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Abstract. More than ten years ago Bandt and Pompe introduced a
new measure to quantify complexity in measured time series. During
these ten years, this measure has been modified and extended. In this
review we will give a brief introduction to permutation entropy, explore
the different fields of utilization where permutation entropy has been
applied and provide a guide on how to choose appropriate parameters
for different applications of permutation entropy.

1 Introduction

Quantifying the complexity of a given time series is an important challenge in data
analysis giving us a deeper insight into the mechanisms governing the regarded
processes. Usually this is done employing some measure of entropy, e.g. Shannon
entropy [1], Kolmogorov-Sinai entropy [2] or Approximation entropy [3]. Most of the
classical methods ignore the temporal order of the values in a time series, e.g. the
classical Shannon entropy [1], and require very long time series while being compu-
tationally expensive, e.g. Kolmogorov-Sinai entropy [2]. In 2002 Bandt and Pompe
[4] combined the concepts of entropy and symbolic dynamics to create a new mea-
sure of complexity, termed permutation entropy (PE), which was able to overcome
the problems mentioned above while still being simple and robust. Since then, more
than ten years have passed and the PE has been established in several new fields
of application, extensions have been developed and new concepts based on PE have
emerged. There are already excellent reviews about the application of PE in biomed-
ical and econophysic questions [5] and about symbolic dynamics in general [6]. A
detailed theoretical background can be found in Amigé [7] for example. This review
follows a more heuristic approach and aims at scientists who might not be familiar
with the concept of PE but want to be able to put PE to a fast yet sophisticated
use. In principle, the application of PE in data analysis can be reduced to a compar-
ison of values for different time series to compare the complexity of the underlying
processes. Unfortunately, the values of PE depend on the chosen parameters, thus
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rapidly leading to a multiple testing problem when regarding the multiple parameter
pairs. Therefore, the two most important questions for beginners when applying PE
are:

1. What are the optimal parameters for calculating PE?
2. How can the parameters be interpreted and what is their influence on the values
of PE?

To avoid a complicated theoretical consideration of the first question, we performed
an exhaustive literature research summarizing and classifying the experiences of ex-
perts when applying PE. We provide an overview of applications of PE in theoretical
as well as in practical tasks and a summarization about parameter selection and inter-
pretation in relation to the problem. Based on that, we formulate a recommendation
about the use of PE for beginners. This work also shows that the answer to the second
question is strongly related to the first one.

2 Definition of permutation entropy

When quantifying complexity for a given time series X = {z;};=1.. N, entropy mea-
sures (cf. e.g. [1]) are often the first choice, where classical methods like Fourier
transformation fail. But, common approaches neglect any effects stemming from the
temporal order of the values in the successive z;. To take into account this causal
information, the time series can be encoded into sequences of symbols, based on the
theory of symbolic dynamics (see e.g. [8-14]). Combining these two approaches Bandt
and Pompe [4] proposed a natural encoding which reflects the rank order of successive
x; in sequences of length n and thus defining permutation entropy by

n!
H, == pjlogs(p}). (1)
j=1

The p;- represent the relative frequencies of the possible patterns of symbol sequences,
termed permutations (see Fig. 1). The permutation entropy per symbol is given by

n!

hn = —=1/(n = 1)) _ piloga(p}), (2)

=1

in order to able to compare permutation entropies with different n. Beside the nor-
malization using n — 1 there are also other approaches like e.g. normalization with
logz(n!) [15] to get 0 < h,, < 1.

3 Calculation of permutation entropy

PE (see Egs. (1) and (2)) essentially measures information based on the occurrence
or absence of certain permutation patterns of the ranks of values in a time series. To
compute the PE for a given time series {z;} of length N, there are seven steps to be
followed [4]:

1. Define the order of permutation n. That leads to the possible permutation pat-
terns m; (j = 1,..,n!) which are build from the numbers 1, ..., n. Their dynamical
representation is shown in Fig. 1 for n = 3.
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Fig. 1. Example of the encoding for the calculation of the permutation entropy.
(top) Time series with exemplarily colour coded sequence of three successive values
which is represented by the permutation pattern (2,1,3). (middle) The relative frequen-
cies of all possible permutation patterns for n = 3 (bottom) for this particular time
series.

2. Initialize ¢ = 1 as the index of the considered time series {x;};=1,. n and the
counter z; = 0 for each ;.

3. Calculate the ranks of the values in the sequence z;, ..., z;,_1 which leads to the
rank sequence 7;,...,7;yn,—1. The ranks are the indices of the values in ascending
sorted order.

4. Compare the rank sequence of step 3 with all permutations pattern and increase
the counter of the equal pattern m = ry,...,7; 4,1 by one (2 = 2 + 1).

5. If i < N — n then increase ¢ by one (i = ¢ 4+ 1) and start from step 3 again. If
i > N —n go to the next step.

6. Calculate the relative frequency of all permutations m; by means of p; = z;/ > z
as an estimation of their probability p;.

7. Select all values of p;- greater than 0 (since empty symbol classes yield 0log0 = 0)
and calculate the permutation entropy by Egs. (1) and (2).

In the following example the algorithm is illustrated. Consider the time series
x=6,9,11,12,8,13,5 with N = 7.

Step 1: The permutation order is set to n = 3. Therefore n! = 6 permutation are
possible with m; = 1,2,3, mo = 1,3,2, m3 = 2,1,3, my = 2,3,1, 5 = 3,1,2, and
e — 3, 2, 1.

Step 2: Initialize ¢ = 1 and zj—1,... ¢ = 0.

Step 8: The rank sequence of the selected values 6,9,11 is 1,2, 3.

Step 4: It is equal to 71, therefore z; is increased to 1.

Step 5 and Step 3: Because i = 1 < 7—3, the next values 9,11, 12 are selected which
have the rank sequence 1,2, 3.

Step 4: It is again equal to 71, therefore z; is increased to 2. The loop between Step 3
and Step 5 is then passed through three more times, which leads in the end to
21 =2,20=0,23=1,24=2, 25 =0, and zg = 0.

Step 6: The values of the counters are divided by sum = 5 which leads to pj = 2/5,
py =0, p5 =1/5, ply = 2/5, p; =0, and p; = 0.

Step 7: On the basis of the non-zero p;-, the permutation entropy of order 3 is
Hs = —(2/5log2(2/5) + 1/5log2(1/5) 4+ 2/5log2(2/5)) ~ 1.5 (see Eq. (1)) and
the permutation entropy per symbol is hy = H3/2 = 0.76 (see Eq. (2)).
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To handle equal values in a time series, there are three strategies:

1. The ranks of these values are determined in accordance to their order in the
sequence.

2. The identity is eliminated by adding white noise with the strength of the stochastic
term being smaller than the smallest distance between values.

3. The values get the same rank number within the regarded sequence, for example
3,6,2,3,8 leads to the rank sequence 2,4,1,2,5 [16].

The last modification should be preferred if there is a high frequency of equal val-
ues which might e.g. be caused by low digitalization. Unfortunately, the number of
possible “permutations” is then greater than n! [16]. Another reason for equal values
is oversampling where states are measured in multiple successive repetitions [6]. The
common approach to overcome this redundancy is to lengthen the time interval be-
tween the values of the considered sequence z;, ..., x;+n,—1 (Step 3) and the step size
i=1+1 (Step 5) by means of x;, Zir, ..., Titr(n—1) and i = i + 7, respectively. The
term Z;, Tiyr,...s Tigr(n—1) is known from the phase space reconstruction by means of
time delay embedding where 7 is the delay time and n is the embedding dimension. In
that approach the time step remains ¢ = i+ 1 [17]. This extension of the permutation
entropy is another interpretation of the ordered patterns which describe partitions of
the reconstructed phase space, that means classes of states [18].

An implementation for MATLAB (The Math Works, Inc., Natick, ME,
USA) of the PE algorithm, including the different mentioned strategies to
overcome the problem of equal values, can be found in the TOCSY-toolbox
(http://tocsy.pik-potsdam.de/).

4 Choice of algorithmic parameters: Experience of experts

The first practical question of a scientist applying permutation entropy is the deter-
mination of the parameters n, determining the length of the sequences and thus the
number of possible permutation patterns, and 7, describing the time delay between
successive points in the symbol sequences. In some approaches the tuning of one of
these parameters is a constructive element of the application of PE. Variants of this
tuning are for example [5]: changing the length N of the regarded time series while
keeping n and 7 fixed to distinguish noise from chaos [19] and changing T with N
and n fixed to identify different time scales [20] and main period lengths [21]. In the
majority of applications, PE is used only to quantify the complexity of a time series.
Due to the strong dependence of PE on the parameters n and 7 a consideration of
several combinations of parameter values, rapidly leads to the problem of multiple
testing. So, the choice of the optimal parameters depending on the field of application
is crucial for the use of PE. For a first differentiation of the diverse fields of application
let us follow Daw and Finney [6] who distinguish:

i) measurements of dynamical processes being observed at a fixed rate per unit time,
which are best modeled by differential equations,

ii) measurements of processes that possess an inherent cycle represented by triggering
events, which are more naturally described by discrete models.

The latter case comprises not only iterative maps, e.g. the logistic map, but also
discrete stochastic processes like autoregressive models, where the random innovation
in each step displays a constructive element of the observed dynamics, in contrast to
neglectable additive disturbances in case i). Taking this classification into account we
can arrange the reviewed papers utilizing PE as shown in Tables 1, 2, 3 and 4 for
various fields of research, in order to simplify finding the entries related to the user’s
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Table 1. Theoretic systems: The table shows the application of PE theoretical systems as
classified in Sect. 4 (AR — autoregressive process; MA — moving average process).

Ref.

Topic

Order

Time delay

Amount of data

case 1)

[17]
22]

[35]
[15]
[36]

[20]

Lorenz system
bidirectionally cou-
pled Rossler systems
Lang-Kobayashi
equation

coupled Lorenz and
Rossler system
model of feed back
coupled laser
Mackey-Glass oscilla-
tor

5—-7
6—7

10
150

1000

3

~ 150

1—700

1024
919

2.10°
100 — 12000
5000

10°

case ii)

(26]
[17,21,37-40]

29]
[41]

[42]
38,39
(31]

[43]

2D Henon map with
additive noise
logistic map

noise generators
delayed logistic map
with linear/nonlinear
feedback
logistic map
three-way
map
logistic map with
coloured noise
chaotic signal (Lang-
Kobayashi ~ model)
with a hidden small
amplitude digital
message

Bernoulli

2—-16

3,6

3—-5

100 — 8000
10% — 107

> 10°
10°

60, 120, 500, 1000
> 10°
10% — 10°

10000

21]
28,4446

[42]

[47]

[25]

MA(30)

fractional Brownian
and Gaussian noise
linear and nonlin-
ear AR and MA
processes of order
1-3

stochastic resonance
of a Brownian parti-
cle in a sinusodially
modulated  double-
well potential and
in the Fitz-Hugh-
Nagumo model
geometric Brownian
motions

1500

1000
100 — 2'°

60, 120, 500, 1000

60000

4673, 5000, 50000, 500000
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Table 2. Medicine: The table shows the application of PE to normal EEG (top), EEG
during anaesthesia (second), EEG during seizures (middle), local field potentials (fourth)
and heart rate time series (bottom).

Ref. Topic Order | Time delay | Amount of data
case ii)

[48,49] EEG 3,7 1 512,763
[50] EEG 3 1-2 3000, 3840
[51-53] EEG anaesthesia 2-7 1-3 1000 — 2560

[15,17] EEG seizures 5 3 1024
[54] EEG seizures 20 1 2000
[30,37,55-58] | EEG epileptic seizure 3—-7 1 100 — 64512
[59] local field potentials 3 1 2000

[16] heart rate 3-7 1-4 500 — 8000

[60] fetal heart rate 3 4 ~500

[61] heart beat-to-beat intervals | 2 — 18 1-20 2000, 100000
of heart patients

Table 3. Physical systems: The table shows the application of PE to physical systems as
classified in Sect. 4.

Ref. Topic Order | Time delay | Amount of data
case i)

[23] delayed opto-electronic oscillator 6 1—200 —
(Ikeda scenario)

[35] single-mode laser with moderate 8 1540
delayed feedback

[24] coupled lasers 6 1 — 1200 20000
case ii)

[62,63] | zero-th mode contribution of a 5 1 >= 5000

strong external field to the pro-
duction of charged meson pairs—
classical quantum transition

[64] consecutive interdropout intervals | 3 —5 1 > 10000
of a laser diode with optical feed-
back from an external cavity

[32] delayed coupled semiconductor 8 1 ~ 3000
lasers encoded time interval be-
tween each pair of synchronized
dropouts

own scientific problems. Within the tables the applications are divided according to
the cases of 1) and ii) except in Table 2, where only ii) is present and the items are
grouped according to the field of research. Beside the references, the used parameters
n and 7 are displayed. Comparing Tables 1, 2, 3 and 4, the more seldom case i) is
found in [15,17,20-25]. Here, one can observe a large variance in the values of the time
delay employed. This results from the dependence of the delay 7 on sampling rate
and/or integration step size. A more detailed comparison of these references showed,
that PE is used to answer three different questions. Regarding the first, to use PE for
determining the complexity of the main oscillation the optimal parameters seem to
be a 7-value equal to the period length and a dimension of n > 3. For these values the
PE exhibits a local maximum. The second question concerns using PE to determine
the optimal embedding parameters for a given time series. However, in this approach
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Table 4. Economics and Environmental studies: The table shows the application of PE to
systems as classified in Sect. 4.

Ref. | Topic Order | Time delay | Amount of data
case i)
[21] | Southern oscillation index 4 1-—20 453
[21] | Fish recruitment 4 1-20 453
[21] | Canadian lynx 4 1-20 114
[25] | 20 Dow Jones UBS subindexes 4-6 1 — 500 4673
case ii)
[65] | Sedimentary data 5 1 1000
[45] | Annual minimal water levels 2 1 ~ 659
[34] | World stock indices 4-6 1 ~ 3138
[66] | Stock market indices of 32 countries | 4 —5 1 ~ 3000
[67] | Daily values of bond indices 4-6 1 2047

the optimal n and 7 strongly depend on the system. A more intuitive formulation
of the optimal parameter selection will be given by means of simulations in the next
section. The third question deals with the detection of a delay in a given system or a
coupling between two systems, characterized by the minimum of PE. Comparing the
results in the tables, higher values of n seem to allow for a better detection of the
right 7. This last application works for cases i) and ii). Otherwise, when analyzing
time series of the ii)-type (see the remaining references in Tables 1, 2, 3 and 4), a
lag of 7 = 1 is commonly used. Regarding the necessary lengths of the time series
for both cases, it is typically recommended to satisfy N > 5n! (see e.g. [26]), which
essentially leads to a maximum of n = 7 in most applications.

5 Interpretation of the parameters and their influence on
permutation entropy

In the following, we will apply the aforementioned ideas to three well-known model
systems: the Lorenz system, the van-der-Pol-oscillator and the logistic map. The
Lorenz system is given by

t=o(y—=z) gy=zlp—2z)—y Z=azy-p=2 (3)

and the parameters used are ¢ = 10, p = 28 and 8 = 8/3 which is well into the
chaotic regime of the system. The van-der-Pol-oscillator can be described by

t=plz—s2°—y) Y=-= (4)
and for g = 10 the system exhibits periodic behaviour. The logistic map is given by

Tp+1 = Tmn(l - xn), (5)

where 7 controls the dynamic behaviour, for example: periodic behaviour for r = 3.55,
intermittency near period 3 for r = 3.8282 and deterministic chaos for r = 4. As an
example of a random process, we chose an autoregressive model

Tr; = 0.3171'_9 + €5y (6)

where ¢; is a series of independently normally distributed (N(0,1)) random numbers.
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Fig. 2. (A) Normalized permutation entropy h, of the first coordinate of the Lorenz system
(integration step: 0.0170; N = 59393 to be well above the required data length for the
maximum n) for different values of 7 and n. The dotted lines (I,II,III) mark changes of the
relation between h, and 7 and separate the range of 7 into four sections. (B) The same values
of hy in relation to the range of the time delay embedding vector (embedding dimension n
and delay 7). In contrast to panel (A), the marker (II) is a vertical line in this representation.

Considering the case i) from Sect. 4, the parameters for the calculation of PE can
be interpreted either in the meaning of time delay embedding or the display of dom-
inant periods. The crucial point in this basic technique of nonlinear dynamics is the
choice of the embedding parameters allowing for the best reconstruction of the phase
space of the dynamical system. In Fig. 2 we consider the normalized permutation
entropy resulting from the time series of the first coordinate of the Lorenz system, an
exemplary workhorse of nonlinear dynamics. Obviously, h,, depends on the selected
delay 7 and the order n in a non-uniform way. There are four phases:

1. Before (I) (see Fig. 2A), there is a linear rise of the value for increasing 7. It reflects
the unfolding of the trajectory and shows the loss of correlation between the values
in the embedding vector (i.e. ranked sequence). DeMicco et al. [27] called the
influence of this correlation “redundancy effect”, where a high correlation leads
to reconstructed trajectories which only visit single parts of the phase space.
Decreasing values of correlation represent an unfolding of the trajectories, thus
maximizing the number of participating parts of the phase space.

2. After (I) (see Fig. 2A) there is a small epoch of saturation which ends at (II) (see
Fig. 2B). The limit (1I) does not depend on 7 but on the range of the embedding
vector (n —1)7 and indicates the begin where the last value of the vector becomes
independent from the first one.

3. From (II) on, this independence involves more and more values of the vector until
(III), where the first and the second entry of the embedding vector are no longer
correlated and the maximum entropy is reached.

4. The remaining part after (II1) is called “irrelevance effect” by De Micco et al. [27].

Fig. 2 also shows an underlying oscillation in the region after (I), which reflects the
influence of typical oscillation lengths and allows a fine tuning of embedding (see
Fig. 2A). This is more impressive for the van-der-Pol-oscillator as an example of reg-
ular oscillation where the phases after (II) do not exist (see Fig. 3). In the case of
n = 7 a maximum value of h,, can be found for the values of 7 equal to the main
period length, which was also reported by Bandt et al. [21] for other regular oscilla-
tions. This maximum reflects the complexity of the variation of the main oscillation,
resulting from numerical errors, as it is not displayed for n = 3 due to the smaller
number of included cycles in the rank sequence. This finding is in accordance with
the applications shown in Table 4, where the optimum values of 7 are equal to the
annual cycles and the dimension n is not smaller than 4. In the meaning of time delay
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T range of embedding vector: (n-1)t

Fig. 3. (A) Normalized permutation entropy h, of the first coordinate of the van-der-Pol-
oscillator (integration step: 0.0405; N = 49329; period: 471 data points) for different values
of 7 and n. (B) The same values of h,, in relation to the range of the time delay embedding
vector (embedding dimension n and delay 7). The dotted lines mark prominent points of
the function hy,: the first local maximum for n = 3 (7 = 157), the first local minimum for
n =3 (7 = 236) and the location of marker (1) at (n — 1)7 = 220 (cf. Fig. 2).

embedding, the “redundancy effect” is overcome for a range of the embedding vector
of (n — 1)7 = 220 which is slightly smaller than half of the main period length (see
Fig. 3B). At this value of 7 the PE is highest for n = 3, which indicates the sufficient
embedding dimension of the system. For this dimension, the first local maximum is
located at 7 equal to about the third of the main period length. This supports the
finding of Groth et al. [18] that the trajectories are most unfolded for the n-th part of
the main period length (Fig. 3A). In contrast to the chaotic dynamics of the Lorenz
system, the first threshold (I) for the van-der-Pol-oscillator depends on the range of
the embedding vector.

Coming back to the regions after marker (1I), h,, increases linearly with 7 until
the maximum. We assumed the decreasing correlation between the components of
the embedding vector being the cause of that. Following an idea of De Micco et
al. [27], we consider a resampled version of the time series (see Fig. 4A). The new
sampling step is set to 7. If we vary the starting point of this resampling from the
index 1 to 7 of the original signal, we get an ensemble of time series for each T,
for which we can estimate the distribution of h,, (delay 1 and dimension n). This
distribution can be displayed by e.g. boxplots (see Fig. 4A). The comparison of the
original function of h,, and the median of the ensemble values of the h,-distribution
shows that the location of (I) remains the same. In contrast, the increase between (II)
and (1II) disappears. The reason can be found in the decreasing number of sequences
(reconstructed vectors) caused by the resampling (see e.g. Fig. 4). This decrease leads
to the phenomenon of forbidden words also in random processes, where it is used to
distinguish chaos from noise [23,26,28-34], and thus proves the assumption that the
loss of correlation leads to rising values of h,,. The initial length of the original time
series used here with N = 6025 is of course higher than necesseary for n = 5. But
in order for the resampling to provide reasonable results for small values of 7 a
longer time series was chosen. The effects of too few data points become visible for
higher 7.

As a last point, additive noise of moderate level does neither change the location
of (I) nor the functional structure after it (see Fig. 4B). Summarizing the last results,
the normalized permutation entropy is suitable to characterize dynamical processes
being observed at a fixed rate per unit time. As the best choice of n, we recommend
the value which leads to the highest h,, at the point (1) (saturation after “redundancy
effect”). It is n = 6 and n = 3 in the cases of the Lorenz system (see Fig. 2A) and the



258 The European Physical Journal Special Topics

10000

without noise
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Fig. 4. (A) The blue line shows the normalized permutation entropy h, of the first coordi-
nate of the Lorenz system (integration step: 0.0170; N = 6025) for different values of 7 and
n. Dotted lines display markers from Fig. 2. Additionally, there is a boxplot for each 7 which
results from a resampling of the time series using a sampling step 7. The variation of the
starting point of this resampling from the index 1 to 7 of the original time series, leads to 7
realizations of h,,. The normalized PE h,, is calculated using a delay of 7 = 1 and a dimen-
sion of n = 5 for each member of this ensemble. The red line in the boxes marks the median
of h, in ensemble. The upper and lower boundaries of the box are the upper and the lower
quartiles, respectively. Black whiskers indicate the range of values and the red crosses mark
assumed outliers. The green line shows the decreasing number of sequences (reconstructed
vectors) caused by the resampling process. (B) The PE h,, (delay 7 and n = 5) for different
signal to noise ratios.

van-der-Pol-oscillator (see Fig. 2B), respectively. The optimal value of 7 is either the
location of (I), respectively 7 = 16 and 7 = 157 in the Lorenz system and the van-
der-Pol-oscillator, or the location of the first prominent local maximum, i.e. 7 = 22
and 7 = 220. The estimated embedding dimension for the van-der-Pol-oscillator is
conform with the condition of Taken’s delay embedding theorem [2] where a delay
map size of two times the box counting dimension plus one is sufficient. In the case of
the Lorenz attractor the box counting dimension is 2.06 which leads to the estimated
value of an embedding dimension of 6.

Let us now come back to the second class ii) of the analysed processes, which is
based on the observation of events as well as the time between their occurrence. In
Fig. 4B the effect on the normalized permutation entropy is e.g. displayed by means
of additive white noise. You see that there is an overlapping of influences of both the
Lorenz system and the stochastic process where the stochastic process leads to a local
maximum at 7 = 1. In contrast to the highly correlated successive sample points of
the Lorenz system (“redundancy effect”) each step in the noise process reflects an in-
novation less predictable than in the Lorenz system alone. This event based class not
only includes stochastic processes but also nonlinear iterative maps, because of an in-
novation in each step. Therefore, 7 = 1 is mostly used in the case of these event-based
processes, as can be seen in the tables 1, 2, 3, and 4. In contrast to case (i), a “redun-
dancy effect” is not possible. When looking at the logistic map in different regimes,
for example (Fig. 5), the phase before mark (I) (Figs. 2A, 3B, and 4) is skipped as ex-
pected. Beginning from 7 = 1, there is either an oscillatory modulation on a constant
level (blue line in Fig. 5) or an increase of h,, until a maximum value (green and red
line in Fig. 5) like in the case (i) after mark (II). The constant level corresponds to
the plateau between (I) and (II) (see Fig. 2A, 3, and 4A). The minimum values are
located at integer multiples of half the mean period (blue line Fig. 4). In the case of
intermittence we not only find the increase of h,, but also local minima at integer mul-
tiples of the period 3 (green line). The chaotic regime is characterized by an abrupt
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Fig. 5. Normalized permutation entropy of the logistic map for different values of 7 and for
order (A) n =3 and (B) n = 7. The colours represent the different regimes: period 8 (blue),
intermittence near period 3 (green) and deterministic chaos (red). In the case of 7 =1 a
higher dimension leads to clearer distinction between the different regimes.
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Fig. 6. Normalized permutation entropy for different values of 7 and orders (blue: n = 3,
green: n = 7) of a realization of (A) the autoregressive process z; = 0.3z;—9 + €; (€ -
white noise) and (B) the integration (cumulative sum) of this realization as an example of a
random walk, where the stepwise increments are correlated. The long dotted lines mark the
location of the defined lags. The lines marked (IV) are at the same location for n = 3 and
n =7, if h, is plotted over the range of the sequences (n — 1)7.

change after 7 = 1 to the value of h,, for white noise. A higher order does not essen-
tially change this behaviour. Only the differentiation between the regimes improves
for 7 = 1.

Finally, we consider an autoregressive process (see Fig. 6) and its integrated ver-
sion which represents a random walk with correlated steps, as examples for ran-
dom processes. The first one is regarded as a representative of a model commonly
used in medical applications whereas the second one stands for economic models.
Calculating h,, for a realization of the autoregressive process, the defined delay is
characterized by a prominent local minimum for both n = 3 and n = 7. For most
of the other values of 7, h, is nearly constant and similar to the maximal value
of h,. Additionally, there is second local minimum for n = 7 which is an arti-
fact of the enlargement of the sequences (see Fig. 6A). The defined lag 9 is also
found for the resulting realization of the random walk (see Fig. 6B), again rep-
resented by a characteristic local minimum. But in contrast to the realization of
the autoregressive process, there is a decrease of h,, after the line marked (IV) (see
Fig. 6B). This mark scales with the range of the sequence (n — 1)7. Therefore, the
decreasing value of h,, reflects the increasing effect of the observed trend in this
realization.
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6 Summary

Combining the findings of the exhaustive literature research and the shown examples,
we propose the following parameter selection procedure:
Decide which kind of system is considered:

i) Measurements observed at a fixed rate per unit time:

a) Complexity of the main oscillation:
Choose 7 as the period length of the main oscillation and a dimension prefer-
ably with n > 3, which leads to a maximum of PE; the higher the dimen-
sion the better resolution of differences in the complexity, (see Table 4 and
Fig. 3). This case is similar to ii)a) where the onset of each cycle represents a
new event.

b) Determining embedding dimension:
Choose the n where the normalized PE (Eq. (2)) has its highest value at (I)
(saturation after “redundancy effect”) and 7 either as the location of (I) or
the location of the first prominent local maximum in the range between (1)
and (II) (see Table 1 and Figs. 2 and 3).

c¢) Determining delay/coupling:
Choose 7 as the location of the minimum of PE for a maximum of n (see
Tables 1 and 3).

ii) Measurements of processes that possess an inherent cycle represented by triggering

events:

a) Complexity of the time series:
Choose 7 = 1 (see Tables 1, 2, 3 and 4 and Figs. 5 and 6) and the maximal
dimension; the higher the dimension the better resolution of differences in the
complexity (see Fig. 5).

b) Determining delay/coupling:
Choose 7 as the location of the minimum of PE for a maximum of n; (see
Figs. 5 and 6).

The most important artefact in the calculation of permutation entropy is connected to
a too small sample size in relation to the dimension/order of permutation n. Therefore,
we advise to follow the recommendation in [26] to choose the maximum n according to
N > 5nl. This decision tree is only valid for the classical PE as introduced by Bandt
and Pompe [4]. Since the introduction many extensions for PE and other applications
of symbolic dynamics, cf. e.g. [9-14], have been proposed. But these extensions re-
quire additional consideration, which is out of scope of this review. Nonetheless, the
classical PE provides a simple first fast step for analyzing complexity in time series,
as shown in the reviewed literature and our simulations. But, as with all time series
analysis methods, meaningful interpretation requires inclusion of existing a priori
knowledge about the system. We also suggest relating own findings to results gained
via established methods.
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