Activity-dependent growth and self-organization in a neural network model
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The development of neural circuits is determined to a large extent by experience during critical
periods of early postnatal life. Several interacting processes have been identified to be involved
in the formation of new synaptic connections and the elimination of already existing connections:
functional competition between inputs, neuronal activity, structural consolidation at the end of the
critical period and regulation of synaptic connections by experience. In this study we introduce a
neuron model for activity-dependent growth and self-organization of a neural network based on a
neurobiologically plausible mechanism of competition for neurotrophic growth factors among synap-
tic connections inside every neuron. We extend previous models by including a detailed topological
model of neuronal outgrowth in combination with recurrent lateral excitation among neurons. In
a series of simulation studies we investigate the influence of neurotrophic factors and firing rate
dynamics on the connectivity of generated neural networks. We find that providing a network of
initially fully connected neurons with two different baseline input patterns leads to differentiation
into two corresponding clusters. Furthermore, we show that the total amount of neurotrophic fac-
tors available for each neuron plays an important role in the development of the connectivity of the
neural network and we hypothesize that this might be involved in the initialization and dynamics

of critical periods.

I. INTRODUCTION

Cortical plasticity occurs extensively throughout the
life cycle [1], yet most computational models of neural
function treat neural networks as static with regard to
rewiring. Models that explore the space of rules gov-
erning neural development could potentially produce in-
sights into the way that normal and pathological net-
work structures arise. Patterned neural activity from the
retina plays an important role in the formation of struc-
tured maps in higher processing centers of the cerebral
cortex [2]. Competition between neural inputs plays an
important role in this process - sensory deprivation in
one eye causes the cortical representation of that eye to
shrink while the representation of the opposite eye grows
[3]. A class of neural growth factors (neurotrophins) has
been suggested as the central mediator of this activity-
dependent competition [4], because (1) overexpression of
neurotrophins abolishes the effects of monocular depri-
vation and (2) neurotrophins are necessary for both the
growth of axonal fibers and the of neural connections [5].

Harris et al [6] proposed a simple, biologically plausi-
ble model of the role of competition for neurotrophins in
the self-organization of cortical neurons into two columns
representing inputs from the left and right eyes, respec-
tively. Van Ooyen and Van Pelt [7, 8] created a sim-
ple model for generating connections between neurons
in the developing brain - the growth zone of each neu-
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ron is represented by a circle whose radius changes in an
activity-dependent manner, and when the circles overlap,
the neurons are said to have established a connection.

Here, we propose a model that combines these two
models by allowing neurotrophin levels to control both
the strength of existing connections and the search for
new connections. This is biologically plausible, since neu-
rotrophins regulate both neural growth and the plasticity
of neural connections. We use this model to develop a
network of directed, weighted connections and then an-
alyze the resulting network topologies. Despite the exis-
tence of detailed descriptive models [9] dealing with the
development of the visual system, the topological conse-
quences of neurons competing for scarce resources have
not been considered. By studying the network topologies
that result from this simple model, we hope to gain in-
sight into the mechanisms by which neurons self-organize
into functional groups in the visual cortex.

II. THE MODEL

The model describes the formation of a connected net-
work between a fixed number of neurons, distributed ran-
domly across the unit square. Neurons in the network fire
with a certain rate r;(¢) and transmit this information to
all connected neurons according to the strength of the
connection, denoted by w;;(t) for a connection from neu-
ron j to neuron ¢. Initially all neurons are unconnected.

In order to study the outgrowth and development of
neuronal connections we modeled these as depending
on changes in the use and distribution of neurotrophic
growth factors, referred to as neurotrophin (N). The
total amount of neurotrophin available to each neuron



was held constant. In the development of the network,
the neuron’s neurotrophin could be distributed to enlarge
the growth region of the neuron in order to establish new
connections or to increase the strength of existing incom-
ing synaptic connections. We denote the amount of neu-
rothrophin allocated by neuron ¢ to all incoming synaptic
connection from neuron j by n;;(t).

The outgrowth of neuritic axons and dendrites is de-
scribed in a way similar to [7, 8]. There’s no distinc-
tion between axonal and dendritic outgrowth regions and
both are modeled as a circle with variable radius a;(t)
around the position of each neuron. Whereas in [7, §]
the radius depends only on the firing rate of each neu-
ron, we introduced a dependence on neurotrophin.

The behavior of neuron 7 is therefore governed by a set
of four dynamic variables: the rate r;(t), the vector of
connection strengths w;;(t), the vector of allocated neu-
rotrophin n;;(t) and the radius of the growth region a;(t).
For ease of notation we will further on drop the explicit
notation of time dependency and denote the variables by
75,W;5,n4; and a; respectively. In the following we will in-
troduce and discuss the differential equations governing
these variables.

A. Firing rate

Each neuron is modeled as a firing rate neuron. The
rate of neuron ¢, r;, depends on the rates of all the other
neurons to which it is connected according to

exp (Z] w;;Tj + ro) -1

exp (ZJ w;Ty + ro) +1

(1)

Ty =

where w;; denotes the strength of the synaptic connec-
tions going from neuron j to neuron i, w;; = 0 for un-
connected neurons, and o = 1 is a baseline input. The
model in [6] used a linear mapping from input to output.
Since we restricted the model to excitatory connections
this would have meant a positive feedback loop and the
infinite growth of firing rates. Therefore, the non-linear
function in Eq. 1 is used to constrain the firing rate be-
tween 0 and 1. Figure 1 gives the graph of Eq. 1 as
a function of the input sum. Note that it is an almost
linear mapping for small weighted input sums.

B. Synaptic connection strengths

The synaptic connection strengths w;; change accord-
ing to

Twij = nigrir; (1 — wij) — riwy; (2)

which can be seen as a modification of Ojas rule [10], i.e.
a linearized version of the normalized Hebbian Learning
rule. The first modification is the introduction of the
(1 — w;;) term, which keeps the weights below 1. The
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FIG. 1: The firing rate of a single neuron as a function of the
sum of the inputs.

second is that the growth rate is made proportional to
145, the total amount of neurotrophin allocated by neuron
1 to incoming connections from neuron j. Note that Eq.
2 is different from the equation used in [6], since here the
decay term is proportional to the square of the firing rate
r;. The time constant 7,, was set to 7, = .005.

C. Allocation of neurotrophin

As in [6] the allocation of neurotrophin is governed by:

Tn”flij = N — Znij wij — nnij (3)
J

where 1 = .01 is a decay constant and 7,, = .005. Similar
to Eq. 2 the growth rate is proportional to the synaptic
strength, which amounts to a positive coupling between
ni; and w;;.

D. Outgrowth regions

The change in radius a; of the growth region is gov-
erned by the fraction of neurotrophin not allocated to
any of the incoming connections (N — 3 n;;) according
to

. «
TaQi = N N — Zm‘j —a; (4)
J

where the choice of & = .5 determines the maximum
radius. If the growth regions of two unconnected neu-
rons - say of neuron 4 and j - overlap, the corresponding
neurons ¢ and j will establish an initially bidirectional
connection and their connection strengths w;; and wj;
are set to a constant small initial value wg = .01. We
have set 7, = .5.



FIG. 2: The evolution of the network over time for simultaneous seeding of neurons (a-e) and random pop-up (f-j). Small red
circles show the position of the neurons, the growth region of each neuron - if larger than 0 - is given by the black circle. Lines
between neurons denote connections. (e) and (j) only show the final network connectivity.
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FIG. 3: Evolution of each neurons radius as a function of
time. The radius grows and shrinks as the weights of the
connections are strengthened and weakened. Many neurons
are seen to exhibit overshoot - their radius grows initially and
then shrinks.

III. RESULTS

Here we discuss two different models used to study
neuronal growth under the previously described dynam-
ics. First, we examine a many neuron model in which

neurons are placed on a grid and allowed to grow over
time, establishing weighted connections with other neu-
rons. We then examine the degree distribution of the re-
sulting network. Next, we examine a four neuron model
in which all neurons are fully connected and show that
distinct groups of neurons emerge when given different
baseline inputs.

A. Many neuron model

In this simulation, neurons are randomly placed on a
lattice and allowed to evolve under the dynamics given
by Eqns. 1-4. We studied two cases of neuron placement.
In the first case, 50 neurons are simultaneously placed on
the grid and allowed to evolve over time as shown in Fig.
2 (a-e). As seen in Fig. 3, the radii of the neurons grow
over time, and then in many neurons, the radius actually
begins to shrink after some amount of time. This reflects
a biological phenomenon known as overshoot in which the
growth cone of a neuron will expand over some region but
then shrink after the establishment of synapses. In this
case, the resulting network structure is largely dependent
on the initial placement of neurons, ie, regions of dense
neurons will be densely connected, while regions with
few neurons will develop a sparse number of connections.
In order to remove some of the effects of neuronal dis-
tribution, we then ran a simulation where neurons were
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FIG. 4: The final in-degree distribution shown for 10 simula-
tions with all 200 neurons seeded simultaneously. (a) N = .1
(b)) N=.5(c) N=1(d) N=2 (e) N=5 As the amount of
neurotrophins is increased, the peak of the distribution shifts
to a larger number. However, for large N (N = 5), the peak
no longer continues to shift to the right. In this case, the
depletion of the supply of neurotrophins does not occur and
is no longer a factor in neuron growth.

allowed to randomly pop-up in time (still with a random
placement) throughout the simulation as shown in Fig. 2
(f-j). This was done so that the neurons would not nec-
essarily only establish connections with their neighbors,
but could establish longer range connections as well. The
final network structure for the two cases was quite dif-
ferent implying that the spatial initial placement of the
neurons plays a large role in the resulting network struc-
ture.

In attempt to remove the effects of neuron placement,
we increased the number of neurons used to 200, which
increased the density of neurons on the grid and led to
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FIG. 5: The final out-degree distribution shown for 10 simula-
tions with all 200 neurons seeded simultaneously. (a) N = .1
(b)) N=5() N=1(d) N =2 (e) N =5 Here we see a
behavior similar to the case of the in-degree distribution.

a more uniform spatial distribution of neurons. We then
allowed the neurons to evolve and evaluated their final
network structure by examining the degree distribution.
Figure 4 shows the final in-degree distribution for 10 sim-
ulations for 5 different levels of total neurotrophin. As
the amount of available neurotrophin is increased, we see
a shift in the peak of the distribution toward a higher
degree. This reflects the neurons ability to maintain
more connections with the higher level of available neu-
rotrophin. However, beyond a certain point (N = 2),
this increase stops. At this point, the neurons are not
able to exhaust the supply of neurotrophin so having ad-
ditional neurotrophin available does not create a shift in
the distribution. In Fig. 5 we see that the out-degree
distribution follows a similar pattern.
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FIG. 6: Dynamical changes in the baseline input for simula-
tions of the fully connected 4 neuron model.

B. Four neuron model

In this simulation we study the influence of the to-
tal amount of neurotrophin available to neurons on the
ability of the network to reflect correlations in the input
firing rates. That is, how the classical Hebb paradigm of
increased connection strength between neurons with cor-
related firing dynamics [11] is modulated by the influence
of neurotrophin competition.

To decrease the computational demand we investigate
a toy network of 4 fully connected neurons with equal
initial connection weights w;;(0) = 0.1 and their dy-
namics given by Eqgs. 1-3. Initially all neurons receive
the same noisy baseline input r(t) = 0.5 + €(t), where
€(t) are normally distributed random variables with mean
0 and standard deviation 0.01 computed for each itera-
tion. After 5000 iterations the baseline input shifts into
a switching dynamic as shown in Fig. 6. For 500 itera-
tions neurons 1 and 2, group A, receive elevated baseline
input ro(t) = 1.5 4 €(t), then for another 500 iterations
all neurons receive again the same lower baseline input.
Now, for 500 iterations neurons 3 and 4, group B, receive
elevated baseline input, then again 500 iterations of equal
baseline input. This switching dynamic between groups
is kept for a total of 10000 iterations, followed by 5000
iterations of equal baseline input for all neurons.

Results for different runs of the simulation with dif-
ferent amounts of neurotrophin (N = 0.5, 0.7, and 1.2)
are shown in Fig. 7. Plotted as straight lines are the
firing rates for all four neurons. The dotted lines show
the strengths of incoming connections to neuron 1. For
the ease of clarity we do not show incoming connection
strengths to neurons 2, 3, and 4, which show the same
grouping dynamics.

The total amount of neurotrophin affects the dynamics
of the network. For low levels of neurotrophin (N = 0.5)
the connection strengths decrease asymptotically to zero,
independent of the input group. For intermediated levels
(N = 0.7) one can see the differentiation of the network
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FIG. 7: Firing rate and connection strength dynamics for
three different levels of total neurotrophin available to each
neuron. (a) N =0.5(b) N=0.7 (¢c) N=1.2

connectivity according to input group. Whereas the con-
nection strength to neurons in the same group increase,
here wyo, those to other groups decrease to zero. If the
amount of neurotrophin is set to a large value (N = 1.2),
no competition takes place and the connection strengths
vary periodically reflecting the input switching dynamic.



IV. DISCUSSION AND CONCLUSIONS

The model combines the formation and dynamics of
synaptic connections in a neural network, subject to a
biologically plausible constraint mechanism. It displays
overshoot of the growth area followed by contraction to
a steady state. This phenomenon has been widely ob-
served in a number of aspects of neural development, in-
cluding the number of synaptic connections. The steady
state connectivity depends crucially on the amount of
neurotrophin available, as reflected in changes in the in-
and out-degree distributions of the connectivity matrix.
Future work should examine the resulting degree distri-
butions in a manner which also takes into account the
weight of each connection.

We were also able to show using a small four neu-
ron model that existing connections are still plastic
to changes according to different input patterns. The
mechanism of competition for neurotrophin between the
synaptic input strengths of every neuron can lead to the
separation of the network into functionally defined mod-
ules. We hypothesize that the introduction of different

baseline firing rates into the larger model would also lead
to the separation of the network into separate communi-
ties.

Further research is needed to study the firing rate dy-
namics, the plasticity and formation of functional mod-
ules during the outgrowth and establishment of neuronal
connections. Studying the recovery of artificially dam-
aged networks, e.g. by cutting randomly or spatially re-
stricted neuronal connections could lead to insights into
the ability of networks to recover and again form connec-
tions. The introduction of a time dynamic of the total
amount of neurotrophin available to each neuron could
lead to the on- and offset of critical periods during which
competition and outgrowth take place.
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