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“…And here’s how it all  began” *: 
Reflections on the first SFI Summer School 

David K. Campbell, Boston University July 8, 2018 
 

* With apologies to The Eagles, “Hell Freezes Over” 
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Prolog: Axioms for Lecturers 

•  Kac Axiom: “Tell the truth, nothing but 
the truth, but NOT the whole truth.” 

•  Weisskopf Axiom: “It is better to 
uncover a little than to cover a lot.” 

•  But we all tend to follow the Rubbia 
lemma: “the more, the merrier” 

•  TTN: What was the remark?  
                        “Faster” 
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An aside based on DK’s comments yesterday 

§  A slight rephrasing of DK’s comments on reduction(ism) vs. 
“emergence”, which could also be called “constructivism”. 

§  Key article, first real explanation is by another founding member 
of SFI: Philip Anderson, “More is Different” Science 177 
393-396 (1972 !!).  

§  This is the essence of “emergence”: new phenomena at very 
scale. I urge you all to find and read this paper. 

   3 
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The Players: Faculty 
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The Players: (Selected) Students 

§  Total of 57 students attended, mostly still 
graduate students 

§  Can’t include everybody but here are some familiar 
names, as listed at the time: Mr. Richard Bagley, 
Mr. Aviv Bergman, Mr. Philippe Binder, Dr. Lloyd 
Demetrius, Mr. Wentian Li, Mr. Seth Lloyd, Mr. 
Ronnie Mainieri, Mr. John Miller, Ms. Sarah Ann 
Scholfield, Mr. Nicholas Tufillaro, Mr. David 
Wolpert, Ms. Kornelija Zgonc 

§  Mostly from physics and math backgrounds, some 
medical, some social scientists 
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Here’s what they had to cope with 
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A real palimpsest 
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Here’s what they had to cope with 
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Outline of Rest of Talk   
•  Intuition on linear versus non-linear 
•  Why interest in nonlinear science ? 
•  Paradigms of nonlinearity:  from concept to 

practicality 
•  Chaos and Fractals 
•  Solitons and Coherent Structures 
•  Patterns and Complex Configurations 
•  Summary and Conclusion 
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Intuition on Linear versus Non-Linear 

•  Can add two separate solutions 
to form new solution:  
superposition principle => 
systematic methods for solving 
linear problems, independent of 
apparent complexity:  break 
into small “simple” pieces and 
add solutions together 

•  Can not add together solutions 
to form new solution: failure of 
superposition => must solve 
nonlinear system in toto 

•  (a+b)2= a2+2ab+b2 

                      ≠ a2+b2 

Mathematically 
        Linear   versus   Non-Linear 
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Intuition on Linear versus Non-Linear 

•  Smooth, regular motion in 
space/time and as function of 
parameters 

•  Response in proportion to 
stimulation 

•  Initial pulses/lumps (typically) 
spread and decay (dispersion) 

•  Transitions from smooth 
motion to erratic “chaotic” 
motion, “random” behavior 

•  Self-sustaining oscillations, 
response can differ from 
stimulation 

•  Highly coherent, stable 
localized spatial structures 

Physically 
     Linear           versus   Non-Linear 
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Nonlinear Dynamical Systems 
Def: Dynamical system: a system that changes in time, e.g., a    
        pendulum, a flower, or the human heart 
     Your heart is a nonlinear, dissipative (i.e., energy is not conserved) 

dynamical system.  Normally, the heart has self-sustained oscillations 
(≈70/minute). Rate can change with stress, but (more or less) returns 
to a  

Limit Cycle Attractor 
Unfortunately, there is another stable motion for heart:  no beating at 

all, or a 
Fixed Point Attractor 

                    TTN: What is this called clinically?    
But many other motions are possible (“atrial fibrillations,” “Wenkebach 

oscillations”):  some of these cardiac arrhythmias have very complex 
behavior in time, maybe a 

Strange Attractor 
(Hallmark of dissipative deterministic chaos) 

A: Death 
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Heart Failure 

TTN: Which is the healthy heart pattern? 
A. L. Goldberger et al., Proc. Nat. Acad. Sci. (USA) 99 suppl1: 2466 (2002) 

Heart Failure Heart Failure 

Atrial Fibrillations Normal 

Variability in heart rate is key to ability to adapt to different 
situations, stresses; typical of nonlinear biological oscillators 
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Why the Interest in Nonlinear Science? 
•  “Non-elephants?” (Ulam)—Study of everything? No! 
•  Rapid progress from “synergetic” interactions of: 

1.  “Experimental Mathematics” including interactive graphics 
2.  High precision measurements of natural phenomena, 

interdisciplinary 
3.  New analytic methods (IST, Nonlinear stability) 

•  This “tripartite methodology” has not led to completely systematic 
approach but to recognition of several “paradigms” reflecting 
common (universal ?) features of nonlinear systems: three 
“foundational” paradigms 

Solitons/Coherent 
Structures 
 
Persistent, localized 
spatial structures 

Deterministic Chaos/
Fractals 
 
Apparently random 
behavior in deterministic 
systems/structure on all 
scales 

Patterns/Complex 
Configurations 
 
Formation of complex spatial 
patterns and dynamical 
competition to select among 
them 
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Two more recent Paradigms  

§  Adaptation/Evolution/Learning: nonlinear systems that 
can modify behavior in response to environmental changes; 
exhibit emergence, self-organizing behavior 

§  Networks: interacting nonlinear systems: nonlinear systems 
on graphs (e.g., hub-spoke, long connection, random, …)   

       
      These form the bridge between “Nonlinear Science” and 

what we now call “Complexity” or “Complex Systems.”  
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Deterministic Chaos and Fractals 
Seemingly random behavior in deterministic systems, e.g., those obeying 

Newton’s Laws 

F = ma 
Very non-intuitive at first.  Why? “Clockwork Universe” view (Laplace) 
                ●                                                                ● 
        ●                                                                ●          
                       ●                                                                ● 
From exact knowledge of initial state comes exact knowledge of final state:  
True, BUT, exact knowledge not achievable in real world experiment.  Hidden 

assumption has been that from roughly the same initial conditions follow 
roughly the same final conditions:  

                         This is not true for certain nonlinear systems 
Sensitive dependence on initial conditions 

Familiar example:  weather, tornado (Poincaré) 
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Essence of Chaos 

•  Sensitivity to initial conditions, smallest error grows 
exponentially in time: exponent is called “Lyapunov 
exponent” λ and for λ > 0 the system is chaotic 

•  Geometrical essence of chaos is “stretching” (by eλ ) and 
“folding” (so that motion remains in a finite region). 
Exactly like a baker making a croissant or mille feuille 
pastery: rolling it out (“stretching”) and folding it over 
(“folding”!) 
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Chaos in the “Standard Map” 

•  Chaos in energy-conserving (non-dissipative) systems: There can be 
no attractors, as phase space volume is conserved. Instead, “Cantor 
dust” of wandering orbits (see images below) 

•  Simple example: the “Standard Map” : two-dimensional area-
preserving  

             (Mod 1)               pn+1 = pn – k(/2π) sin 2π qn 
qn+1 = qn  +  pn+1 

•  For k=0 (i.e. no nonlinearity) pn+1 = pn = p0 , qn+1 = qn  +  p0 . so the 
momentum is conserved and q just “wraps around” unit square 
(torus): 

         
 p

0 1

1

q

p0 = 1/√2, q0 = arbitrary 

p0 = 4/5, q0 = 0.1 

p0 = 1/3, q0 = 0.5 

 k is nonlinearity parameter 

NB: n+1 necessary for area 
preserving (Hamiltonian) map 
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K=0: no nonlinearity; orbits are everywhere smooth and regular 
Standard Map, k=O.
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Standard Map, k=0.01

K=0.01: very weak nonlinearity already distorts orbits around q=1/2 
unstable fixed point  



Boston University Slideshow Title Goes Here 

21 

K=0.1:  weak nonlinearity distorts orbits further 

Standard Map, k=O.l
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K=0.5:  Observe the “islands” of regular motion: some “straight 
line” orbits are broken up into closed paths 

 

p

~.a..-_-_-_-~

0.0
0.0 1.0

q

“Island” of regular 
motion of period 2 

“Island” of 
regular motion 
of period 3 
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Structure of Chaos in Standard Map 

For k = 1.1 

Mixture of regular 
and irregular 
motion on all scales, 
“chaos all the way 
down” 
Implications for 
solar system 
(Laskar), orbits of 
asteroids, motion 
of Pluto’s moons! 

Expand small region 
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Practical Chaos 
•  Practical Chaos 

–  Systems in nonlinear regime can show much more interesting behavior 
than in linear regime 

–  Importance of chemical oscillations for reactive control, pattern 
selection, etc. 

–  Nonlinear systems in chaotic regime are even more interesting 
•  Chaotic Control/Controlling Chaos 

–  Intuition: chaotic motion “explores” much of the “space” of the system.  
Further, chaotic regime is filled with unstable fixed points and periodic 
orbits.  Central idea of (one form of) chaotic control is to : 

–  1) identify a desired unstable motion in that is in/near some region 
visited by chaotic system and then 

–  2) alter the “parameters” of the system to try to stabilize this already 
existing orbit (pointer demo) 

•  Chaos => Flexibility 
–  N.B.:  Chaos may be desirable for:  enhanced mixing in chemical reactions 

and/or spreading out/distributing wear 
24 
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Pluto’s chaotic moons 
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See M. R. Showalter and D. P. Hamilton, “Resonant Interactions and chaotic 
rotation of Pluto’s small moons,: Nature 522 45-49 (2015) : Image credit NASA 
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Interlude:  Nonlinear Dynamics in Chemistry 

§  Theoretical possibility of nonlinear oscillations in chemical reactions 
pointed out by J. Lotka, Journal of Physical Chemistry 14, 271 
(1910)!  Requires at least two coupled autocatalytic reactions => 
coupled, first order, nonlinear ODE’s 

§  Experimentally first reported by W.C. Bray, Journal of the American 
Chemical Society 43, 1262 (1921)! In iodic acid/hydrogen peroxide 
system, rate of oxygen evolution varies periodically 

§  BUT:  Idea of oscillations extensively criticized, even declared 
impossible! 

§  One of the strongest statements made by D.M. Shaw and H.O. 
Pritchard, Journal of the American Chemical Society 72, 1403 
(1968): 
§  Hidden assumption in “proof” of no oscillations is linearization around 

equilibrium:  if nonlinear deviations, no problem! 
§  Let’s check this out in the laboratory: Briggs-Rauscher demo 

Chemical Oscillators  
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Fractals 

•  Def: Fractals: geometrical objects with “non-trivial” 
structure on all scales:  typically “self-similar” (i.e., same non-
trivial structure on all scales) and with “fractional” dimension  

•  Example:  Cantor Set 
          0         1/3  2/3        1 
        Level 1   
        Level 2 
        Level 3    
            ●             ●        ●               ●        ● 
            ●             ●        ●               ●        ● 
 

“Fossils of Chaotic Motion” 

Resulting Cantor set 
formed as n-> ∞ has 
“fractal” dimension 
“between” a point and 
a line): 

DF = ln 2/ln 3 ~ 0.63…  

27 
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Fractals in the real world 

Human lung  
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Fractals in the real world 
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Romanesco broccoli : credit
https://www.flickr.com/photos/paulmccoubrie/
6792412657/ 
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 Consider continuum, wave-like motion, 1 space dimension 

 Def: Solitary Wave:  localized, traveling wave 

Φ 

-L +L 

ζ

Localized since                for  0
d
d

=
ζ
φ

L>ζ

Def: Soliton:  Solitary wave that preserves exactly its amplitude, 
shape and velocity after collisions with all other waves. 

 

Solitons and Coherent Structures 

( )tx v−=ζφ
ζ

φ

NB:  Different states allowed for  ±∞→ζ
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           Along a Scottish Canal, August 1834 
                      (Reinactment 1995) 
 
 

Historical observation 

!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

Figure 7: 1995 recreation of Russell's soliton in the Union Canal. 
Figure courtesy of Chris Eilbeck and Heriot-Watt University. 

Source: Soliton--Scholarpedia 

John Scott-Russell, Scottish civil engineer and naval architect 
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•  Linear, dispersionsless wave equations have (trivial) solitons 

Dispersionless  ( ) kk =ω
By superposition 
( ) ( )22 ctxctx ee +−−− +≡φ

BUT ALSO:  (some!) nonlinear, dispersive equations also have solitons 
è  

 

Where do Solitons Lurk? 
02 =− xxtt c φφLinear 

VERY BIG SURPRISE! 
 

t = -T t = +T t = 0 
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Intuition behind Solitons 
§  In nonlinear systems, the “natural” tendency of waves to “spread 

out” (disperse) can be balanced by tendency to grow where they are already 
large and “break:” 
§  Dispersion:  (e.g., uxxx)   
             0=ut+uxxx 

 
 

§  Nonlinearity:  (e.g., uux)  
             0=ut +uux 

 
§  Combined effects lead to Korteweg-de Vries equation, with soliton 

solution 
 

  

ut+uux+uxxx=0 

usol(x,t)=3vsech2 (√v/2) [(x-vt)]) 
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KdV Soliton collision: Vl = 3,Vs=1.5   

     ut+uux+uxxx=0 

TTN: What do you notice here? 

A. Phase shift/time delay 

34 



Boston University Slideshow Title Goes Here Boston University Slideshow Title Goes Here 

35 



Boston University Slideshow Title Goes Here 

1.      That they exist at all in nonlinear equations is amazing; expect nonlinearity would 
destroy, particularly in view of our experience with low-dimensional dynamical systems. 

2.      Solitons—more generally, coherent structures—can dominate asymptotic form of 
solution.  

 

Why are Solitons so Special? 

Random Junk  t = 
0      

  

Separated Solitons        t = T >> 0 

 
3.    Many physical systems are well-approximated by soliton equations:  novel starting  
       point for perturbation theory.   

        KdV: Water waves, plasma motions, nonlinear lattices 
 NLSE: Self-focusing in laser/plasma, laser/fiber optic interactions, self- 

                           trapping in solids 
 SG: Domain walls in magnetic materials, Josephson transmission lines,  
 model relativistic quantum field theory, key renormalization group equation 
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4.       Conversely, soliton-like excitations are observed and studied widely in 

nature: in physics, for instance, “Skyrmions” in nuclear and condensed 
matter physics, “monopoles” in particle physics, cavitons in atmosphere, 
vortices in fluids, etc.  

 
5.  Deep mathematical structure 

•  Infinite dimensional, completely  integrable systems 
•  Group theoretic/algebraic structure of conservation laws: 
•  Kac – Moody algebras, Strings 
•  Inverse spectral transformation/Painlevè test 

Why are Solitons so Special? 

37 
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In natural world, don’t expect exact soliton behavior: more general concept of coherent 
structures – persistent, localized spatial structures in extended nonlinear systems--is 
relevant. 

Coherent Structures in Nature 

38 

Coherent Structures are observed on all scales in nature 

•  Galaxies                                                               170,000 light years 
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Coherent Structures in Nature 
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    Red Spot of Jupiter      4 x 107 m  
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Coherent Structures in Nature 
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 Earth Ocean Waves--Apollo – Soyuz image                                 105 m à 102 m 
  

 Note train of wave 
fronts ~ KdV solitons 
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Coherent Structures in Nature 
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 Earth Ocean Waves--Tsunamis    105 m à 102 m 
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Coherent Structures in Nature 
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 Earth Ocean Waves—Waves on a beach                                 105 m à 102 m 
  

Note phase shift from interaction like KdV 
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Coherent Structures in Nature 
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    Bose-Einstein condensates                                           10-6 m 
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Coherent Structures in Nature 
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 Pulses in optical fibers    10-6 m wide 10-3 m long 
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Practical Solitons/Coherent Structures 

•  Solition optical communications 
–  Paradigm:  Balance of dispersion with nonlinear index of refraction (“Kerr 

effect”) in a glass (SiO2) fiber 
•  Practicality: 

–  Low loss optical fiber (<1dB/km) 
–  Appropriate laser frequency to allow (small) nonlinear effects to balance 

dispersion 
–  Reliable, cheap, low-power amplification mechanism (erbium doped 

sections of fiber) 
•  Bottom line: 

–  All optical system, glass fiber, erbium doped sections every 20-50km.  
Solitions of 10-20ps duration and  ~20mw can be used to send 10-20Gbit/
s rate.  Rates of 300 Gbit/s possible with “sliding guiding filtering” and 
“wavelength division multiplexing (WDM)! 

–  Utilized in fiber cables in Europe and US    
      

45 
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Practical Solitons/Coherent Structures: LCS 
Controlling pollution in Monterey Bay 
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!
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!
!
!
!
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Practical Solitons/Coherent Structures 
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Practical solitons? Surfin’ the Severn River 
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Patterns and Complex Configurations 

•  Patterns and complex configurations arise in spatially 
extended nonlinear systems from instabilities of 
homogeneous state. Metaphorically,  competition 
between coherent structures and chaotic dynamics  
–  Kelvin-Helmholtz instability in counter-flowing fluids—

entrapment of boundary   
–  Rayleigh-Benard Convection Experiments 
–  Targets and spirals in chemical reactions (Belusov-

Zhabotinskii) and in slime mold colonies  
–  Turing patterns   

•  In chemical reactions 
•  In zebra fish 

 
         

49 
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Patterns: Kelvin Helmholtz Instability  
     Two counter flowing fluids (upper =pink, lower = greenish blue) 

boundary colored yellow: note “chaotic” stretching and folding of 
boundary and emergence of coherent structures (vortices) 
(Simulation: P. Woodward) 
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Patterns: Chemical Reactions and Slime Mold  
     Striking similarity between target and spiral patterns formed in Belusov-

Zhabotinsky chemical and in slime mold (dictyostelium discoideum) 
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Dynamics of Belusov-Zhabotinskii Patterns 
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Turing Patterns 
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Essential idea is that uniform, homogeneous space can be 
unstable into breaking up into inhomogeneous, variegated 
structures => patterns 
Metaphorically: Competition between order and chaos 

In 1952, Alan Turing proposed a “Chemical Basis for 
Morphogensis,” involving reaction-diffusion equations 
to explain emergence of patterns 

Observed in several recent experiments: give two examples: 
•   Chemical reactions 
•  Zebra fish skin patterns  
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Turing Patterns 
Turing patterns in chemical traveling waves 

(Ouyang and Swinney)  
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Turing Patterns 
Patterns in Zebra fish (Nakamasu et al. PNAS 106 8429-8434 (2009)  

55 

Interaction network between pigment cells in zebrafish possesses 
properties necessary to form Turing patterns. Modifying cells with 
laser treatment can lead to different patterns 
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Practical Patterns 

    “Practical patterns” exist almost 
everywhere, from nanostructures in materials 
science through morphogenesis in biology to 
geological formations, networks, and 
economics: they are an important form of 
“emergent” behavior and underlie much of the 
behavior of complex real world systems.   

56 
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Summary and Conclusions 

•  That linear phenomena are routine and predictable and often 
not relevant to real world because nonlinearity comes in to 
saturate/modify/limit linear behavior; paradigms of nonlinear 
science 

•  That nonlinear phenomena can produce incredible irregularity: 
deterministic chaos and sensitive dependence on initial 
conditions 

•  That fractals, objects with similar, non-trivial structure on all 
scales, are naturally produced by chaotic dynamics and occur in 
many natural systems 

•  That nonlinear phenomena can also produce remarkable order 
and regularity, solitions and coherent structures, observed in 
nature on all scales 

•  That patterns and complex configurations emerge in typical 
extended nonlinear systems and are basis for structure 
observed in natural world 

What have we learned in this whirlwind introduction to nonlinear science? 
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Concluding Image  
•  Close with one image that sums up this introduction to nonlinear 

science concisely (and beautifully !) 
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Thank You ! 
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Dedicated to the memories of  
 
•  Peter Carruthers 
•  George Cowan 
•  John Holland  
•  David Pines  
•  Alfred Hübler 
 
All of whom played key roles in the creation and 
sustainability of the SFI Complex Systems Summer 
School 
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Summary and Conclusions 

•  That linear phenomena are routine and predictable and often 
not relevant to real world because nonlinearity comes in to 
saturate/modify/limit linear behavior; paradigms of nonlinear 
science 

•  That nonlinear phenomena can produce incredible irregularity: 
deterministic chaos and sensitive dependence on initial 
conditions 

–  That simple models can produce complicated behavior that in some cases is 
universal, e.g., xn+1=rxn(1-xn) 

–  That fractals, objects with similar, non-trivial structure on all scales, are 
naturally produced by chaotic dynamics and occur in many natural systems 

•  That nonlinear phenomena can also produce remarkable order 
and regularity, solitions and coherent structures, observed in 
nature on all scales 

•  That patterns and complex configurations emerge in typical 
extended nonlinear systems and are basis for structure 
observed in natural world 

What have we learned in this whirlwind introduction to nonlinear science? 
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