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Statistical Inference & Learning
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The Fundamental Questions

¢ Representation
* How to encode our domain
knowledge/assumptions/constraints?
» How to capture/model uncertainties in possible worlds?
¢ Inference
* How do | answers questions/queries

according to my model and/or based
given data?

e.g.. P(X,|D)
e Learning

¢ What model is "right"
for my data?
e.g.: M=arg max F(O; M)

Qletwork Workshop @ Santa Fe
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Fitting Stochastic Models to Data

Possible Learn Score
structures parameters struc/param

e 8o
RO D prediction error 10°°
GO, xD) O Maximum likelihood 10°°
(xl(a eees x,(lz)) B CBD Bayesian 10715
(xl(l,,);_i’xﬁ.\,/>) o" Conditional likelihood
>, Margin
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Fitting Stochastic Models to Data
 Scenarios: feature label

o All variables are observed in all data ®—® e.g., classification
(supervised)
« Some observed, some not, in all data ®<—® e.g., clustering

(unsupervised)
+ Some fully and some partially observed data
(semi-supervised)

» Estimation principles (loss functions):
» Least mean squared error of prediction
¢ Maximal likelihood estimation (MLE)
« Bayesian estimation
« Maximal conditional likelihood
* Maximal "Margin"

¢ We use learning as a name for the process of estimating the
parameters, and in some cases, the structure of the model, from data.
\_Network Workshop @ Santa Fe 12/5/2008 e/




E.g. Learning genome-trait association

The genetic picture

causal SNPs

CG ACTGTACAAT

a univariate phenotype:

i.e., the expression intensity of
agene

Qletwork Workshop @ Santa Fe 12/5/2008 0/

The Data:

Phenotype (BMI) Genotype
Individual 1 2.5
Individual 2 4.8
Individual N 4.7

Ve

Benign SNPs Causal SNP

\_Network Workshop @ Santa Fe 12/5/2008 @/




Association Mapping as Regression
Phenotype (BMI) Genotype
Individual 1 25 0L 1..0....... 0...
Individual 2 4.38 P 1..1....... 1...
Individual N 4.7 2 2..1....... 0...
'l b
— SNPs with large
Yi - g Z xl’jej |6] are relevant
Qletwork Workshop @ Santa Fe /=1 12/5/2008 @/

Linear Regression

e Assume that Y (target) is a linear function of X (features):
° eg.

e Our goal is to pick the optimal ¢ that minimize the
following cost function:

J0) =5 3 G- 3)°

1 n
= — GX— ). 2
2;( =)

e This is known as the “least mean square” (LMS) estimate

Qletwork Workshop @ Santa Fe 12/5/2008




Gradient Descent

e The LMS (coordinate descent) algorithm:

A
o

00

J

0/”1 _ 9/1 —a _ H/»/ JFCYZ(}”,» 7’—(i761)_xi/

i=1

J(0)

t

e Steepest descent:

T
a 6 n 7
v.J=|—~J,..., J| == Sn X, gx”
9 {6 2 } > 0,x,0)

00,

n .
0" =0'+ad (v,-x, 0)x,
i=1

* Normal equation: ¢ —(x"x)'x'5
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Convergence rate

e Theorem: the steepest descent equation algorithm
converge to the minimum of the cost characterized
by normal equation:

0> = (XTX)~1XTy

0<a<2/Amax|XTX]

e A formal analysis of LMS need more math-mussels;
in practice, one can use a small a, or gradually
decrease a.

Qletwork Workshop @ Santa Fe 12/5/2008




0" =0 +a> (v, ~x,0)x)
Convergence Curves ¢ ~0 +e2.bi=x0)x
Log-log plot of training MSE versus epochs
g 10 ;
3 ——Batch update
o —Online update e For the batch
[ = .
= ___Minimum MSE by methgd,. thg training
® 5 normal equation MSE is initially large
s 10 E due to uninformed
o initialization
5
L e Inth li dat
o 10° n the online update,
@ N updates for every
= epoch reduces MSE
'2 to a much smaller
s value.
=10 0 2 1
10 10 10
Epochs
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The Learned Coefficients

Stem plot of regression coefficents i's

- From nermal equation
- Using online update
— Using batch update ||
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Probabilistic Interpretation of LMS

¢ Let us assume that the target variable and the inputs are related
by the equation: E

=¢9Tx,.+g,,

where ¢ is an error term of unmodeled effects or random noise

¢ Now assume that ¢ follows a Gaussian N(0, ¢), then we have:

p(.,vi | X5 0) =

1
exp| — =
N p[ 25°
¢ By independence assumption:

,, 1Y [ Y G-0x)
L(O) = )| x;60)=| ——| ex S L
@) Idlp()ll i+0) [\/Zaj p[ 252
Qletwork Workshop @ Santa Fe 12/5/2008 @

Probabilistic Interpretation of LMS

¢ Hence the log-likelihood is:

[(0) =nlog———— Z, 1(”—
\/ﬂa

¢ Do you recognize the last term?
Yes itis: 7(0) :;Z(X/[O_JG)Z
i=1

e Thus under independence and Gaussian noise
assumptions, LMS is equivalent to Maximum Likelihood

Estimation (MLE) of ¢ !

\_Network Workshop @ Santa Fe 12/5/2008 @/
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¢ Likelihood
(for now let's assume that the structure is given):

L(O]X) = p(X[0) = p(X,|6))p(X,|6,) p(X5| X5, X5;65)
¢ Log-Likelihood:

1(8] X) =log p(X'|8) =log p(X; | 6;) +log p(X, | 6,) +log p(X5 | X5, X5, 65)

¢ Data log-likelihood
(0| DATA) =log[ | p(X,6)
=" 10g p(X,;16)+Y log p(X,,16,)+ Y log p(X,5| X, X,,,65)

" MLE {6,,60,,6,},,, =argmax /(0| DATA)

¢, =argmax Xlog p(X,,16),  6; =argmax 2log p(X,,|6,), 65 =argmax Xlog p(X, ;| X, X, ,.6;)

Qletwork Workshop @ Santa Fe 12/5/2008 @/
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E.X.: Gaussian Discriminative Classifier

¢ A Conditional Gaussian Model (completely observed):
e Yis a class indicator vector

Yl
YZ
Y= | where Y* =[0]], and 2v* =1
yE and a datum is in cldss /w.p. z;

All except one
Aﬂ/ of these terms

1 2
V y Vv
) —= = .= - X ’ X... X )
lm)=n =x] xx, Ty will be one

r» =1
k

* Xis a conditional Gaussian variable with a class-specific mean

1
(276)"2 exp{f},z(x'/uk)z}

plx|y, u,0)= HN(x |, o)
k
Qletwork Workshop @ Santa Fe 12/5/2008 @/
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E.X.: Gaussian Discriminative Classifier

e Data log-likelihood
18] D) Iog H p(, | 2)p(x, |y, 1, 0) i

= Zlogpo | )+ Zlogp(x | ¥, 1,0)
= Zlog H;r/ + Zlog HN(Y o)
—ZZ) log 7, - ZZ} 2(\ - ) +C

e MLE
7, =argmax /(8| D), = 7"’](9|D):0, Vk, st 272’,\ =1
K
o= Z Y % the fraction of
k N N samples of class &
k k
. Yy YnXn 2 YuXn the average of
_ _~ _ A ge o
u,=argmax/(0|D), = pu, 3 VF n, samples of class &
Qletwork Workshop @ Santa Fe 12/5/2008 @/
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Suppose you know the following ...

¢ Class-specific Dist.: P(X|Y)

* p(X|Y=1)

= P i, %))

4 Abnormal

= | [0 ecifior.
= p,(X: iy, ) ayes classiiier:
X o PX|Y)P(Y)

e Class prior (i.e., "weight"): P(Y) | P(Y|X) = T\)

e This is a generative model of the datal

12/5/2008 @/
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¢ A Mixture of Gaussian Model (partially observed):
e Zis a latent class indicator vector

p(») =multi(y: 7) = [1(x, )"

* Xis a conditional Gaussian variable with a class-specific
mean/covariance

1
plx|y* =1 1,%) :Wexp{—%(x—/z,\)' Z,\l(x—,u/\)}
k

¢ The likelihood of a sample:
p(xu,2) =2 p(y" =1 7)p(x|y" =1, 1,%)
:Zkﬂ-/(N(xlll’lk’zk)

This objective is much harder to optimization than p(x,y) w.r.t. the parameter

Qletwork Workshop @ Santa Fe 12/5/2008 @/
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Expectation-Maximization

o Start:

 "Guess" the centroid £ and coveriance 2, of each of the K
clusters

e Loop

[ T N T | - 25
. y(_' " . b} - s
g |g | |8

= 2
\_Network W M @ Q) 0 8 @/




How is EM derived?

e The complete log likelihood:

£(6; D) = log HP(}M,,) |09HP(}” | 2)p(x, | ¥, ,0)
= Elog HﬂA + Zlog HN(X” w1, o)

= 22}/,, logr, - Z Ev

n k n k

(x, '/—l/) +C

n 20.2

e The expected complete log likelihood

(€(8:x,)) ZK'OQ PO, 1), 0+ ZK'OQ PO, 1V )

= ZZ@JIogﬂA -= ZZ@J( f;z,\)’Z;l(x”fyk)+log\2,\\+c)

Qletwork Workshop @ Santa Fe 12/5/2008 @/
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E-step

« We maximize!/.(9)) iteratively using the following
iterative procedure:

— Expectation step: computing the expected value of the
sufficient statistics of the hidden variables (i.e., 2) given
current est. of the parameters (i.e., zand ).

)N(\N’l /u([) 25\1))
Zﬁf’w(xn 1,20

i

O = () = p(ok =114 30) = 4

Here we are essentially doing inference

\_Network Workshop @ Santa Fe 12/5/2008 @/
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M-step

o We maximize</c (9)> iteratively using the following
iterative procedure:

— Maximization step: compute the parameters under
current results of the expected value of the hidden variables

Ze 210 ()
N

7, =argmax(l (0)), S L
¢ : o ‘ L
k()
w; =argmax(/(0)) = = X
k ) b E 0
T K0 (x (. — OBy
¥, =arg max<[(0)>, o xen - S (x, =) x, =)

e

This is isomorphic to MLE except that the variables that are hidden are
replaced by their expectations (in general they will by replaced by their

corresponding "sufficient statistics")
Qletwork Workshop @ Santa Fe 12/5/2008
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Lower Bounds and Free Energy

¢ For fixed data x, define a functional called the free energy:

F(g.0)= Zq(zmlogmszw; %)

e The EM algorithm is coordinate-ascent on F:
 E-step: gt =argmax F(q,0")
q

 M-step: 0" = arg max F(q'™,0")

Ffae)

_‘7
Qletwork Workshop @ Santa Fe QE 12/5/2008
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Generative vs. Discriminative Models
e Goal: Wish to learn f: X > Y, e.g., P(Y|X)

¢ Generative classifiers (e.g., Naive Bayes):
» Assume some functional form for P(X|Y), P(Y) YD
This is a ‘generative’ model of the data!
» Estimate parameters of P(X|Y), P(Y) directly from training data
¢ Use Bayes rule to calculate P(Y|X= x)

¢ Discriminative classifiers:
¢ Directly assume some functional form for P(Y|X) C Y, D
This is a ‘discriminative’ model of the data!
« Estimate parameters of P(Y|X) directly from training data C X D

Qletwork Workshop @ Santa Fe 12/5/2008 @/

Generative vs. Discriminative Models

e Generative:
* Modeling the joint distributior

of all data
* - Gaussian discriminative
analysis (we've just seen it)

e Discriminative:
* Modeling only points
at the boundary
» Logistic regression

\_Network Workshop @ Santa Fe 12/5/2008 @/
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Logistic Regression

» The condition distribution: a Bernoulli /"
p(r|x)=p(x) Q-p)™ 1 S
where u is a logistic function i et
p(x) = = - T,
1+e—{) X (|

e Estimate parameters 6=<¢,, 4,, ... 6,> to maximize the
conditional likelihood of training dataD = {(z1,41),..., (z~,yn)}

N
« Data conditional likelihood = [ P(yi|z::0)

=1
f) = arg maxIn H P(y;|x;; 0)
(i)

Qletwork Workshop @ Santa Fe 12/5/2008 @/
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Generative vs. Discriminative Models

¢ Under naive Bayes assun
Gaussian discriminative
and
Logistic regression
give the same decision law:

p(v=1|x,)
1

Ty

1+e %™

But LR relies much less of assumption of data distribution

(because it only focus on the decision boundary)

\_Network Workshop @ Santa Fe 12/5/2008 @/
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Regularization

causal SNPs

CGW i-f
2

Maximum-likelihood estimates are not always 1
and Stein showed a counter example inthe ea

gt v a e s

o Alternative: we "regularize" the likelihood objective (also known

Qletwork Workshop @ Santa Fe

as penalized likelihood, shrinkage, smoothing, etc.), by adding
to it a penalty term:

6.

shrinkage

=arg mgX[l(ﬁ; D)+ 6]}

where 4>0 and ||4| might be the L, or L, norm.

The choice of norm has an effect
e using the L, norm pulls directly towards the origin,

e while using the L, norm pulls towards the coordinate axes, i.e it tries
to set some of the coordinates to 0.

» This second approach can be useful in a feature-selection setting.

12/5/2008 @/
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Bayesian Interpretation of Regulation

e Regularized Linear Regression
» Recall that LMS with Gaussian noise is equivalent to MLE of ¢

1 11 r
1(0)=n |Ogm—?gzd (y,—0"x,)?

* Now assume that vector @follows a normal prior with 0-mean and a
diagonal covariance matrix 0 ~ N (0,7°1)

e The posterior distribution of @is:
p(OD) = p(DI0) p(0) = (220°) " exp{fz—izi(y” —0'x )2} xCexpl-(076/27%)
i=1

» This leads to a now objective

_ 1 1w 11k
Lyp(0,D) =~ 20572 Ez,ﬂ O, _HTX,')Z _?E Z,d H/\Z
=1(6;D)+A|d

This is L, regularized LR! --- a MAP estimation of ¢

L, regularized LR correspond to a MAP est. under a Laplace prior of ¢
Qletwork Workshop @ Santa Fe 12/5/2008
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Classification and Margin

e We can represent a linear decision boundary as:

"x+b=0

* The Margin between the
0 points closest to the
decision boundaries is:

@)
m o Class 2 o 2c
0 e
= m
d- +
Class 1 / ’/d'
—
Qletwork Workshop @ Santa Fe 12/5/2008 @/
¢ A convex quadratic programming problem H ©®
e
with linear constrains: %, R i o
H2 \__‘ Fadn
min,,,, 5 6'0+CY & AN
i=1 o & N\ wx-b=4
- ® ey
s.t }’,(Hlxi—Fb)Zl—fi, Vi gty aAchel
. w-x—b=-1
£>0, Vi .
¢ Only a few of the classification constraints are relevant = support vectors
¢ Constrained optimization
* We can directly solve this using commercial quadratic programming (QP) code
* But we want to take a more careful investigation of Lagrange duality, and the
solution of the above in its dual form.
=>» deeper insight: support vectors, kernels ...
= more efficient algorithm
Qletwork Workshop @ Santa Fe 12/5/2008 @/
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Structured prediction X Xz e
. l x- Xn X3 ...

Yy = ..,]n“[w x + b) = argmaxw fl). yiw)

R e

1 N T
wi:;_gw‘w + f'z{.: . il re ‘—‘"
. i sl 2w ARy, x) > Ali(y
stoglw x+b) 21§, Vi,
(Taskar et al 2004
_ .

SUIULIRI| SOARY

3 0 (.
g LIILHL..ﬁ[ soAeg]
-

MaxEnDNet

L X i
. Structured prediction XL K-
— i

y = sign((w “Xh,um] v :rll'f_',l[!\.llxi::\’v £, ¥ W) piw)
e = |

min K L(p|[pg) + C

‘ min K L{p|pm)+U(E)

—;Mf

£ Wi
£, Wi

(Jaakkola et al 2002)
Qletwork Workshop @ Santa Fe

s g (P prwy = st IIl pliw)[AF (v, x:w) = Al(y)]dw > =&, & = 0., ¥i.¥y #y,.

(Zhu and Xing, 2008)

12/5/2008 @/

Probabilistic Inference

e Computing statistical queries regarding the model, e.g.:
* What is the probability of X=true if (Y=false and Z=true)?
* What is the joint distribution of (X,Y) if Z=false?
* What is the likelihood of some full assignment?

* What is the most likely assignment of values to all or a subset the
nodes of the network?

e Inferring hidden variables (recall EM!!)

e General purpose algorithms exist to fully automate such
computation

» Computational cost depends on the structure of the model
» Exact inference:

The junction tree algorithm
e Approximate inference;

Loopy belief propagation, mean-field inference, Monte Carlo sampling @

Qletwork Workshop @ Santa Fe 12/5/2008




Inference as Optimization

e For a distribution p(X|6) associated with a complex graph,
computing the marginal (or conditional) probability of
arbitrary random variable(s) is intractable

e Variational methods
« formulating probabilistic inference as an optimization problem:

e.g. f* :arg maXfOI’ mln { F(f,P) }
fes

a (tractable) probability distribution
or, solutions to certain probabilistic queries

Qletwork Workshop @ Santa Fe 12/5/2008 @/
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Hierachical Bayestan Models

Qjetwork Workshop @ Santa Fe 12/5/2008 @
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Topic Models:How to model semantic?

e Q: What is it about?
¢ A: Mainly MT, with syntax, some learning

0.6 0.3 0.1 MIXlng A Hierarchical Phrase-Based Model
o o e . for Statistical Machine Translation
Proportion .
. We present a statistical phrase-based
MT Syntax Learning Translation model that uses hierarchical
phrases—phrases that contain sub-phrases.
The model is formally a synchronous
text-free grammar but is learned
Source I e .
‘om a bitext without any syntactic
Tar et Parse Ilkel | hOOd information. Thus it can be seen as a
g T ree E M shift to the formal machinery of syntax
SMT based translation systems without any
A linguistic commitment. In our experiments
Alignment Noun Hldden 8 using BLEU as a metric, the hierarchical
T Phrase based model achieves a relative
Score Phrase Parameters 8‘ Improvement of 7.5% over Pharaoh,
. ¢ a state-of-the-art phrase-based system.
BLEU Grammar Estimation| P y
CFG argMax V

T~

Unigram over vocabulary
Qletwork Workshop @ Santa Fe

Topic Models
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Admixture Models (Topic Models)

Generating a document

— Draw 6 from the prior
For each word »

-Draw z, from multinomia 1(0) 5
-Draw w, | z,,{f3,, } from multinomia l(ﬂ:“)
z
B w
K Ny
Which prior to use? N
L/( 4

Qletwork Workshop @ Santa Fe




) p* i
Approximate \6/
0 the Integral 0

P \152 ; ii«¢*

w

Approximate
P(0,21,|D) the Posterior 0.2,) =l 27)

n

)

\

p0)=3 | ‘J[ [Hp(x 18000, vw,.)]pw,m Y0, -+-dob,

p*’z*’(p‘l:n*
arg min kL(q|p) Solve Optimization
il Problem
Qletwork Workshop @ Santa Fe 12/5/2008 @/
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Variational Inference With no Tears

O Iterate until Convergence
% e Pretend you know E[Z,. ]
s * POIE[zy,], 1, %)

B z e Now you know E[6]
° P(Z1:n|E[e]' W1:n’ B1:k)

w

P(0{z}ID)

e More Formally: q*(Xc)=P(XC <Sy>q, Vye XMB)
Message Passing Scheme (GMF)

Equivalent to previous method (Xing et. al.2003)
Qletwork Workshop @ Santa Fe 12/5/2008
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Time Series Clustering Algorithms
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Clustering
[ ]
. ®
® ..‘. LY
®e o0
L ] I.
°® 08 40
'I.i
e How to label them ?
e How many clusters ??7?
12/5/2008 @/
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CGEGTTAGGAAATC 'I'l

™eT T TlealCcleac T C
TCTTAGA|GIGACTC

* Are there genetic prototypes among them ?
e What are they ?

¢ How many ? (how many ancestors do we have ?)
Qletwork Workshop @ Santa Fe

12/5/2008 @/

/;is INGRL

\aoratey e Saieal il g

Model Selection vs. Posterior Inference

¢ Model selection
* "intelligent" guess: 777
e cross validation: data-hungry ®

¢ information theoretic:
AIC

TIC } argminKL(f(-)|g(~|éML,K))
MDL : Parsimony, Ockam's Razor
e Bayes factor: need to compute data likelihood

e Posterior inference:

we want to handle uncertainty of model complexity explicitly

P(M|D) = p(D| M) p(M)
M={0,K}
 we favor a distribution that constrains #Min a "open" space!

12/5/2008 @/
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THCT T|T |G A
TCTTAGAGGACTC

* Better recovery of the ancestors leads to better haplotyping results (because of
more accurate grouping of common haplotypes)

e True haplotypes are obtainable with high cost, but they can validate model more
subjectively (as opposed to examining saliency of clustering)

¢ Many other biological/scientific utilities
Qletwork Workshop @ Santa Fe
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Essentially a clustering problem, but ...
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A Infinite (Mixture of) Allele Model
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e How?

» Via a nonparametric hierarchical Bayesian formalism !
(Xing et al 2004,2006)
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\samples, such a distribution is formally known as the Dirichlet Process (DP)

CRP defines an exchangeable distribution on partitions over an (infinite) sequence of
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e Gibbs sampling
¢ Metropolis Hasting

Qletwork Workshop @ Santa Fe
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DP

infinite mixture components
(for population haplotypes)

Likelihood model
(for individual
haplotypes and genotypes)

e Inference: Markov Chain Monte Carlo (MCMC)
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Inference as Stochastic Simulation

Gibbs sampling

Starting from some initial haplotype reconstruction H? , pick a first
table with an arbitrary a,, and form initial population-hap pool A®

~{a, "}

i) Choose an individual i and one of his/her two haplytopes t,
uniformly and at random, from all ambiguous individuals; o @

=

i) Sample (D from p(c(”l) |c(') HO® A(’)) , update (+1);
A =i, ! !

[}
d

ON

(t+1) (t) (1)
i) Sample a,f”l)’ where j _ Cl(,’ﬂ)’ from p(a, |Vhﬂ‘,‘ s.t. ¢ = k),
update AC*D) ;

:

i)y Sample /11,(1'1) from p(h[(’*l) |Cl(’*1), [—[Ef),A(’*l)) , update HU+D),

N
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Haplotyping Error

The Gabriel data

Haplotyping performance Haplotyping performance
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Summary
¢ Fitting Stochastic Models to Empirical Data:

» All variables are observed in all data (supervised)
* Some observed, some not, in all data (unsupervised)
« Some fully and some partially observed data (semi-supervised)

e Estimation principles (loss functions):
» Least mean squared prediction error

Maximal likelihood estimation (MLE)

« Maximal conditional likelihood

» Bayesian estimation

¢ Maximal "Margin“

e Learning with hidden variables
« Exact Inference
» Variational inference: Inference as optimization
« Sampling: Inference as stochastic simulation:
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