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Abstract 
 

During foraging processes, animals must optimize their chances of locating food targets 

by sampling the territory with different stochastic search strategies. Recent 

investigations have reinforced the idea that Lévy walks have beneficial statistical 

properties that enhance encounter rates when randomly sampling space. Using a 

generational mutation-based evolutionary algorithm, we have evolved stochastic search 

strategies starting from random populations of Lévy walkers that can perform all 

possible types of motion, going from Brownian to ballistic. We determined that the 

optimal Lévy index of µ=2, emerges from this evolutionary process by means of 

reproduction, mutation, and selection on Lévy indexes based encounter success. 
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Introduction 
 

In an optimal foraging process, searching is only a single function from a list of many 

tasks. A typical foraging process combines a sequence of actions ranging from spatially 

searching for targets to the point of encounter, selection, pursuing, handling, ingestion, 

and digestion of the located target. The relative importance of searching in this process 

is determined by the spatial scales of the explored area, relative to the perception 

abilities of the animal. When foraging with reduced perception or limited information on 

target locations, animals must optimize their chances of locating targets by sampling the 

space with different stochastic strategies (Bartumeus 2007). 

 

Recent investigations have reinforced the idea that a certain class of random walks, the 

so-called Lévy walks (LWs), involve beneficial statistical properties that enhance 

encounter rates when randomly sampling space (Viswanathan et al. 1999, Bartumeus et 

al. 2001, Bartumeus et al. 2005). Random walks are simple stochastic processes 

consisting of a discrete sequence of displacement events (i.e., move lengths) separated 

by successive reorientation events (i.e., turning angles). The statistical distribution of 

move lengths on the one hand, and the statistical distribution of changes in direction 

(i.e., turning angles) on the other, describe the stochastic process. In particular, LW 

models consist of a power-law distribution for the move lengths and a uniform 

distribution for the turning angles (Lévy 1965). Sums of variables with a power law 

exponent µ that lies in the interval 1 < µ ≤ 3 converge to the Lévy stable distribution, 

with a Lévy index of α = µ-1. In the case of µ ≤ 1, the distribution cannot be normalized 

and when µ > 3 the Lévy stable distribution converges to a Gaussian distribution due to 

the Central Limit Theorem, making this a Brownian motion. In practice, the exponent of 

the power-law µ controls the range of correlations in the movement. LW models thus 

comprise a rich variety of walks ranging from Brownian (µ ≥ 3) to ballistic motion, 

leading to straight-line paths in the limit of  µ →1 (see Figure 1). 

 

Stochastic processes arising from Lévy stable distributions are tightly related to fractal 

geometry and anomalous diffusion phenomena (Mandelbrot 1977, Shlesinger et al. 

1995). Indeed, the fundamental statistical properties of LWs, which are fractality and 

superdifusion, emerge precisely from the existence of power law (i.e., scale-free) move 
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lengths. These two properties are at the root of the optimization process in random 

searching (Bartumeus et al. 2005). The benefits of these two properties are held in a 

wide range of search scenarios covering different space dimensions (Bartumeus 2007), 

searching dynamics (Raposo et al. 2003, Santos et al. 2004), target sizes, velocities, and 

behavior (Bartumeus et al. 2002, Santos et al. 2004). In particular, LWs with Lévy index 

of µ=2 are optimal stochastic search strategies in non-destructive type  searches; that is, 

those searching processes were targets can be revisited (Viswanathan et al. 1999). This 

type of LW solves the spatial trade-off between visiting new targets which could be 

distant, to re-visiting nearby ones. This trade-off could potentially offer an evolutionary 

explanation for the pervading presence of fractality in animal movement (Bartumeus 

2007). Indeed, LWs with exponent µ=2 have been observed in a wide range of animal 

movement data involving large-spatial and long-temporal scales. To date, it has been 

observed in soil amoebas (Levandowsky et al. 1997), planktonic organisms (Bartumeus 

et al. 2003), bumble bees (Heinrich 1979), seabirds (Fritz et al. 2003), large terrestrial 

herbivores (Marell et al. 2002), social cannids (Atkinson et al. 2002), arboreal primates 

(Ramos-Fernandez et al. 2004), Arctic seals (Austin et al. 2004), and even in human 

activities (Bertrand et al.2005, Brockmann et al. 2007).    

 

Typically, theoretical studies on LWs involve sets of simulations with fixed Lévy 

indexes ranging between 1 < µ ≤ 3 which are not free to change during the searching 

process. The aim of the present study is to evolve optimal stochastic search strategies 

starting from random populations of Lévy walkers that can perform all possible types of 

motion, ranging from Brownian to ballistic. More specifically, we want to determine if 

the optimal Lévy index of µ=2 (Viswanathan et al. 1999), will indeed emerge from an 

evolutionary process by means of reproduction, mutation, and selection on Lévy indexes 

based encounter success.  

 

 

The simulations 
 

We generated the Lévy walks by sampling move lengths from a power-law distribution, 

which represents the tail of the Lévy-stable distribution, and turning angles from a 

uniform distribution in the following way: 
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(1)  
1

1
0l l u µ−= ⋅  

 

such that l is a move length, l0 is the minimum move length, u is a uniformly distributed 

random variable ( [ ]0,1u∈ ), and µ  is the power law exponent. After a move length l 

had been sampled, the searcher moved in a random direction for these l steps, or until a 

target was encountered. In the case of target encounter, the searcher stopped and chose a 

new move length and direction. 

 

Lévy walkers searched for non-mobile uniformly distributed target sites in a one-

dimensional space with periodic boundary conditions. In the case of nondestructive 

searches, the searcher can visit the same target site many times. This accounts for those 

cases in which target sites become only temporarily depleted or searchers become 

satiated and leave the area. We defined the search efficiency function as the ratio of the 

number of target sites visited to the total distance traversed by the searcher. 

 

The statistical properties of random-walk models should be evaluated at the long-term 

limit (i.e., large spatial scales and long temporal scales). When running simulations, this 

means that both the turning angle and the move length probability distributions should 

be thoroughly sampled (i.e., this is especially important with long-tailed probability 

distributions). The long term statistical properties of random searches only emerge once 

a minimum amount of time and space are included in the search. Thus, all simulations 

performed herein were run for of a total of 106 time steps. 

 

Previous studies have shown that the statistical features of Lévy walks only become 

relevant at low densities of targets (Viswanathan et al. 1999, Bartumeus et al. 2005). The 

average distance between targets, also known as the mean free path (λ ), is a key 

parameter when studying random search strategies, and it scales as: 

 

(2)  
T

L
RN

λ =  
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where L is the length of the 1D toroidal space (e.g., L = 250,000), R is the sum of the 

radius of the target site and the radius of the searcher (e.g., R = 1), and NT is the number 

of targets (e.g., NT = 25). The number of targets was set under the assumption 

that 10,000λ = , which is a value chosen on the basis of previous theoretical work 

(Viswanathan et al. 1999, Bartumeus et al. 2005).  

 
 

 

The evolutionary algorithm 
 

Populations of Lévy walkers were evolved using a generational, mutation-based 

evolutionary algorithm. The population size was held constant in all experiments at 25 

individuals, where each individual comprised a single Lévy index, represented as a 

floating point value µ, such that 1 < µ ≤ 3. In order to fairly sample the space of 

stochastic search strategies, the initial population ranged from µ = 1.1 to µ = 3 in linearly 

spaced increments (an arbitrary lower bound of µ = 1.1 was chosen since for values of µ 

≤ 1, the distribution cannot be normalized, as previously mentioned). The evolutionary 

process is outlined in Figure 2 and detailed below. 

 

In each generation, a total of NT = 25 targets were randomly placed along the 1D 

toroidal lattice of length L = 250,000. Each individual in the population was then placed 

in the lattice, one at a time, and allowed to search for these targets according to the 

individual’s respective move length distribution (equation 1). For each individual, the 

simulation proceeded for a total of 106 time steps, where a single time step is equivalent 

to l0 = 1. The fitness of an individual was then assessed simply as its search efficiency. 

 

Selection was implemented using binary tournaments. At the end of each generation, 

two individuals were randomly selected from the population, with replacement, and the 

individual possessing higher fitness (i.e., search efficiency) was selected to produce an 

offspring. This process was repeated 25 times, such that a total of 25 individuals were 

selected to produce offspring. Note that it is possible for certain individuals to produce 

more than one offspring in a single generation, since selection is made with replacement. 
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Offspring were created as follows. With mutation probability pm = 0.5, each of the 25 

selected individuals underwent a form of Gaussian mutation. Specifically, a normally 

distributed random variable with mean 0 and standard deviation σ  was added to the 

individual’s Lévy index: 

 

(3)  ( )0,Nµ µ σ′ = +  

 

where σ  decreased monotonically from a baseline value of 0 0.1σ = , as a function of 

the ratio of generation number tgen to total generations tmax: 

 

(4)  ( )0 max1 gent tσ σ= −  

 

If an individual’s Lévy index mutated to a value outside of the range 1.1 ≤ µ ≤ 3, then 

that Lévy index was reset to the boundary of the range that it violated; i.e., if the Lévy 

index mutated to µ = 3.2, it would be reset to µ = 3.  

 

 

Experimental Design 
 

In order to mitigate the stochasticity inherent in the evolutionary algorithm, a total of 25 

independent trials were performed. In each independent trial, the population was 

allowed to evolve for a total of tmax = 50 generations. In each generation, every 

individual was initially placed in the same location and presented with an identical 

environment (i.e., the targets were placed in the same positions). The locations of the 

targets were then randomly shuffled at the onset of each new generation. For all 

experiments, L = 250,000 and Nt = 25, such that λ = 10,000 (as defined in equation 2). 

Both the evolutionary algorithm and the simulation environment were written in the 

Matlab programming language. 
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Results 
 

During each trial, the Lévy indexes of every member of the population were recorded at 

each generation. Figure 3 reports the time evolution of the Lévy indexes for all 25 

independent trials. It is apparent from this Figure that while the initial population had 

Lévy indexes uniformly distributed in the interval [ ]1.1,3µ∈ , as soon as the 5th  

generation is reached the selection process clearly eliminates from the population 

individuals with Lévy index corresponding to the less efficient strategies: the ballistic 

( 1.1µ = ) and the Brownian ( 3µ = ) motions. As generation time proceeds, Lévy 

walkers with low encounter rates are gradually discarded and the Lévy indexes of the 

population converge to circa 2~µ . Thus, the optimal Lévy index 2µ =  spontaneously 

emerges as a consequence of the selective process on the encounter success of the Lévy 

walkers. 

 

A tractable measure of this observed convergence is the proportion, at each generation, 

of the population having Lévy indexes close to 2µ = . In Figure 4, we plot the proportion 

of the population with 1.8 2.2µ≤ ≤  has a function of generation time. This Figure, 

which expresses the speed of convergence of the population, reveals that less than 15 

generations of the evolutionary algorithm are necessary for 80% of the population to 

segregate around 2µ = . During the remaining generations, the population evolves more 

progressively and by the 40th generation, at least 95% of the population has Lévy 

indexes near the optimal value.                                                                                                                       

           

We have also investigated the distribution of the effective flights carried by the Lévy 

walkers during the final generation of the evolutionary process, i.e., once total 

convergence has been reached. During the searching process, each individual terminates 

its flight as soon as he encounters a food target. Therefore there is a difference between 

the length of the flight sampled from the distribution (equation 1) and the length of the 

effective flight. This distribution is given in Figure 5.                                                                 

          

To assess whether this distribution followed power-law behavior, we have placed the 

data into 2k bin widths, dividing the frequency of observations in each bin by the bin 
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width and the total number of flights. This method gives a good estimate of the 

probability density function for flight lengths: 

 

(5) ( ) ( )( )1 2 ,k
k kf n s S k N= ∈   

 

where sk is the frequency of flights in bin k, S is total number of flights and 2k is the 

width of each bin (Pueyo 2006, Sims et al. 2006). We then used a logarithmic 

transformation on these values to assess the central value for each bin (i.e., the 

geometric mean of the interval). In this scheme a linear fit would indicate the existence 

of a power law distribution. 

  

Figure 5 shows good agreements between the effective flights distribution and the 

power-law Lévy distribution of index 2µ = . This implies that the walkers at the end of 

the optimization process do in fact follow a Lévy distribution with optimal index 2µ = . 

The observed low-frequency discrepancy for the long-length flights is attributed to the 

frequent truncation of the long sampled flights; that is, long move lengths are often 

truncated due to target encounter events. 

 

     

Discussion 
 

We have demonstrated that when Lévy indexes of searchers are allowed to vary whilst a 

searching process is taking place, the stochastic search strategy converges to the optimal 

Lévy index of µ=2 under reproduction, mutation, and selection.  The early elimination of 

the ballistic (µ = 1.1) and the Browian (µ =3) search strategies in this evolutionary 

process indicates that searching for food targets either by simply traveling to long-

distance sites or by re-visiting nearby sites are not efficient methods to sample low-

density, non-destructive targets. On the other hand, the persistence of the strategies with 

Lévy index in the range 1.8 ≤ µ ≤ 2.2 suggests, as it has been proposed before 

(Viswanathan et al. 1999), that optimality is achieved by a compromise between these 

two opposed strategies. The emergence of the optimal Lévy index µ=2 is quite 
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remarkable as it strengthened the hypothesis that such widely adopted search strategy 

might have indeed arose through an evolutionary process.  
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Figures 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Examples of Lévy walks generated by power law distributions with different 

Lévy indexes, ranging from 1.5µ =  representing ballistic motion, to 3µ =  representing 

Brownian motion.   
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Figure 2: Schematic representation of the generational mutation-based evolutionary 

algorithm. 
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Figure 3:  Lévy indexes in the population as function of generation time. Each point 

represents the Lévy index of one member of the population at a given generation. This 

Figure comprises 25 independent simulation replicates.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Proportion of the population with 1.8 ≤ µ ≤ 2.2 as a function of generation 

time. Each point has been averaged over 25 simulation replicates. 

 

 

 

 



 15

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: 

The dashed line shows the sampled flight distribution for µ=2 (i.e., a power-law Lévy 

distribution as defined by equation 1) and the black squares show the logarithmic 

binning histogram of the effective flight distribution. The match between both 

distributions implies that at the end of the optimization process, the walkers follow a 

Lévy distribution with optimal index 2µ =  

          

 


