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The Renormalization Group (RG)  
•Motivation: What is Universality in QW?
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 Classical Search:

i

w

Problem (“First-Passage Time”):
Within any Structure of N sites,
Design an algorithm,
To find an arbitrary site w,
From any initial site i.
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 ̃n�1 = Ak  ̃n�2 +Bk  ̃n +Mk  ̃n�1

 ̃n = Ak  ̃n�1 +Bk  ̃n+1 +Mk  ̃n

 ̃n+1 = Ak  ̃n +Bk  ̃n+2 +Mk  ̃n+1

A0 = zA, B0 = zB, M0 = zM

D

D

F- F+A A A A A A AA
BBBB B B BB

｜ψIC〉
F- F+Ak-2

B0

F- F+Ak-1 Ak-1
B0 Bk-1

F- F+Ak
B0

｜ψIC〉

Ak-2 Ak-2 Ak-2
Bk-2 Bk-2 Bk-2

Hierarchy of Algebraic Eq.:
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 ̃n�1 = Ak  ̃n�2 +Bk  ̃n +Mk  ̃n�1

 ̃n = Ak  ̃n�1 +Bk  ̃n+1 +Mk  ̃n

 ̃n+1 = Ak  ̃n +Bk  ̃n+2 +Mk  ̃n+1

A0 = zA, B0 = zB, M0 = zM

D

D

F- F+A A A A A A AA
BBBB B B BB
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B0

F- F+Ak-1 Ak-1
B0 Bk-1

F- F+Ak
B0

｜ψIC〉

Ak-2 Ak-2 Ak-2
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RG-Step

Hierarchy of Algebraic Eq.:

 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)
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Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)
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2akbk
1�mk

a0 = zp, b0 = z(1� p), m0 = 0

Example: RG for Classical Random Walk
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ak+1 =
a2k

1�mk
, bk+1 =

b2k
1�mk

, mk+1 = mk +
2akbk
1�mk

a0 = zp, b0 = z(1� p), m0 = 0

Example: RG for Classical Random Walk

Jk = det


@ (ak+1, bk+1, . . .)

@ (ak, bk, . . .)

�
, � = max

EV
{J1} , dw = log2 �

a1 = b1 = m1 = 0

a1 = 0, b1 = 1�m1, or a1 = 1�m1, b1 = 0

a1 ⇠ b1 ⇠ ↵k ✏
k ! 0, m1 ⇠ 1� µk ✏

k, (✏ < 1)

Jacobian:
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Example: RG for Classical Random Walk

Jk = det
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@ (ak, bk, . . .)

�
, � = max

EV
{J1} , dw = log2 �

a1 = b1 = m1 = 0

a1 = 0, b1 = 1�m1, or a1 = 1�m1, b1 = 0

a1 ⇠ b1 ⇠ ↵k ✏
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k, (✏ < 1)

Jacobian:

Fixed Point 1:
⟹  dw=∞
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ak+1 =
a2k

1�mk
, bk+1 =

b2k
1�mk

, mk+1 = mk +
2akbk
1�mk

a0 = zp, b0 = z(1� p), m0 = 0

Example: RG for Classical Random Walk

Jk = det


@ (ak+1, bk+1, . . .)

@ (ak, bk, . . .)

�
, � = max

EV
{J1} , dw = log2 �

a1 = b1 = m1 = 0

a1 = 0, b1 = 1�m1, or a1 = 1�m1, b1 = 0

a1 ⇠ b1 ⇠ ↵k ✏
k ! 0, m1 ⇠ 1� µk ✏

k, (✏ < 1)

Jacobian:

Fixed Point 1:

Fixed Point 2:

Fixed Point 3:

⟹  dw=∞

⟹  dw=1

⟹  dw=2

RG for Quantum Walks on a Line
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RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)

�1 Bk,

Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)

�1 Ak

How to Parametrize? (Must satisfy Unitarity Condition!)

RG for Quantum Walks on a Line
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RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)

�1 Bk,

Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)

�1 Ak

How to Parametrize? (Must satisfy Unitarity Condition!)

Pk =

✓
ak 0
0 0

◆
, Qk =

✓
0 0
0 �ak

◆
, Rk =

✓
0 bk
bk 0

◆
1) Guess

RG for Quantum Walks on a Line

http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/


Stefan
Boettcher
www.physics.emory.edu/faculty/boettcher/

Renormalization Group for Quantum Walks
 

  Deep Computation
Santa Fe
8-10-2013

RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)

�1 Bk,

Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)

�1 Ak

How to Parametrize? (Must satisfy Unitarity Condition!)

Pk =

✓
ak 0
0 0

◆
, Qk =

✓
0 0
0 �ak

◆
, Rk =

✓
0 bk
bk 0

◆
1) Guess

Ak = PkC, Bk = QkC, Mk = RkC,2) Insert Coin

RG for Quantum Walks on a Line
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RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)

�1 Bk,

Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)

�1 Ak

How to Parametrize? (Must satisfy Unitarity Condition!)

Pk =

✓
ak 0
0 0

◆
, Qk =

✓
0 0
0 �ak

◆
, Rk =

✓
0 bk
bk 0

◆
1) Guess

Ak = PkC, Bk = QkC, Mk = RkC,2) Insert Coin

{Ak+1, Bk+1, . . .} = RG ({Ak, Bk, . . .})3) Renormalize

RG for Quantum Walks on a Line
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RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)

�1 Bk,

Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)

�1 Ak

How to Parametrize? (Must satisfy Unitarity Condition!)

Pk =

✓
ak 0
0 0

◆
, Qk =

✓
0 0
0 �ak

◆
, Rk =

✓
0 bk
bk 0

◆
1) Guess

Ak = PkC, Bk = QkC, Mk = RkC,2) Insert Coin

{Ak+1, Bk+1, . . .} = RG ({Ak, Bk, . . .})3) Renormalize

4) Withdraw Coin
Pk+1 = Ak+1C�1, Qk+1 = Bk+1C�1, Rk+1 = Mk+1C�1

RG for Quantum Walks on a Line
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RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)

�1 Bk,

Mk+1 = Mk +Ak (I �Mk)
�1 Bk +Bk (I �Mk)

�1 Ak

How to Parametrize? (Must satisfy Unitarity Condition!)

Pk =

✓
ak 0
0 0

◆
, Qk =

✓
0 0
0 �ak

◆
, Rk =

✓
0 bk
bk 0

◆
1) Guess

Ak = PkC, Bk = QkC, Mk = RkC,2) Insert Coin

{Ak+1, Bk+1, . . .} = RG ({Ak, Bk, . . .})3) Renormalize

4) Withdraw Coin
Pk+1 = Ak+1C�1, Qk+1 = Bk+1C�1, Rk+1 = Mk+1C�1

{ak+1, bk+1, . . .} = RG ({ak, bk, . . .})

RG for Quantum Walks on a Line

http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/


5) IdentifyRG-Flow!
Stefan
Boettcher
www.physics.emory.edu/faculty/boettcher/

Renormalization Group for Quantum Walks
 

  Deep Computation
Santa Fe
8-10-2013

RG-Flow?
 ̃n = Ak+1  ̃n�2 +Bk+1  ̃n+2 +Mk+1  ̃n

Ak+1 = Ak (I �Mk)
�1 Ak, Bk+1 = Bk (I �Mk)
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◆
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◆
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✓
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RG for Quantum Walks
•Encouraging Results for 1d-Line (universal dw=1)
•Complex Fixed Point Analysis
•Can Lyapunov Procedure give Finite-Size Scaling?
•Can Localization be included?

General:
•What is Universality in Quantum Algorithms?
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