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Physical Church-Turing Thesis: any physical 
computing device is at most as powerful as a 
Turing machine
Any physical system can be simulated by a 
standard computer
Strong version: we can simulate a system in 
polynomial time (as a function of spacetime)

Physics and Computation
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Thomas Young, 1801: light is possessed of 
opposite qualities, capable of neutralising 
or destroying each other.

A Little Quantum Physics
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A Little Quantum Physics

e−

Double-slit experiment
Instead of two bright spots, 
an interference pattern...

...even when there is only 
one electron at a time!
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A Little Quantum Physics
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NOTES 903

FIGURE 15.21: Interference in the two-slit experiment has been observed even for large molecules, such as these
soccer-ball-shaped fullerenes.

Barring this sort of silliness, the physical Church–Turing Thesis seems convincing to us. Moreover, while quan-
tum computers seem more powerful than classical ones, it seems reasonable to posit some upper bound on what
a physical system can compute in polynomial time. Aaronson [2] suggests that we treat the postulate that physical
systems cannot solve NP-complete problems in polynomial time as an axiom about the physical world. We would
then have serious doubts about any model of physics that violates this postulate, just as we would if it allowed faster-
than-light communication. For instance, Abrams and Lloyd [6] showed that variants of quantum mechanics that
allow nonlinear operations can solve #P-complete problems in polynomial time, and we could take this as evidence
that quantum mechanics is indeed linear.

15.2 Further reading. Choosing one chapter’s worth of topics from this rapidly-growing field is not easy. We have
completely neglected several major areas, including quantum cryptography, quantum error-correcting codes, adia-
batic quantum computation, and topological quantum computation. The reader can fill these gaps with the help of
the following excellent texts: Nielsen and Chuang [619], Mermin [555], Kaye, Laflamme, and Mosca [463], and the
lecture notes of Preskill [652]. We have, of course, stolen from all these sources shamelessly. Our quantum circuits
are drawn with the LATEX package Qcircuit by Steve Flammia and Bryan Eastin.

15.3 The two-slit experiment. The two-slit experiment was performed for light and for water waves in the first few
years of the 19th century by Thomas Young [826]. It was finally performed for electrons in 1961 by Jönsson [440]. The
screen image in Figure 15.1 is from a 1989 experiment by Tonomura et al. [778], who used an electron beam weak
enough so that individual electrons can only interfere with themselves. More recently, it has been shown even for
large molecules, such as the fullerenes or “buckyballs” composed of 60 Carbon atoms shown in Figure 15.21, and the
even larger flourofullerenes C60 F48 [52, 353].

Young gives a fine description of destructive interference in his 1803 paper:

From the experiments and calculations which have been premised, we may be allowed to infer, that
homogeneous light, at certain equal distances in the direction of its motion, is possessed of opposite
qualities, capable of neutralising or destroying each other, and of extinguishing the light, where they
happen to be united. . .

Isaac Newton and Christiaan Huygens argued over whether light was “corpuscular” or “undulatory”; that is, whether
it consists of particles or waves. Hopefully they would have enjoyed learning that light, and everything else, is both.

15.4 The collapse of the wave function. Early formulations of quantum mechanics, such as the Copenhagen in-
terpretation, treated the collapse of the wave function as a physical event. However, this leads to the rather bizarre
point of view that there are two kinds of events in physics: “measurements”, where the wave function collapses, and
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Probabilities Add

Each path has a probability: 
product of probability of each step
Total probability = sum over paths

1/2 1/2

1/21/21/21/2

1/2 1/41/4
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Amplitudes Interfere

Probabilities don’t add!
Quantum states have 
phases, which can add 
constructively or 
destructively.
Quantum algorithms:  
wrong answers cancel, 
right ones add up

x

x�
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Amplitudes interfere

Each path has a complex-valued amplitude
Amplitudes can add constructively or 
destructively
Probability is |amplitude|2

a 1

a 2

a 1+a 2

|a 1+a 2|2 �= |a 1|2+ |a 2|2
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Transitions

Each step of a probabilistic algorithm is a 
stochastic matrix: columns sum to 1 
e.g. if heads, leave it alone; if tails, flip
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Transitions

Each step of a quantum algorithm is a unitary 
matrix: it rotates the state, preserving the 
Euclidean length (sum of squares)
e.g. the Hadamard matrix produces two 
superpositions — which are not the same!
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Transitions

Sum over paths = matrix product
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Entanglement

A two-qubit system has a 4-dimensional state
If they are independent, a tensor product:

a 00 =b0c0

a 01 =b0c1

a 10 =b1c0

a 11 =b1c1
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Entanglement

A joint state, not a product of independent ones
Like classical correlation, except...

a 00 = 1/
�

2

a 01 = 0

a 10 = 0

a 11 = 1/
�

2

p00 = 1/2

p01 = 0

p10 = 0

p11 = 1/2

Wednesday, June 20, 2012



Alice and Bob

But (sadly) we can’t use this to communicate 
faster than light!

SPOOKY ACTION AT A DISTANCE 837

H

H ′

X

Z

FIGURE 15.4: Alice and Bob. Alice can measure her qubit in either the Z -basis or the X -basis, and Bob can
measure his in the H-basis or the H ′-basis. The resulting measurements are more correlated than any
classical probability distribution, correlated or not, can account for.

Since the expectation of the sum is the sum of the expectations, we have

![W ] = 4"
2
= 2
"

2 .

On the other hand, we can factor W as follows,

W =ZA

!
HB −H ′B
"
+XA

!
HB +H ′B
"

. (15.6)

Since each of the four operators appearing in W yields +1 or −1, there are two possibilities. If H ′B = HB

then W = 2XA HB , and if H ′B =−HB then W = 2ZA HB . In either case we have

W ∈ {±2} .

Certainly the expectation of W has to lie between −2 and +2, and so

|![W ]|≤ 2. (15.7)

This is one form of Bell’s inequality. It holds for any set of four random variables ZA , XA , HB , H ′B that
take values in {±1}, and which are chosen according to any joint probability distribution, with arbitrary
correlations between them. Yet it is flatly contradicted by (15.5). How can this be?

When we factored W as in (15.6), we assumed that the ZA appearing in ZA HB , for instance, is the
same as the ZA appearing in ZA H ′B . That is, we assumed that whether or not Alice chooses to measure her
photon along the z -axis, there is some value ZA that she would observe if she did, and that this value is not
affected by Bob’s choice of basis a light-year away.

Physically, we are assuming that the universe is realistic, i.e., that the outcome of Alice’s experiments
has a probability distribution that depends on the state of her photon, and that it is local, i.e., that in-
fluences cannot travel faster than light. The fact that Bell’s inequality is violated—and this violation has
been shown very convincingly in the laboratory—tells us that one or both of these assumptions is false.

Einstein called this phenomenon “spukhafte Fernwirkung,” or as it is often translated, “spooky action
at a distance.” He found it profoundly disturbing, and he’s not the only one. It seems that we must either
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Alice and Bob and the Hippies
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Physics

Fig. 1: Nature

Problems:
come from Nature
have solutions that are as 
simple, symmetric, and 
beautiful as possible   
(far more so than we 
have any right to expect) 
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Computer Science

Fig. 2: The Adversary

Problems:
are artificial
are maliciously designed 
to be the worst possible
may or may not have 
elegant solutions
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Beauty is Truth, Truth Beauty

In 1928, Dirac saw that the 
simplest, most beautiful equation
for the electron has two solutions.

Four years later, the positron 
was found in the laboratory.
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Conservation is Symmetry

p = mv

F = ma

perhaps you are more familiar with
and                ; try with H = (1/2)mv2 + V (x)

Conservation of momentum follows from 
translation invariance:
moving entire world by dx
doesn’t change energy 

,
dx

dt
=

∂H

∂p

dp

dt
= −

∂H

∂x

dp

dt
= −

∂H

∂x
= 0
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Conservation is Symmetry

Noether’s Theorem: 
symmetry implies conservation  

,

Conservation of angular momentum 
follows from symmetry under rotation!
In classical and quantum mechanics, 
all conservation laws are of this form.

dJ

dt
= −

∂H

∂θ

dθ

dt
=

∂H

∂J
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Relativity is Symmetry

Physics is invariant under
changes of coordinates
to a moving frame:

at small velocities, Galileo:

(

x
ct

)

→ γ

(

1 −v/c
−v/c 1

) (

x
ct

)

x → x − vt , t → t
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Groups

A group is a mathematical structure with:
associativity:
identity:
inverses: 
but not necessarily

(these are non-Abelian groups) 

a · 1 = 1 · a = a

a · a
−1

= a
−1

· a = 1

a · (b · c) = (a · b) · c

a · b != b · a
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Some Common Groups

cyclic:       (addition mod n),       (multiplication) 
symmetric group (permutations):
invertible matrices
rotations: 
         contains      ! 

Zn
Z
∗

n

O(3)

O(3) A5

Sn, An
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Symmetry Groups

Transformations that leave an object fixed:

S5

Z × Z D8
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When Symmetry is Periodicity

Given a function                     we can ask 
for which h we have

for all x.

These h are multiples of the periodicity r.  

The set of all such h forms a subgroup.

f : Zn → S

f(x) = f(x + h)
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Periodicity Gives Factoring!

To factor n, let                               .
Find smallest r such that                             
i.e.,                         .  Suppose r is even: 

Now take g.c.d. of n with both factors (easy).
Works at least 1/2 the time with random c!

f(x) = cx mod n

f(x) = f(x + r)
c
r
≡ 1 mod n

c
r
− 1 = kn = (cr/2 + 1)(cr/2

− 1)
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Factoring: An Example

Let’s factor 15.  Choose c=2:

Bad news: in general r could be as large as n, 
exponentially big as a function of #digits.

x : 0 1 2 3 4 5 6 7 8

2x : 1 2 4 8 1 2 4 8 1

24
− 1 = 15 = (22

− 1)(22 + 1) = 3 × 5

Wednesday, June 20, 2012



Quantum Measurements

Measure f(x), and “collapse” to a superposition

This is a random coset of the subgroup H.
But, if we simply measure x, all we see is a 
random value! This is the wrong measurement. 

x : 0 1 2 3 4 5 6 7 8

2x : 4 4
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The Fourier Transform

Periodicities are peaks in   , where (                   )

Change of basis

from x to k.  This transformation                             
is unitary:

Q−1
= Q†

f(x) =
1
√

n

∑

k

f̂(k) ωkx , f̂(k) =
1
√

n

∑

x

f(x) ω−kx

Qx,k =
1
√

n
ωkx

ω = e
2πi/nf̂
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Shor’s Algorithm

Quantum mechanics allows us to perform 
unitary transformations.
We can “do” the Fourier transform             
mod n with only                            
elementary quantum operations.
We then measure the frequency,          and 
this gives us the periodicity of f(x).

O(log2
n)
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Efficient Circuits for the QFT

We can break down the QFT recursively 
(like the FFT) into elementary gates:

Quadratic in the number of qubits
Thus n can be exponentially large! 

H

H

H

π/2

π/2 π/4
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Graph Isomorphism

Factoring appears to be outside P, but not 
NP-complete.  (Indeed, we believe that 
BQP does not contain all of NP.)
Another candidate problem like this:

?
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Solving with Symmetry

Take the union of the two graphs.  Permuting 
the 2n vertices defines a function f on        .  
What is its symmetry subgroup H? 
Assume no internal symmetries.  Then either    
f is 1-1 and                 ,  or f is 2-1 and

for some m that exchanges the two graphs. 

S2n

H = {1}

H = {1, m}
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The Permutation Group

The set of n! permutations of n things forms 
the permutation group      :

A richly non-Abelian group (              .)

Sn

=

ab != ba
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We have a function 
We want to know its symmetries  
Essentially all quantum algorithms that are 
exponentially faster than classical are of this form:

      = factoring
      = Graph Isomorphism
      = some cryptographic lattice problems

The Hidden Subgroup Problem

f : G → X

H ⊆ G

Sn

Dn

Z
∗

n
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For non-Abelian G, we need representations: 
Geometric pictures of G in d-dimensional space

A5 has a three-dimensional representation: 
permute the colors by rotating.

Non-Abelian Fourier Transforms
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Non-Abelian Fourier Transforms

     has 1 (trivial),               (parity), and rotations 
of three points in the plane:

Gives 1+1+4 = 6 “frequencies,”                         
just enough.  Coincidence?

ρ
(

(1 2)
)

=

(

1 0
0 −1

)

, ρ
(

(1 2 3)
)

=

(

−1/2
√

3/2
−

√

3/2 −1/2

)

S3 π = ±1

1

2

3
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It turns out that this naïve generalization of 
Shor’s algorithm doesn’t work: the 
permutation group      is “too non-Abelian.”
Tantalizingly, we know a measurement exists, 
but we don’t know if we can do it efficiently.
How much can quantum computing really do? 
How “special” is factoring?

The Story So Far...

Sn
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Classical and Quantum WalksQUANTUM WALKS AND SCATTERING 881

!100 !50 0 50 100

0.01

0.02

0.03

0.04

FIGURE 15.12: The quantum and classical walks on the line. The classical walk gives a Gaussian distribu-
tion of width O(

!
t ), while the probability distribution |Ψ|2 of the quantum walk is roughly uniform over

the interval [−t , t ]. Here t = 100.

FIGURE 15.13: The probability distribution of a discrete-time quantum walk on the square lattice. Except
for a bright spot in the center, the probability is roughly uniform over a circle of radius t /

!
2. Here t = 100.

�
t

t
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You have a winning strategy if at least one move 
is a loss for your opponent: a NAND gate

Evaluating a Game Tree
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Scattering Algorithms
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We believe that they can’t solve 
NP-complete problems
But solutions can require  
quantum proofs to verify

How Powerful is Quantum?

P

NP

BQP
• Factoring

• 3-SAT

Wednesday, June 20, 2012



Shameless Plug

Oxford University Press, 
2011

This book rocks!  You somehow manage to 
combine the fun of a popular book with the 
intellectual heft of a textbook.

— Scott Aaronson

A treasure trove of information on algorithms 
and complexity, presented in the most 
delightful way.

— Vijay Vazirani

A creative, insightful, and accessible 
introduction to the theory of computing, 
written with a keen eye toward the 
frontiers of the field and a vivid enthusiasm for 
the subject matter.

— Jon Kleinberg
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