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The Vagabond Problem: Finding a partition {R;}X | of our states into regions that minimizes

ZP(Xt_—dt €Ri | X; €R))
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NP hard

It Ry and R disjo1 — &2
if R and R, are disjoint (Xg,,XR,) o = O

Recall: < f,g >o= f"|0|g



How we really solve this!?

Vagabond Theorem:
P(X,iai € R| X, € R) ~ ||xgl[ D, dt

proof:
PX,;;a: ER| X, €R) = P{X’;Ef SR’X)’ER) (def. conditional prob.)
_ DetjaPlhamid=) et
_ LickjckP {Xf+;’; ;fjlx’ =J)PXi=i) (def. conditional prob.)
_ LicRjek E{%’)P 141, ( instantaneous transition rate)
— E‘FEE?E" dt (®; = 1;m;)
= Yicr jerTiPij(Xr(E) — Xr(J ))2dt def.
= (1/2)¥; jmipij(xr()) —x&(j))*dt  (summand 0if i, j € Sori,j € R)
= (AR, AnXR) A1 Green’s Identity
= H%R”,%urdf conformal invariance

Q.E.D



Y P(Xerar €Ri | Xe € R) =) [ X&| |3,
i i

Now we can relax the Vagabond Problem and search for a w-orthonormal set {ﬁ-}f_l such that

L 2
E | fi’ |Li.:'r
i

1s minimized.

..........

Now we cluster in Euclidean space...



K-means

Simplest clustering algorithm is k-means
To run requires fixing K=#(Clusters)
Requires an Euclidean type embedding

We are attempting to minimizing a loss
function:

L=§ z(xi_luk)

k=1 x. €Cy



K-means algorithm:

|. Randomly choose points in each cluster and
compute centroids.

= Lloyd clustering/k-means clustering
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' . Maove to centroid
o
Do both in a
single step!

Example from: http://en.wikipedia.org/wiki/K-means_algorithm




2. Organize points by distance to the centroids.
3. Update centroids

= Lloyd clustering/k-means clustering

Add random
points

Associate
Cluster

Do bothiin a
single step!




4. Repeat...

= Lloyd clustering/k-means clustering

l'lﬁi
Clear |

Add random
points

Maove to centroid

Do both in a
single step!




...until stable.

= Lloyd clustering/k-means clustering

I'Iﬁi
Clear

Add random
points

Associate
Cluster

Do both in a
zingle step!




A hard part is choosing K=#(Clusters)

Elbowlogy:
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Though is practice this rarely works in a
complex multi-scalar system system



Now we can relax the Vagabond Problem and search for a w-orthonormal set { fi j-r‘_l such that

< 2
E ff |L‘e’r
i

18 mummized.

How!?

< fi,Aafi o= |fi |§m- 1s being used as a quadradic form, hence each term in the sum remains the same if

we view Ag an the Hermitian operator
Ag + AT
Co= 5.

In other words,
< f'-fﬁ'{ﬂf Fo=< f*CilJf >
and we have replaced the minimization problem with minimizing

E < .ﬂaﬂm.ﬂ' g
i < fr~fr :}'Ll]




and we have replaced the minimization problem with minimizing

< fi:Cafi >a
Er’ <fifizo Where (f: Cﬁ}g) — (Cﬁ}f:g)

Why is this good, well it takes two to Tango!

Cyw 18 our context aperator and being Hermitian allows us to use the spectral theorem and the Raileigh-Rtiz
method to 1dentify our Vagabond Embedding as the w-unit length eigenfunctions of C with the smallest

eigenvalues.

Spectral Theorem: If <,>is a Hermitian inner product
and <Av,w>=<y,Aw>, then there is an orthonormal
basis of A eigenvectors.
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The Context C Ay + Ay,

Information in Eigenfunctions
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http://www.youtube.com/watch?v=Uu6Ox5Lrh]g&feature=response_watch




The Green-Kelvin ldentity

(£.0f) = [ fofdi = [|Vf[ az (F8)= ] FIgCavelt

<f@=2fw&
(f.Af)=Y fw'd, - P)f— EW’P’(f f,)
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The perfect Vagabond
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Space of mathematics
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Embedding vagabond embeddlng






To(blue) =5, to(magenta) = 1/5, and to(other) = 1
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tries to become a cluster ...




To(blue) = 1/5, t9(magenta) = 1/5, and to(other) =1
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Kakawa’s Salted Carmel time! (well, except Kakawa wasn’t open)

What is the difference?

figure |
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close all
Show=0; N=100;

figure(l); [states WR TR]=SnakeRev(N,5, 'Vg',Show,1,1,1,1,1
figure(2); [states WR TR]=SnakeRev(N,5, 'Vg',Show,0,1,1,1,1,0,0,0,0,0,0,

figure 2
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The answer:

close all

Show=1; N=100;
figure(l); [states WR TR]=SnakeRev(N,5, 'Vg',Show,1,1,1,1,
figure(2); [states WR TR]=SnakeRev(N,5, 'Vg',Show,0,1,1,1,



Reversibility
P* = [Tl:]_lP”' ]
reversible if P = P~

Theorem: Reversible if and only if there is symmetric
conductance matrix such that

P=[W1]"'w
n=W1/(1"W1)
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Theorem: For a reversible chain, the vagabond embedding is the PCA of the
green’s embedding weighted by the equilibrium vector



Theorem: For any chain P, there is a unique (up to a
multiplicative constant) conductance WV and
divergence free, compatible flow F such that

P=[W1]"' (W+F) P*=[wW1] ' (W—F)

n=W1/(1"W1)
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Flow Independence Corollary: The vagabond embedding and Cg depend only on on the Conductance W

and and the equilibrium measure , and are independent of the flow F.

proof: Simply note

A Ay, PP i
Co = > = [1] (I 5 )_[r_ (I—-[n]"'W)

we have:
Q.E.D

Clearly the vagabond is missing half the geometry.
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Here we are going explore a scenario in our space. This scenario is going to be ‘cycle like behavior’, and

hence we must ask: what does a directed cycle look like from the point of view of the functions on the

chain?
chain function
o(2ri)
0 e s
I eme} 1(2mi)
\ \ e >
3 2 ‘ s

Shall we dance?
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More generally, cycles will support functions where there is a relatively large frequency K such that
E—:‘u:r E—:ﬂ f

1s pointwise relatively stable. One way to find largish ¥ such the function f and x pair locally minimize

; 2 . ‘e .
H%E":’“""ﬁ:”ﬂ |m| att = 0. So we are looking for critical points of
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More generally, cycles will support functions where there is a frequency ¥ such that

e —iKt E_m_ f

. . 2
15 pointwise relatively stable. One way to find such functions would be to minimize | if":”‘_ﬂﬁ'_f | | ., art=0.
Hence we are looking for critical points of
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We might call these local minima cycle functions. To get a sense for ‘largish’, putting a cycle on our toy
chain as in figure 1, we can compare the function in the figure 5, which for K = 0.541126346528966 has a
nearly zero derivative, to a random function (real and imaginary parts random in |0, 1] normalized to have
norm 1). For a random function we find its optimal K for minimizing the derivative and after 10000 runs the

largest such x < 10714,

Best frequency for randotn function
T

K=10.541126346528966
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How to find them...

Cycle Detection Lemma: If B, f = xf where S, = i®5%, then £ F =0.

proof:
0= & || e txrnf||T] - (definition)
=4 --{E'rt:—l—ﬂjle_["‘_i"]"'_f| |m . (matrix derivative, secl.1ex?? )
= 4 ||(ik+A)f| 2 (e* =Tatr=0)
= 4 ((ik+A)f,(iIK+A)f), (def. <,>0)
= {if,(IK+A)f) o+ IK+A)f.if) (chain rule )
= {f.(K—iA)f) o+ {(xk—iA)f, [l (conjugate linear)
= ({f,((x—iA) + (x—iA)") f),, (def. adjoint )
= {f,2(k— Su) )y (compute adjoint )

Q.E.D

K =10.541126346528966




The scenario operator:
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The scenario operator: §, = ;‘A_—ZA*

Condctance Independence Corollary: 5, depends only on the flow F and equilibrium vector @ and 1s

independent of conductance C. Furthermore the chain is reversible if and only if 54, = 0.

proof:
A . P—P T
Sleﬂw @ =j[r]! =it ] 'F =i[w]"'F
2 ' 2 S
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Eigenfunction in the Space of Mathematics
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Reality....
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Co-conformal Magnetization .
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Claim: The operator

allows us to detect scenarios which are

anomalous relative to the context
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Claim: The operator  j[Ay,, A%] = ApAl — AfAg

allows us to detect scenarios which are
anomalous relative to the context

r.k

— 0.5901 ‘([ﬁm}afﬂ])m — 0.315"

([ 83y,

= 0.0141

(180 A5,

i,

([80,83]), | = 0.0039



http://www.youtube.com/watch?v=KT/7x]0tjB4A




Mathematics of Quantum Mechanics

< f,8 >o=f"|0|g Hilbert Space
<W" W) =1 States
(W,Ad) = (Ay, 0) Measurements
(V,AY), = (A)y Expectation
Am o <A[l}>w
<ﬁ2>w' Deviation

=)



Why does this work?

The Uncertainty Principle for Markov Chains Lemma:

(9vCa) (0uSa) 2 ‘i (180, A0))y

proof: Notice
;Cmagm] = CoSe — SwCo = i;ﬂm:ﬂ;‘r:r

S0

|3 {[Aay Anl)y| = H {[C.;.;.,Cm_'}w‘ (def. plus foil)
= |3 {[Cs Ss }w_; (differ by constants)
= 1 {w,CoS0 — CaSuVy)| (definition)
= 3 [{Cuy, Soy) — (Say, Coy) | (self adjoint)
= |Im <ﬁmw,§mw}- (Hemitian Inner-product)
< [{Cow, Suw)| (la+ib| = Va* +b?)
< \/ (lep f.‘.;.;.lp} \/ @m‘-l"’ fmlpf} (Cauchy-Schwarz inequality)

=/ (w.Caw)/ (w. 52v) (Self adjoint)
= (6yCa) (OySa) (defintion)

Q.E.D



