxwell Theory

Quantum electrodynamics Fermi theory

Electroweak theory

Strong interations

Quantum chromodynamics

Standard model

Grand unified models

Gravity

Newton's gavity theory

General relativity

Supergravity models

Super string theory

M - theory

1985 - … 

Energy 

Cosmic time 

Multiverse? 

A cascade of gauge symmetry breaking 
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Reaction diffusion 

Reaction 
diffusion  

equations 

Symmetry breaking in Biology? 

•  Symmetry breaking, which may occur at multiple levels, is a 
prevalent process in biology, because organismal survival 
depends critically on well-defined structures and patterns at 
both microscopic and macroscopic scales — indeed, 
patterns like those seen on the fearsome tiger are 
consequences of broken symmetry. 

•  P.W. Anderson, speculated that increasing levels of broken sym- 
metry in many-body systems (systems of many interacting 
components) correlates with increasing complexity and functional 
specialization (Anderson 1972). This is certainly true in biology, as 
symmetry breaking along well- defined axes is intimately linked to 
functional diversification on every scale, from molecular 
assemblies, to subcellular structures, to cell types themselves, 
tissue architecture, and embryonic body axes. 

 
     Li and Bowerman, Cold Spring harbor perspectives in Biology (2010) 

2.	  Symmetries	  and	  groups	  

What’s	  in	  the	  name?	  

Symmetry:	  

Eskimo’s…	  
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The	  physics	  of	  	  symmetry	  

•  Systems	  (building	  blocks,	  consDtuents,	  cells)	  
•  InteracDons	  =>	  Dynamics	  =>	  collecDve	  
behavior.	  ConservaDon	  laws.	  	  

•  Geometric	  perspecDve	  	  
•  Algebraic	  perspecDve	  
•  Breaking	  of	  symmetries	  and	  their	  
characterisDcs	  

•  Phase	  transiDons	  and	  symmetrybreaking	  

Symmetries	  of	  an	  object	  

Symmetries	  of	  an	  object	  for	  a	  Group	  

1	   2	  

3	   The	  set	  of	  operaDons	  (transformaDons)	  
	  G={gi},	  	  that	  conserve	  the	  shape	  of	  an	  object	  
	  (leave	  the	  object	  invariant)	  forms	  a	  group.	  	  
Also	  two	  successive	  transformaDons	  leave	  
	  the	  object	  invariant	  so	  we	  have	  that:	  	  

	   	   	  g1	  .	  g2	  =	  g3	  	  	  	  	  	  	  	  	  	  	  and	  e,	  g-‐1	  

RotaDons	  over	  60:	  	  e	  ,r, r2	  
Mirror	  symmetry:	  s12,	  s13,	  s23	  	  	  
	  
The	  group	  G	  of	  an	  equilateral	  triangle	  	  
is	  discrete	  and	  consists	  of	  6	  element	  
	  
This	  group	  is	  D3	  or	  S3	  the	  permutaDon	  	  
group	  of	  three	  objects.	  

(123)=>	  (312)=>(213)=>…	  

RepresentaDon	  of	  group	  	  on	  a	  vector	  space	  

1	   0	   0	  

0	   1	   0	  

0	   0	   1	  

0	   1	   0	  

1	   0	   0	  

0	   0	   1	  

0	   0	   1	  

0	   1	   0	  

1	   0	   0	  

1	   0	   0	  

0	   0	   1	  

0	   1	   0	  

0	   0	   1	  

1	   0	   0	  

0	   1	   0	  

0	   1	   0	  

0	   0	   1	  

1	   0	   0	  
e=	  

s12=	  s13=	  s23=	  

r2=	  r=	  

<1>	  =	  	  

1	  

0	  

0	  

0	  

1	  

0	  

1	  

0	  

0	  

<2>	  =	   <3>	  =	  

G	  ={g}	  	  çè	  {	  n	  x	  n	  matrices}	  çè	  	  n-‐dim	  vectors	  	  	  	  	  	  

<1>	  

<3>	  

<2>	  
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Breaking	  of	  the	  symmetry	  

D3	  =>	  Z2	   D3	  =>	  Z3	  

G	  =>	  H	   	  	  	  	  

Other	  objects:	  today’s	  Bucky	  ball	  special	  

The	  Fisher-‐Griess	  Monstergroup	  F	  or	  M1	  

Largest	  finite	  group	  G={gi	  ;	  gi	  gj	  =	  gk}	  
	  
#	  of	  elements	  gi	  equals:	  
	  
=	  246	  ·∙	  320	  ·∙	  59	  ·∙	  76	  ·∙	  112	  ·∙	  133	  ·∙	  17	  ·∙	  19	  ·∙	  23	  ·∙	  29	  ·∙	  31	  ·∙	  41	  ·∙	  47	  ·∙	  59	  ·∙	  71	  
	  
=	  
808.017.424.794.512.875.886.459.904.961.710.757.005.754.368.000.
000.000	  
	  
≈	  8	  x	  1053.	  

Smallest	  faithful	  representaDon:	  	  196882×196882	  matrices	  	  

	  	  	  	  	  The	  infinite	  discrete	  symmetry	  of	  a	  laqce	  
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Laqces	  2.2. THE SPLENDID DIVERSITY OF CONDENSED MATTER 69

(a) A triangular tiling of the plane. (b) A square tiling of the plane.

(c) The plane cannot be filled with pentagons. (d) A hexagonal tiling of the plane. Adding the centers would
make it a triangular lattice like (a) again.

Figure 2.16: Possible end impossible polygon tilings of the plane. The regular tilings have discrete translational and rotational symmetries
plus reflection symmetries in certain planes.

Laqces	  (space	  filling)	  

10-‐06-‐14	   Symmetrie	  als	  taal	  ...	  

In	  2	  dimensions:	  
	  	  17	  space	  groups	  

Space	  groups	  

10	  	  point	  groups	  

No	  five	  fold	  symmetries!	  

In	  3	  dimensions:	  
	  	  240	  space	  groups	  
32	  	  point	  groups	  
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The	  pentagon	   Stacking	  pentagons	  

Selfsimilar	  
Scale	  invariance	  
Fractal	  

Penrose	  Dlings	   Penrose	  Dlings	  
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Regular	  polygons	  

{3,3}	   {4,3}	   {5,3}	  

RelaDon	  with	  Dlings	  

{6,3}	   {7,3}	   {8,3}	  

Symmetry	  of	  a	  space	  

•  An	  infinite	  	  line	  R:	  

	  
•  what	  are	  the	  symmetries?	  
•  translaDons	  	   	   	   	   	   	  x	  =>	  x+a	  
•  scale	  transformaDons 	   	  x	  =>	  λ	  x	  	  
•  reflecDon	  in	  a	  point	  	  	  	   	  	  	  	  	  	  x	  =>	  -‐x	  

•  These	  symmetries	  are	  mostly	  conDnuous	  

x	  

The	  slope	  (derivaDve)	  of	  a	  funcDon	  

f	  

x	  	  =>	  

f(x)	  

FuncDon	  value	  	  

FuncDon	  	  is	  a	  curve	  

Variable	  value	  
x	  

	  DerivaDve	  =	  slope	  of	  a	  curve	  at	  a	  point	  

Δf	  

Δx	  

Δf
Δx

⇒
df
dx

= tg α

df
dx

= 0  ⇒  Extremaf (x +ε) = f (x)+Δf = (1+ε d
dx
) f (x)+...
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TranslaDons	  and	  their	  effect	  
•  TransformaDon	  x	  =>	  	  x’	  =	  x+a	  	  	  	  
•  G	  =	  R	  	  is	  a	  conDnous	  group	  with	  Ta	  Tb=Ta+b	  	  
•  f(x)	  =>	  f’(x)	  =	  f(x’)	  =	  f(x+a)	  
•  Effect	  of	  a	  small	  translaDon	  a=ε	  of	  a	  funcDon:	  	  
	  f(x+ε)	  =	  f(x)+	  εdf/dx	  +ε2 …+…	  	  

•  The	  “derivaDve”	  p=	  d/dx	  “generates”	  an	  infinitesimal	  
translaDon	  of	  the	  funcDon	  at	  x	  

•  Knowing	  df/dx	  in	  a	  point,	  tells	  you	  something	  about	  f	  in	  the	  
neighborhood	  of	  that	  point	  	  

•  Eigenfunc1ons	  fk(x)	  of	  p=d/dx	  =>	  p	  fk	  =	  k	  fk	  	  	  then	  fk=ekx	  
•  The	  fk	  form	  (irreducible)	  representaDons	  of	  R	  
•  Tensor	  “mulDplicaDon”	  of	  irreps	  	  f	  a	  f	  b	  	  =	  fa+b	  	  	  	  	  
•  Invariant	  funcDon	  requires	  :	  k=	  0	  so	  f=	  const.	  

Scale	  transformaDons	  

•  x	  =>	  λx	  	  	  	  
•  Generator	  is	  D=x	  d/dx	  
•  D	  fb	  =	  x	  λb	  bxb-‐1	  =	  b	  fb	  
•  EigenfuncDons:	  fb(x)	  =	  xb	  	  =>	  	  

	   	   	   	   	   	  	  f’(x)	  =	  f(λx)	  =	  λb	  	  xb	  =λb	  	  fb(x)	  
•  The	  fb	  	  form	  representaDons	  with	  ”scaling	  dimension”	  b	  
•  Invariant	  funcDon:	  f	  =	  const	  	  	  
•  (Lie)	  Algebra	  of	  commutators	  of	  generators	  of	  T	  and	  D:	  

	  [D,p]	  =	  x(d/dx)2	  –	  d/dx	  –	  x((d/dx)2	  =	  -‐	  p	  
	  [p,p]=0	  and	  [D,D]=0	  

•  Non-‐commuDng	  <=>	  non-‐abelian	  algebra	  (group)	  
•  No	  common	  eigenfuncDons	  of	  p	  and	  D	  except	  f	  =	  const	  

ConDnuous	  symmetry	  
Group:	  RotaDons	  in	  the	  plane:	  SO(2)	  
	  
G=	  {Rα}	  	  	  (0	  <	  α <	  360°)	  
	  
Circle	  G	  =	  S1=R/Z	  
	  
Rα1	  .	  Rα2	  =	  Rα1+α2	  =	  Rα2	  .	  Rα1	  	  
	  	  

φ=	  α	   φ=	  2α	   φ=	  3α	  

Representa1ons	  of	  the	  group:	  rn	  	  	  fn=	  einα	  	  	  n=	  0,±1,…	  

Symmetry	  of	  the	  sphere	  S2	  	  

X	  

Y	  

Z	  

Group:	  RotaDons	  in	  R3:	  SO(3)	  
	  G	  =	  {Rň,α}	  

	  
Generators	  (operators)	  

	  Lx	  =	  y	  d/dz	  –z	  d/dy	  
	  …	  

	  
Algebra	  of	  commutators:	  

	  [Lx	  ,	  Ly]	  =	  Lz	  
	  …	  

RepresentaDons:	  
	  rl	  	  	  	  with	  l	  =	  0,1,2…	  
	  dimension	  2l+1	  	  also	  rs	  s=1/2,3/2,…	  
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Euclidean	  space	  is	  homogeous	  en	  isotropic	  

Euclidean	  space	  R3	  :	  	  {x,y,z}	  	  	  	  	  
The	  empty	  space	  looks	  the	  same	  from	  any	  point	  {x,y,z}	  
and	  in	  any	  direcDon	  
	  
⇒ 	  Empty	  space	  is	  invariant	  under	  transla1ons	  and

	  rota1ons.	  This	  group	  is	  the	  Euclidean	  group	  	  	  

	  
E3 � R3 � O(3)

Symmetries	  of	  empty	  space	  link	  the	  reference	  
(rest)	  frames	  	  of	  different	  observers	  

X	  

y	  

z	  

x	  

y	  

z	  

X	  

y	  

z	  

Symmetry	  of	  space	  =	  different	  observers	  “see”	  the	  samen	  thing	  

EquaDons	  

The	  symmetries	  that	  are	  important	  in	  
nature,	  are	  not	  the	  symmetries	  of	  things	  
but	  the	  symmetries	  of	  equaDons	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Steven	  Weinberg	  	  

3.	  Symmetries	  and	  equaDons	  
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Cubic	  equaDon	  
Welke waarden van x voldoen aan de vergelijking:

x3 + 89x2 + 2638x + 26040 = 0

x = 0� 26040 = 0 No!

x = 1� 28768 = 0 No!

� x =?

Oplossing:

x1 = 28 x2 = 30 x3 = 31

Help!

Which	  	  values	  	  for	  x	  solve	  the	  following	  equaDon?	  

SoluDon:	  

Cubic	  equaDon:	  

	  
Conclusions:	  	  -‐	  Symmetry	  group	  helps	  solving	  equaDon	  

	   	   	  -‐	  Symmetry	  group	  transform	  soluDons	  into	  each	  other	  
	   	   	  -‐	  “Space”	  of	  soluDons	  is	  invariant	  

	  

and	  

This	  eqn	  is	  invariant	  under	  permutaDons	  of	  
so	  the	  group	  is	  

Comparing	  the	  coefficients	  yields	  

Energy	  funcDon	  H(p,q)	  and	  Newton’s	  equaDons	  

H(q, p) = Hkin + Hpot

= p2/2m + V (q)

q̇ = �H
�p ⇥ q̇ = p

m

ṗ = ��H
�q ⇥ ṗ = ��V

�q = F

Energy	  of	  parDcle	  in	  potenDal	  depends	  	  
on	  momenta	  and	  coordinates	  only	  

Newton’s	  laws	  

De tijdevolutie van een fysische grootheid f(q, p):

d f

dt
=

=
�f

�q
q̇ +

�f

�p
ṗ

=
�f

�q

�H

�p
� �f

�p

�H

�q

We schrijven:

{f, g} ⇥ �f

�q

�g

�p
� �f

�p

�g

�q

Dan hebben we:

df

dt
= {f, H}

Time	  evoluDon	  of	  some	  dynamical	  variable	  f(p,q)	  

We	  define	  a	  Poisson	  Bracket:	  

This	  yields	  the	  following	  equaDon	  fot	  the	  Dme	  derivaDve	  of	  f:	  

In	  general	  we	  may	  write	  
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Conserved	  quanDDes	  generate	  symmetries	  

p	  is	  conserved	  

p	  generates	  translaDons	  

{p, H} = 0) dp

dt
= 0

{f, p} =
df

dq

{H, p} = 0) @H

@q
= 0 H	  is	  translaDon	  invariant	  

H	  generates	  Dme	  evoluDon	  through	  Poisson	  bracket	  implying	  that:	  	  

ConDnuous	  space	  symmetries	  
Symmetry	  operators:	  group	  	  
Infinitesimal	  transformaDons:	  
Lie	  algebra	  of	  generators:	  
TranslaDons	   	   	  Gauge	  
RotaDons	  
Scaling	  

ConservaDon	  laws	  
Quantum	  numbers	  
Labeling	  of	  states:	  
ConservaDon	  of:	  
Energy,	  	  
Momentum	  
Charge	  

Physical	  quanDty	  
Generator	  
Operator:	  
Energy	  	  
Momentum	  
Angular	  momentum	  

4.	  Symmetries	  and	  their	  breaking	  

Symmetry	  breaking	  
Symmetry	  Breaking	  
TranslaDons	  =>	  laqce	  
RotaDons	  =>	  anisotropy	  
Scale	  appears	  

Defects	  	  
in	  broken	  phase:	  
	  
Kinks,	  walls,	  	  
monopoles	  
vorDces	  

Phase	  structure	  
Order	  parameter	  
Phase	  transiDons	  
Masses	  
MagneDsaDon	  
SuperconducDvity	  
Mode	  analysis	  
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Ising	  Model	  	  

Ising	  simulator	  

Ising	  simulator	  

H(�) = �
X

<ij>

Jij�i�j � µ
X

j

hj�j

�i = ±1

P�(�) =
e�H(�)

Z�

Z� =
X

�

e��H(�)

Global	  internal	  Z2	  symmetry:	  	  σi => - σi	  	  

M =<
X

�i >

MagneDsaDon	  

ParDDon	  sum	  

CriDcal	  Ising	   T>Tc	  	  
•  Symmetric	  phase	  
•  Disorder	  
•  Short	  range	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  correlaDons	  
	  

T<	  Tc	  	  
•  Broken	  phase	  
•  Order	  
•  CorrelaDons	  	  
	  	  	  	  	  	  	  	  	  	  are	  constant	  

T=	  Tc	  	  
•  FluctuaDons	  on	  all	  scales;	  scale	  invariance	  
•  CorrelaDons:	  	  powerlaws:	  

< �(x)�(y) >' e

�|y�x|/⇣

>

< �(x)�(y) >' 1/|y � x|↵ >

< �(x)�(y) >' 1

2-‐d	  Ising;	  renormalizaDon	  group	  

112 The Renormalization Group in Real Space

8.1 Decimation of the Partition Function

The decimation transformation of the 1D Ising model left the form of the
energy invariant in that no new interactions were produced by the decima-
tion: the nearest-neighbor interactions were retained, but with a renormalized
interaction as the sole effect of the transformation. In general, however, RG
transformations produce a hierarchy of interactions that are consistent with
the symmetry of the original model. For the RG to be practical, the lower
order terms must dominate the energy, so that the additional terms can be
treated perturbatively. In this section, we carry out the decimation of the 2D
Ising model to illustrate these additional features.

We consider a square lattice Fig. 8.1 on each site (i, j) of which is a spin
si,j that points either up (si,j = 1) or down (si,j = −1). The spins interact
through a ferromagnetic coupling J > 0 such that the energy of nearest-
neighbor spins is lower if they aligned than if they are opposed. The energy
for this model is

H = −J
∑

i,j

(si,jsi+1,j + si,jsi,j+1) . (8.1)

(i,j) (i 1,j)(i 1,j)

(i,j 1)

(i,j 1)

Figure 8.1: The lattice sites of a 2D Ising model, showing a typical site (i, j)
that is coupled by ferromagnetic interactions to its four nearest neighbors at
(i±1, j) and (i, j±1). The dark circles indicate the spins that are eliminated
by decimation.
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Ising:	  Blockspinning	  

The Renormalization Group in Real Space 113

The partition function is

Z =
∑

si,j=±1

∏

i,j

eK(si,jsi+1,j+si,jsi,j+1) , (8.2)

in which K = J/(kBT ).
The decimation transformation that we will use for the 2D Ising model4,5

is shown in Fig. 8.1. The spins that are eliminated by the decimation occupy
alternate diagonal rows. After the decimation, the remaining spins form a
2D lattice that is rotated by 45◦ with respect to the original lattice, with a
nearest-neighbor spacing that has been increased by a factor of

√
2 (Fig. 8.2).

To determine the form of the transformed energy, we use the fact none of
the spins that is being summed over couple to any other spins that are
being summed. Thus, as in Sec. 7.2, the sum over spins on each such site

4K. G. Wilson, ‘The Renormalization Group: Critical Phenomena and the Kondo Prob-
lem,’ Rev. Mod. Phys. 47, 773–840 (1975)

5H. J. Maris and L. P. Kadanoff, ‘Teaching the Renormalization Group,’ Am J. Phys.
46, 652–657 (1978).

Figure 8.2: The remaining sites after the decimation, which are indicated
by open circles, lie on a (rotated) square lattice with the nearest-neighbor
distance increased by a factor of

√
2. In addition to a renormalization of

the nearest-neighbor coupling, indicated by bold solid lines, the decimation
produces a new diagonal coupling with next-nearest neighbors, indicated by
the bold broken lines, and four-spin coupling between all the spins at the
vertices of the square.
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Ising:	  Blockspinning	  116 The Renormalization Group in Real Space

0 0.2 0.4 0.6 0.8 1
K

0

0.2

0.4

0.6

0.8

1

1.2

K K0

K1

K2R(K0)

R(K1)

R(K2)

K0
K1

K2
K3

R(K0)
R(K1)

R(K2)

Figure 8.3: Graphical representation of successive decimations of the 2D Ising
model, as represented by the recursion relation (8.10). The straight line is
K ′ = K and the curve is the function K ′ = 1

8 ln(cosh 4K). The curves cross
at Kc = 0.50698. For any initial value K > Kc, the sequence of values
K1, K2, . . . determined by iterating the recursion relation, Kn = R(Kn−1),
approaches Kn → ∞. But, for an initial value K < Kc, the sequence of values
K1, K2, . . . approaches zero. Hence, K∗ = 0 and K∗ → ∞ are stable fixed
points of the RG transformation, while K∗ = Kc is an unstable fixed point.

of Kc = 3
8 ln(cosh 4Kc) and has the value Kc = 0.50698. For an initial value

K0 > Kc, the sequence of values Kn = R(Kn−1) increases without bound and
approaches infinity. Alternatively, for an initial value K < Kc, the sequence
Kn = R(Kn−1) decreases to zero. Thus, both K∗ = 0 and K∗ → ∞ are
now stable fixed points, while the fixed point K∗ = Kc is unstable. This is
depicted in Fig. 8.3.

The fixed points K∗ = 0 and K∗ → ∞ are the same fixed points that
were obtained for the 1D Ising model in Sec. 7.4. The difference is that, for
the 2D Ising model, both of these fixed points are now stable, with the fixed
point at K∗ = Kc being unstable. The fixed point K∗ = 0 is a trivial fixed
point corresponding to the high-temperature limit where the correlations
between neighboring spins vanish. The fixed point K∗ → ∞ is a critical
point in the RG picture, but only in the trivial sense because, although the
correlation length diverges at T = 0, there are no fluctuations because the

CriDcal	  point	  
	  
	  
	  
	  
	  
	  
=>	  
CriDcal	  exponents	  

Conformal	  algebra	  in	  d=2	  

[Lm,Ln ]= (m− n)Lm+n +
1
12
cm(m2 −1)

Symmetry	  algebra	  is	  infinite	  dimensional:	  

Fields	  are	  organized	  in	  representaDons	  of	  conformal	  algebra	  
And	  the	  lowest	  weight	  of	  such	  a	  representaDon	  corresponds	  to	  the	  	  
CriDcal	  exponents	  (powers):	  

F.A. Bais et al. / Extended Virasoro algebras (I) 349 

( H W M ' s )  characterized by the central charge c and the L o eigenvalue h of the 
highest weight state. The representations which are best understood are those for 
which c < 1, where it is well-known [1] that the unitarity condition restricts the 
c-values to a discrete set 

c=c tm~=  1 m ( m + l )  ' m =  3,4,5 . . . . .  (1.2) 

Furthermore,  for each c-value there are only a finite number of possible L 0 
eigenvalues hp, q for the highest weight state 

( , , )= [ ( m + l ) p - m q ]  2 - 1  ( l ~ < p ~ < m - 1  (1.3) 
hp,q 4m(m + 1) ' l <~q<~m 

Cardy [2] has shown that the condition of modular invariance further restricts the 
possible spectra considerably for these c-values. If the theory is defined on a torus, 
then the partit ion function can be expressed as a sesquilinear combination of 
Virasoro characters 

z = (1.4) 

Recently all modular invariant combinations of the type (1.4) for c < 1 in the 
unitary series have been classified [3, 4]. This classification can also be understood 
from the point of view of Kac -Moody  representation theory by applying the 
Goddard,  Kent, Olive (GKO) construction [5] to the diagonal subalgebra A 1 of 
A 1 • A 1. Starting from level (m - 2,1) HWM's for the A~ 1) • A~ 1) affine Kac -Moody  
algebra one obtains level m - 1 HWM's for the diagonal A~ 1) and c = c (") modules 
for the coset Virasoro algebra. From this construction one can also understand why 
the modular invariants for c = c <") are classified by modular invariants of A~ 1) at 
level m - 2 and m - 1 [6-8]. 

Our knowledge of CFT's with c >/1 is far less complete. This is because the 
unitarity constraint on representations turns out not to be very restrictive here, and 
it is not known how restrictive the modular constraint is (partial results exist though 
for c = 1 [9, 10]). More is known if we consider CFT's with extended symmetries. 
For  instance, similar results to those explained above have been obtained for the 
N-extended superconformal algebras (N  = 1, 2, 4). 

In bosonic theories the Virasoro algebra may be extended by a Kac -Moody  
algebra, as is the case for the Wess-Zumino-Wit ten  model [11,12] where the 
Virasoro generators are expressed as bilinears in the dimension-1 currents through 
the Sugawara construction. 
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�m,�n

Mean	  field	  theory	  effecDve	  	  
descripDons	  of	  phase	  transiDons	  

Local order parameter φ(x)	  =	  <σ(x)>	   and stability 

stabiel	  

neutral	  

instabiel	  

Energy	  

E = (
d�

dx

)2 + a�

2

a > 0

a = 0

a < 0

�(x) = �

�
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The	  symmetric	  groundstate	  (vacuum):	  φ(x)=0	  for	  all	  x	  

x	  

Φ	


0	  
Second	  order	  transiDons	  

Phase	  transisDons	  and	  symmetry	  breaking	  

Energy	  

φ (x)	
0	  
Stable	  minimum	  with	  φ=0,	  	  	  
Disorder,	  Z2	  symmetric	  state	  
CorrelaDons	  decay	  exponenDally	  

a=a(T)	  
a>0	  
T>Tc	  

E = (
d�

dx

)2 + a�

2 + b�

4

Phase	  transisDons	  and	  symmetry	  breaking	  

-‐  CriDcal	  point:	  correlaDon	  length	  diverges	  
-‐  long	  range	  interacDons;	  	  
-‐  scale	  invariance	  
-‐  power	  laws	  

E = (
d�

dx

)2 + a(�2 � b)2

a=a(T)	  
a=0	  
T=Tc	  
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Symmetry	  breaking:	  φ2=b	  

Vacuum	  degeneracy:	  
ordered	  state	  
Broken	  Z2	  

E = (
d�

dx

)2 + a�

2 + b�

4

a=a(T)	  
a<0	  
T<Tc	  

φ = -a/2b	
 φ	


The	  topological	  defect:	  	  Kink	  or	  Domain	  wall	  

�(x)

x	  

�(x) = 2 tanh(5x)

φ = -a/2b	


φ = a/2b	


Defects	  

•  Defects	  are	  emergent	  structures	  
•  They	  are	  characterisDc	  for	  phases	  with	  broken	  
symmetries	  (with	  groundstate	  degeneracy)	  

•  They	  are	  locally	  topologically	  stable	  
•  They	  play	  an	  important	  role	  in	  the	  dynamics	  of	  
the	  phase	  transiDon	  (duality)	  

•  They	  can	  be	  quite	  generally	  classified.	  

Domain	  structure	  in	  d=2	  =>	  network	  of	  walls	  

-‐	  

-‐	  

+	  

+	  

+	  

+	  

-‐	  
+	  
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Domain	  structure	  =>	  pa�ern	  formaDon	  
Three	  disDnct	  groundstates:	  

Domains	  in	  3	  dimensions	  

Domains	  are	  locally	  stable	  but	  not	  globally	  

ExcitaDons	  in	  broken	  phase	  	  	   Defect	  classificaDon	  

•  G	  breaks	  to	  H	  (subgroup	  of	  G)	  
•  Orbit	  of	  orderparameter	  φ	  under	  G	  equals	  G/H	  
	   	  This	  is	  the	  so	  called	  vacuum	  manifold	  of	  	  
	  degenerate	  groundstates	  

•  SpaDal	  manifold	  M	  with	  boundary	  dM	  
•  Study	  (homotopy)	  classes	  of	  maps	  dM	  =>	  G/H	  
•  These	  classes	  form	  a	  group	  and	  label	  the	  
topological	  charges	  of	  the	  defect	  
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Defect	  Types	  

•  D=1	  	  	  	  	  	  dM	  =	  Z2	  	  	  	  π0	  (G/H)	  	  	  	  	  	  	  	  	  Kinks	  or	  walls	  
•  D=2	  	  	  	  	  	  dM=S1	  	  	  	  	  π1(G/Η)       ParDcles	  or	  line	  	  
•  D=3	  	  	  	  	  	  	  dM=	  S2	  	  	  	  	  	  	  π2(G/H)	  =	  π1(H)	  Monopoles	  

•  Non-‐abelian	  line	  defects 	  	  e.g.	  	  if	  G	  =SO(3)	  and	  	  H	  
discrete	  =>	  	  π1	  =	  H	  	  

First	  order	  transiDons	  

EquaDon	  of	  state:	  Ideal	  gas	  law	  

PV = RT

T	  

Van	  der	  Waals	  equaDon	  of	  state	  

(P + a
V 2 )(V − b) = RT

liquid	  

gas	  
Coexistence	  
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1st order  transitions: bubble nucleation 

0	  

Metastable state persist until transition 
       through bubble formation  
       

Orde	  parameter	  	  φ	  

Energy	  

0	  

<φ>=a	  

Temperature	  

Euclidean	  space	  is	  homogeous	  en	  isotropic	  

Euclidean	  space	  R3	  :	  	  {x,y,z}	  	  	  	  	  
The	  empty	  space	  looks	  the	  same	  from	  any	  point	  {x,y,z}	  
and	  in	  any	  direcDon	  
	  
⇒ 	  Empty	  space	  is	  invariant	  under	  transla1ons	  and

	  rota1ons.	  This	  group	  is	  the	  Euclidean	  group	  	  	  

	  
E3 � R3 � O(3)
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	  	  	  	  	  The	  infinite	  discrete	  symmetry	  of	  a	  laqce	   Breaking	  the	  Euclidean	  group	  

G = Euclidean group of continuous rotations and translations  
      (E3 = 6 parameter goup , E2 is three parameter group) 

H = Discrete symmetry group of crystal lattice 
      (Square lattice in d=2:  H = Z4 X (Z x Z) 

Excitations:  
1. Goldstone modes  à Phonons G/H (fundamental) 
2. Solitons (defects)  à π1(G/H) = π0 (H) = H (topological) 
 
    à group H classifies line/point defects 

(R1, a1) (R2, a2) = (R1R2, a1 + R1a2) 

DislocaDe:	  translaDonal	  defect	  

•  Defect	  (1,	  a)	  
•  Burgersvector	  a	  

10-‐06-‐14	   Qubits	  &	  pieces	   10-‐06-‐14	   Qubits	  &	  pieces	  

DisclinaDon	  
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10-‐06-‐14	   Qubits	  &	  pieces	  

DisclinaDon:	  RotaDonal	  defect	  

Defect	  (R,	  0)	  
	  
	  	  R=R(-‐π/2)	  

10-‐06-‐14	   Qubits	  &	  pieces	  

Two	  non-‐commuDng	  defects	  	  

10-‐06-‐14	   Qubits	  &	  pieces	  

Braiding	  of	  noncommuDng	  defects	  

T	  :	  
	  
(1,a)(R,0)	  à	  
	  
à	  	  
(1,	  a)(R,0)	  

	  	  (1,-‐a)(1,	  a)	  
	  
=	  (R,	  a	  -‐	  Ra)	  (1,	  a)	  	  
	  
=	  (R,	  a)	  

10-‐06-‐14	   Qubits	  &	  pieces	  

Braiding	  of	  noncommuDng	  defects	  

T-‐1	  :	  
	  
(1,a)(R,0)	  à	  
	  
à(R,0)(R-‐1,0)(1,a)(R,0)	  
	  
à	  (R,0)(1,R-‐1	  a)	  
	  
=	  (R,a)	  
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Summary	  

the	  noDon	  of	  symmetry	  
•  of	  objects,	  spaces	  and	  equaDons	  
•  discrete,	  conDnuous	  ;	  	  finite	  infinite	  
breaking	  symmetries	  
•  order	  parameter	  
•  phase	  transisDons	  =>	  criDcal	  point	  
•  scale	  (conformal	  invariance	  at	  criDcal	  point	  
•  classificaDon	  of	  modes	  and	  defects	  
•  duality	  

The	  noDon	  of	  symmetry	  breaking	  has	  apotenDal	  for	  many	  applicaDons.	  	  


