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Abstract. Power-law distributions occur in many situations of scientific interest and have significant
consequences for our understanding of natural and man-made phenomena. Unfortunately,
the detection and characterization of power laws is complicated by the large fluctuations
that occur in the tail of the distribution—the part of the distribution representing large
but rare events—and by the difficulty of identifying the range over which power-law behav-
ior holds. Commonly used methods for analyzing power-law data, such as least-squares
fitting, can produce substantially inaccurate estimates of parameters for power-law dis-
tributions, and even in cases where such methods return accurate answers they are still
unsatisfactory because they give no indication of whether the data obey a power law at
all. Here we present a principled statistical framework for discerning and quantifying
power-law behavior in empirical data. Our approach combines maximum-likelihood fitting
methods with goodness-of-fit tests based on the Kolmogorov–Smirnov (KS) statistic and
likelihood ratios. We evaluate the effectiveness of the approach with tests on synthetic
data and give critical comparisons to previous approaches. We also apply the proposed
methods to twenty-four real-world data sets from a range of different disciplines, each of
which has been conjectured to follow a power-law distribution. In some cases we find these
conjectures to be consistent with the data, while in others the power law is ruled out.

Key words. power-law distributions, Pareto, Zipf, maximum likelihood, heavy-tailed distributions,
likelihood ratio test, model selection
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1. Introduction. Many empirical quantities cluster around a typical value. The
speeds of cars on a highway, the weights of apples in a store, air pressure, sea level,
the temperature in New York at noon on a midsummer’s day: all of these things vary
somewhat, but their distributions place a negligible amount of probability far from
the typical value, making the typical value representative of most observations. For
instance, it is a useful statement to say that an adult male American is about 180cm
tall because no one deviates very far from this height. Even the largest deviations,
which are exceptionally rare, are still only about a factor of two from the mean in
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1. fit your data
2. validate the model
3. compare to alternatives
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• global patterns: spatial structure, modules, hierarchies, etc.
• what impact on system function?
• what micro-processes build them?
• how can we detect them?

spatial

modular

hierarchical
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can we automatically extract hierarchies?

?

Clauset, Moore, Newman, Nature 453, 98-101 (2008)
Clauset, Moore, Newman, ICML (2006)

step 3: hierarchystep 1: network data

hierarchical structure



a direct approach

• write down (edge) generative model

• sample models via MCMC*

• use ensemble        to test fit, make predictions

• technical details in Nature (2008) and ICML (2006)

* other sampling or optimization methods possible

learning from network data

Pr(G | θ)

→ {θi}

{θi}
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odules
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“inhomogeneous” random graph

model

instance

Pr(i, j connected) = pr
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i j
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L(D, {pr}) =
∏

r

p
Er

r (1 − pr)
LrRr−Er

Er

Rr

Lr
= number nodes in left subtree

= number nodes in right subtree

= number edges with     as lowest 
    common ancestor

r

Lr Rr

Er

→

pr

→

the likelihood function





1

1

1/3

1

1/4

L = 0.0016

L =

[

(

1

3

)1 (

2

3

)2
]

·

[

(

1

4

)2 (

3

4

)6
]

L(D, {pr}) =
∏

r

p
Er

r (1 − pr)
LrRr−Er

bad dendrogram



1

1 1

1

1/9 L =

[

(

1

9

)1 (

8

9

)8
]

L(D, {pr}) =
∏

r

p
Er

r (1 − pr)
LrRr−Er

L = 0.0433

good dendrogram



generalizing from a single example



• given graph

• run MCMC to equilibrium

• for each sampled     , draw a new graph        from ensemble

test of model fit:
      do resampled graphs look like original?

generalizing from a single example
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phylogenetic tree reconstruction      extract “consensus” tree

yields set of hierarchical relationships      contained in majority 
of sampled hierarchies

consensus hierarchies

→

Dc

{Di}
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MCMC mixes relatively 
quickly

Equilibrium in         
steps
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many networks partially known, noisy

• social nets, foodwebs, protein interactions, etc.

use generative model to predict missing links

other approaches
• Liben-Nowell & Kleinberg (2003)
• Goldberg & Roth (2003)
• Szilágyi et al. (2005)
• and now many others

predicting missing links



• given incomplete graph

• run MCMC to equilibrium

• then, over sampled      , compute average                                 
for links                    

• predict links with high         values are missing

compute AUC via leave-k-out (edges) cross-validation

predicting missing links
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scoring the predictions
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• hierarchical organization
• non-random assembly of small scale structures
• naturally captures local topologies
• effective multi-scale coarse-graining

• whatʼs next?
• scalability
• modify attachment kernel to incl. add vertex/edge features
• topological dynamics (e.g., fluxes, epidemics, signaling)
• hierarchy formation mechanisms

final thoughts
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