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Abstract We propose to determine the reaction of every

network of 3-5 nodes to a standardised signal. We see the

networks as cellular signalling modules, but other inter-

pretations may apply as well. We argue that the results of

this project may shed light on evolutionary properties of

small molecular networks. The computational framework

we propose to use is probabilistic model checking, which

guarantees a mathematically sound and completely auto-

matic classification of responses. We invite the reader to

undertake the research, with our assistance if required.

1 Problem

Imagine a network with very few nodes, say 3 to 6.
Every node may be connected with any other with a
“positive” edge, a “negative” edge or no edge at all.
Furthermore, every node contains a very small popu-
lation (order of 10) of smaller entities, each of which
can be either “on” (or active) or “off” (inactive). We
can equip this simple structure with dynamics in the
following way: if a node, say A, is connected with
another, say B, by a positive edge, then an active
entity inside A may pass this status to an inactive
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entity in B. Similarly, if the edge is of the negative
kind, then an active entity inside A can inactivate an
active one in B. We may also allow an inactive entity
to spontaneously become active and/or vice versa.

The primary interpretation of this model is intra-
cellular signalling. Nodes are protein kinds and the
small entities are actual protein molecules which can
be either active or not. The edges denote the ef-
fect that the protein of one kind may have on one of
another, namely activation (phosphorylation) or de-
activation (dephosphorylation). The rest of this doc-
ument is based on this interpretation, but we shall
keep everything general enough for the setting and
results to be applied to another problem domain if
one is identified.

Since the networks are interpreted as signal trans-
duction modules, we need to identify the source and
destination of the signal. In each network, therefore,
we shall arbitrary choose one node to serve as the
Receptor protein type (i.e. source) and another one
to be the Effector species (i.e. destination, or sink).
We call every possible configuration of n nodes with
Effector and Receptor an n-topology, and the cen-
tral question we are interested in is: How does the
dynamic behaviour of Effector proteins in re-
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sponse to an standardised external stimulation
of Receptor proteins depend on the configura-
tion of the network?

There exists a study [6] which addresses precisely
this question, and which has been the inspiration for
this proposal. In this paper, the dynamic responses
of 3-, 4- and (partially) 5-topologies are described by
setting up an ODE model for each topology and as-
signing the response to one of four response classes
(constant, Gaussian, switch and oscillatory). Per-
haps the most interesting finding is the significant
increase of oscillatory topologies when individual pro-
teins are allowed to sponaneously change their state
from on to off and back.

We propose to repeat this experiment, but with
one crucial change: we insist on using stochastic dy-
namics instead of ODEs. It is well known that there
exist biochemical networks for which the näıve ODE
dynamics give erroneous results (e.g. Repressilator
[3]). This is always linked to low copy numbers of
molecules, which in turn is relatively common in sig-
nalling. By using stochastic dynamics we ensure that
the dynamic behaviour we obtain is indeed the one
that would be observed in nature, and also make the
results amenable to a very specific kind of analysis as
described below (see Sec. 2.1 Multistability).

In the remainder of this document we further de-
scribe the kind of questions we are most interested
in answering (Sec. 2 Goals) and present the compu-
tational framework we think should be used (Sec. 3
Methods).

2 Goals

We suggest that the analysis of the results should
focus on two notions: multistability and robustness.
We briefly discuss the meaning and importance of
these concepts below.

2.1 Multistability

A stochastic network is multistable (bistable) if it ad-
mits many (two) substantially different dynamic be-
haviours. In our setting this means that the responses
of the given topology differ between different runs

(simulation) to the extent that they fall into differ-
ent response classes.

At the level of populations, multistability gives
rise to a situation where in a constant environment
phenotypical diversity exists without a corresponding
genotypical variation: the same biochemical network
(genotype) expressed across the population produces
a range of responses (phenotypes). Apart from being
an unorthodox way of achieving phenotypical varia-
tion, such mechanism is also interesting because it
may evolve through group selection, since a group
of genetically identical individuals exhibiting a range
of phenotypes is more robust against environmental
pressure that one where the phenotype is constant.

The questions about multistability that could be
answered by the research we propose are: What are
the multistable architectures? How many of them
are there? How are they distributed in the space
of all topologies? Is multistability in any way ro-
bust against simple changes in the network topology?
What is the minimum size of a topology that is mul-
tistable? We remark that neither of these questions
could be addressed by the study [6], because ODE
models are unable to recognise multistability.

2.2 Robustness

By mutational robustness – henceforth simply robust-
ness – we mean the extent to which a given pheno-
type persists despite changes to the underlying ge-
netic architecture. To talk about robustness of small
dynamics networks we suggest to use the perspective
of A. Wagner [7]. In this setting, we need two ingre-
dients to quantify robustness: the space of genotypes,
i.e. a set with a binary relation specifying which
genotype can mutate into which; and a genotype-
phenotype map that tells us when two genotypes give
the same phenotype. Robustness of a phenotype can
then be defined as the number of genotypes coding
for it.

In our case, the space of genotypes is the space of
all topologies of a given size, and we mandate that
one topology can mutate into another if they differ
by only one edge. The phenotype is of course the dy-
namic response class, which will have been computed
for every topology. The questions to address here are:
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which phenotype is the most robust? Can every phe-
notype be reached in one step from any other? What
are the relative sizes of the neutral networks, i.e. the
subspaces of genotypes that translate to the same
phenotype? Does robustness promote evolvability, as
argued in [7]?

3 Methods

There are many ways of studying dynamics of
stochastic networks. In our case, the key challenge
is to have a response classification method that is
fully automatic, because of the number of topologies
we want to look at. The computational cost is also
a factor, for the same reason, but luckily the task
parallelises very well.

We propose to encode every topology as a Contin-
uous Time Markov Chain (CTMC) [4] and to specify
response classes as logical formulae. Because an in-
dividual response is essentially a time series – or a
simulation trace – the logic to use is Linear Tempo-
ral Logic (LTL) [2]. An LTL formula is either true or
false of a given trace and what we essentially look for
is its validity for a trace typical of a given topology.

The computational technique that allows us to
quantitatively answer such questions is called prob-
abilistic model checking [2, 5]. Given an LTL for-
mula and a CTMC, a probabilistic model checker
such as PRISM [1] computes the probability that a
single execution of the chain satisfies the formula or,
in other words, the fraction of accepted simulation
traces. Having a number associated with every re-
sponse class for every topology is extremely useful,
because it makes it possible to distinguish true mul-
tistability from occasional stochastic fluctuations of
the dynamics.

An alternative approach could use straightforward
stochastic simulations to produce a substantial num-
ber of traces, cluster them and then classify the cen-
troids of the clusters according to some external crite-
ria. This is a perfectly sound method, but it requires
more setup and, in general, lacks the accuracy and el-
egance of formal verification. It would also require an
automated centroid inspection algorithm, most likely
reducible to LTL checking anyway.

4 Invitation

Everyone is invited to undertake this project; we
would like to do it ourselves, but are extremely
busy people. We can offer guidance, generic Haskell
code to produce PRISM modules, and scripts to run
PRISM on a cluster. We think the project would
make a very cool Master thesis, so if you like what
you have just read, consider passing this document
to your students.
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