
When a level in the panarchy enters its ! phase
of creative destruction, the collapse can cascade to
the next larger and slower level by triggering a
crisis. Such an event is most likely if the slower level
is at its K phase, because at this point the resilience
is low and the level is particularly vulnerable. The
“revolt” arrow in Figure 7 suggests this effect, one
where fast and small events overwhelm slow and
large ones. Once triggered, the effect can cascade to
still higher, slower levels, particularly if those levels
have also accumulated vulnerabilities and rigidities.

An ecological version of this situation occurs
when conditions in a forest allow a local ignition to
create a small ground fire that spreads first to the

crown of a tree, then to a patch in the forest, and
then to a whole stand of trees. Each step in that
cascade moves the transformation to a larger and
slower level. A societal version occurs when local
activists succeed in their efforts to transform re-
gional organizations and institutions, because the
latter have become broadly vulnerable. Such a
change occurred in New Brunswick, Canada when
a few small groups opposed to spraying insecticide
over the forest were able to transform this region’s
vulnerable forest management policies and prac-
tices (Baskerville 1995).

The arrow labeled “remember” in Figure 7 indi-
cates a second type of cross-scale interaction that is
important at times of change and renewal. Once a
catastrophe is triggered at one level, the opportuni-
ties for, or constraints against, the renewal of the
cycle are strongly influenced by the K phase of the
next slower and larger level. After a forest fire, for
example, the processes and resources that have ac-
cumulated at a larger level slow the leakage of
nutrients that have been mobilized and released
into the soil. At the same time, the options for
renewal include the seed bank, physical structures,
and surviving species, which comprise biotic lega-
cies (Franklin and MacMahon 2000) that have ac-
cumulated in the course of the forest’s growth.
Similarily, for its reorganization and renewal, a
coral reef hit by a storm draws on its own legacies
and the memory of the seascape of which it is a part
(Nyström and Folke 2001). It is as if this connection
draws on the accumulated wisdom and experiences
of maturity; hence, the word “remember.”

In a similar vein, Stewart Brand, in his marvelous
meditation on buildings (1994), described them as
adaptive, hierarchical entities. Buildings of endur-
ing character are a reflection of seasoned maturi-
ty—the culmination of a series of idiosyncratic,
wise, and thought-provoking experiments in the
form and content of a mature, evolved structure. In
The Clock of the Long Now, Brand (1999) extends
these ideas and generalizes the concept of fast and
slow processes to society as a whole. His work res-
onates with features reminiscent of panarchy the-
ory. Similarly, Levin’s Fragile Dominion (1999) is an
accessible and effective disquisition on self-organi-
zation as it characterizes adaptive, complex ecolog-
ical systems.

The panarchy is a representation of the ways in
which a healthy social-ecological system can invent
and experiment, benefiting from inventions that
create opportunity while it is kept safe from those
that destabilize the system because of their nature
or excessive exuberance. Each level is allowed to
operate at its own pace, protected from above by

Figure 7. Panarchical connections. Three selected levels
of a panarchy are illustrated to show the two connections
that are critical in creating and sustaining adaptive capa-
bility. One is the “revolt” connection, which can cause a
critical change in one cycle to cascade up to a vulnerable
stage in a larger and slower one. The other is the “re-
member” connection which facilitates renewal by draw-
ing on the potential that has been accumulated and
stored in a larger, slower cycle. An example of the se-
quence from small and fast through larger and slower and
thence to largest and slowest for a boreal forest ecosystem
includes needles, tree crowns, and patches. For institu-
tions, those three speeds might be operational rules, col-
lective choice rules, and constitutional rules (Ostrom
1992); for economies, they might be individual prefer-
ences, markets, and social institutions (Whitaker 1987);
for developing nations, they might be markets, infrastruc-
ture, and governance (Barro 1997); for societies, they
might be allocation mechanisms, norms, and myths
(Westley 1995); for knowledge systems, they might be
local knowledge, management practice, and world view
(Gadgil and others 1993; Berkes 1999; Holling and others
2001). (Reprinted from Gunderson and Holling 2001
with permission of Island Press)
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Figure 1: (Left panel) A schematic of a single adaptive cycle. (Right panel) Panarchy considers
a dynamic hierarchy of interacting cycles. Feedback across scales of distance and time stabilize
the system. (Figures reproduced from Holling, 2001.)

Panarchy and Coupled Lorenz Attractors

The left panel of Fig. 1 depicts a single adaptive cycle reminiscent of the unstable cycles on a
Lorenz attractor. Multiple nested cycles form a panarchy, as shown in the right panel of Fig. 1.
This suggests coupled Lorenz attractors as a model of panarchy. We propose a quantitative
dynamical system that captures some of the qualitative concepts in the theory. The essential
stabilizing feedbacks across scales of distance and time can be captured in the dynamics of
coupled chaotic water wheel.

Two Coupled Chaotic Water Wheels

Consider a water wheel lined with cups that fill from a steady source spread symmetrically
across the top. Energy is dissipated as water leaks from holes of equal diameter in the bottom
of each cup. This system can exhibit chaos. Strogatz (1994) carefully derives the equations of
motion and demonstrates their equivalence to the Lorenz system for heat convection.

Here, we consider two water wheels coupled by a common axis. As each wheel rotates, a
torque is applied to the other due to friction with that axis. We extend Eqs. 2 and 3 in Ch. 9 of
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Strogatz (1994) to capture the dynamics of this system:
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where, for each of the two wheels, ω is the angular velocity, θ is the angle with respect to some
reference in the lab frame, m(θ, t) is the mass distribution around the rim, I is the moment of
inertia, ν is the rotational damping rate, g = g0 sinα is the effective acceleration due gravity
when the wheel is raised to an angle α with respect to the horizontal, d is the diameter, K is the
leakage rate from the bottom of each cup, Q(θ) is the inflow rate spread about the top of the
wheel, and ε is the coupling between the two wheels.

Writing m(θ, t) and Q(θ) as a sum over harmonics in θ and changing variables (Strogatz,
1994), we can transform the dynamics of Eq. 1 into two coupled Lorenz systems:
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For each of the two wheels,
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and,
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(Prandtl number),
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(Rayleigh number), (4)
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I1 100 kg m2 ν1 100 kg m2 s−1

I2 0.0125 kg m2 ν2 0.025 kg m2 s−1

d1 2m q1 1.5 kg s−1

d2 0.1m q2 0.25 kg s−1

K1 0.1s−1 g 4.9 m s−2

K2 0.5s−1

Table 1: Parameter choices for Eq. 2.

where a1 = a1(t) (b1 = b1(t)) is the first odd (even) mode of m(θ, t) and q1 is the first even
mode of Q(θ) (all odd modes are assumed to have zero amplitude). The geometric factor in the
standard Lorenz system is equal to 1 for a circular water wheel. Time has been transformed to
a dimensionless quantity by letting t → t/K1. Note that the ratio K2/K1 determines the time
scale of the second system relative to the first.

We consider the case of the first wheel being larger and operating on slower time scales than
the second. To achieve this, we choose parameters such that d1 > d2, I1 > I2, and K1 < K2.

Case 1

Parameter choices are summarized in Table 1. They yield Prandtl numbers σ1 = 10 and σ2 = 4;
the Rayleigh numbers are r1 = 23.09 and r2 = 30.79. This puts both water wheels, without
coupling, in the chaotic regime.

We plot the time series for ω1 and ω2 as well as projections of the attractors for various cou-
pling strengths. The initial conditions for each plot are x1(0) = y1(0) = x2(0) = y2(0) = 0.1
and z1(0) = z2(0) = 1. Fig. 2 shows the results for no coupling. There is a separate Lorenz sys-
tem for each of the independent wheels. The case of moderate coupling is shown in Fig. 3. Soft
phase locking occurs such that the two wheels tend to rotate in the same direction. In the strong
coupling regime of Fig. 4, the wheels appear to synchronize such that the relationship between
their angular velocities is well-approximated by a time-invariant scale factor. Dynamics of the
smaller, faster wheel are controlled by the larger, slower wheel.

Case 2

Here, we select parameters such that the coefficients coupling x1 and x2 in Eq. 2 are equal.
Parameter choices are summarized in Table 2. Only parameters for the second wheel have been
altered. The Prandtl numbers are σ1 = 10 and σ2 = 25; the Rayleigh numbers are r1 = 23.09
and r2 = 33.87.

Fig. 5 plots angular velocity time series and attractor projections in the strong coupling
regime. After initial chaotic transience, the two wheels lock into fixed angular velocities with
the same sign but distinct magnitudes. The strength of the coupling eliminates chaos from both
systems. Exact equality of the coefficients coupling x1 and x2 in Eq. 2 is not necessary to
achieve this steady state rotation.
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I1 100 kg m2 ν1 100 kg m2 s−1

I2 0.0125 kg m2 ν2 0.625 kg m2 s−1

d1 2m q1 1.5 kg s−1

d2 0.1m q2 110 kg s−1

K1 0.1s−1 g 4.9 m s−2

K2 2s−1

Table 2: Parameter choices for Eq. 2.

Figure 2: Case 1: The case of no coupling (the two wheels are independent systems). (Top)
Plots of angular velocity over time for each wheel. (Bottom) Plots of the decoupled Lorenz
attractors.
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Figure 3: Case 1: The case of moderate coupling, ε = 0.1 kg m2 s−1. (Top) Plots of angular
velocity over time show a soft phase locking between the two wheels. (Bottom) Projects of the
attractors.
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Figure 4: Case 1: The case of strong coupling, ε = 0.4 kg m2 s−1. (Top) Plots of angular
velocity over time show a strong phase locking between the two wheels. (Bottom) Projects of
the attractors. Note that the coupling only has significant implications for the dynamics of the
smaller, faster wheel.
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Figure 5: Case 2: The case of strong coupling, ε = 4.5 kg m2 s−1. (Top) Plots of angular
velocity over time exhibit chaotic transience followed by each wheel locking into steady motion
with the same direction but distinct frequencies. (Bottom) Projections of the attractors.
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Discussion

Comparing Fig. 3 and Fig. 4 to Fig. 2, coupling allows the larger, slower wheel to stabilize
the smaller, faster wheel by reducing the frequency of rapid shifts in angular velocity. Fig. 5
illustrates the ability of coupling to eliminate chaotic dynamics in both systems, bringing them
to steady state rotation. This demonstrates the cross-scale feedback mechanisms of panarchy in
a simple dynamical system. Our work could be extended to model the quantitative dynamics of
panarchy across multiple scales by coupling additional water wheels to a common axis.
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