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The stochastic block model

This is a model for a random graph on n nodes. It takes two
parameters, a, b ≥ 0.

1. Label the vertices red or blue,
uniformly at random.

2. Independently for each edge
(u, v):

I if u and v have the same label,
include the edge with probability
a/n;

I if u and v have different labels,
include the edge with probability
b/n.
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The “recovery problem”

Given the unlabelled graph, can you recover the labels?

Observation: if a and b are constant and n→∞ then you cannot
recover all labels (eg., there are isolated vertices).

Observation: by guessing, we can get half of the labels correct.

Can you recover most of the labels (ie., at least 50.1% as
n→∞)? If so, we say that the labels are reconstructable.
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Non-reconstruction

Theorem (Mossel-N.-Sly 2012)

If
(a− b)2

2(a + b)
≤ 1

then the labels are not reconstructable.

This answers (part of) a conjecture by Decelle, Krzakala, Moore
and Zdeborová.

Conjecture

If
(a− b)2

2(a + b)
> 1

then the labels are reconstructable.
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Broadcasting on trees

Take a tree. Fix ε ∈ (0, 1).

Color the root randomly.

For each child, copy the color
with probability 1− ε.
Otherwise, flip the color

Question: given the leaves, can we guess the color of the root?
Answer: iff (1− 2ε)2d > 1
(where d is the branching number of the tree)
(Evans, Kenyon, Peres, Schulman, 2000)
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Back to the original problem

Fact: a neighborhood in G looks like a tree with branching number
(a + b)/2, and the labels look like they came from the broadcast
process with flip probability ε = b

a+b .

(1− 2ε)2d =
(a− b)2

2(a + b)
.

So if

(1− 2ε)2d =
(a− b)2

2(a + b)
< 1

then label reconstruction is impossible. �
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Optimal clustering performance

Our proof actually gives more. Let

pG (a, b) = maximal asymptotic proportion correct on the graph

pT (a, b) = asymptotic probability of guessing the root in the tree.

Theorem
pG (a, b) ≤ pT (a, b).

Conjecture

pG (a, b) = pT (a, b).

Theorem
If (a−b)2

2(a+b) > C then pG (a, b) = pT (a, b).
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Optimal clustering performance

Main idea: start with some algorithm that gets better-than-50%
clustering and then improve it.
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Optimal clustering performance

Remove the neighborhood of a node.



Optimal clustering performance

Label the rest of the graph using some other algorithm.



Optimal clustering performance

Replace the neighborhood.



Optimal clustering performance

Forget the other labels.



Optimal clustering performance

Use BP to guess the root.



Optimal clustering performance

Repeat for each node.



Robust tree reconstruction

There’s a problem: our BP has extra noise at the leaves.

Take a tree. Fix ε ∈ (0, 1).

Color the root randomly.

For each child, copy the color
with probability 1− ε.
Otherwise, flip the color

Flip the leaves with probability
δ < 1/2

Theorem
If (1− 2ε)2d ≥ C then as n→∞, the extra noise doesn’t hurt the
reconstruction probability.
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Thank you!


