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Markov Process
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Formed from

State transitions Pij =P(Sp+1=J | Sn+1=1)
Expected waiting time T
Key object

=P(X;, =j| Xo =1)



Toy Example

w1~ 'w

P —

18

97
92

93

10

18

86

10

96

13

86

90

10
11
12
13
14
15
16

17

19




30

25+

20

15 F

10 F

Uniform Example

Use adjacency matrix as weight matrix



Assume our chains satisfy...
. pi=0

2. Ergodic: It 1t is possible to get from any state to any other state.

discrete equilibrium measure: Ergodic implies there exists 7 such that 1/’ P = «'”

g

T, 18 the fraction of states equal to a in a long state list
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equilibrium measure: notice T,T, 1s the expected time spent in tae a, hence
Tﬂnﬂ-

W, —
Y Tm,

1s the asymptotic fraction of time X; spends 1n state a.

3. )Y =1



Space Of Mathematics
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Memoryless
Given X;, = i, let T be the first time one transitions from i.

Memoryless: implies for s > ty, we have P(T > (t+5) | T >s5) =P(T > 1)

dP(T >1) im P(T > (t+dt))—P(T >1t)

dt dt—0 dt
. P(T>t+dt | T>t)P(T>t)—P(T >1)
— lim
dt— ) dt

(, P(T>dt ' T>0)-1
= | Iim
dt—0 dt

)P(T > t)

=CP(T >1t)

Hence P(T >1t)=¢"

and since E(T) = [, te“dt = 1;
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In general...

d
—P = —A
dt |,y 0

Ao = [t (I—P)
Pt — E—fé.m

et=Y 1 % converges when A 1s plugged in



MECHANIQUE CELESTE

P. S. LAPLACE,

Member of the Institute aod of the Bureau of Longitnde
of France, &c. &c.

When the motions are veryesmall; we may neglect
the squares and the products of «, v, and v; the equa-
tion (LD then becomes

()t (5 ()

therefore in tlus case u.8.0--v.8yv.dz is an exact va-
riation, if, as we have suppased, p be a function of p ;
by paming this differential ¢, we shall have

ol @
P"“f =\ )"

and if the fluid be hnmngf:nenus, the equatior of con-
tinuity will become

(2 () ()

These two equations contain the whole of the theory of
very small undalatiens of homogeneous fluids.

Circe 1799

The Laplacian

Af = f(x)- CZVS(x)(f)

Af = hm

S%Og

[ f()aa

S2(xg)

J(x)-

JTE

o"f o"f J°f
ox” (Qy 0"Z

Af

— (I~ P)f



Conformal Invariance

We define different choices of T with the same P as conformal changes
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Loop(15,1000); For a discrete chain, the first return time equals 1 /7,

Conformal Invariance of First Return Time: The expected first return time at a is conformally invanant,

and hence equal to 1/7,.



Conformal Invariance

We define different choices of T with the same P as conformal changes

Conformal Invariance of First Return Time: The expected first return time at a 1s conformally invanant,

and hence equal to 1 /7.
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proof:

Suppose we visit roughly M states in time T.
Since Y tam.=1
after a conformal change we still visit roughly M dates in time T.

Notice, the state sequence is the same,
so the number of loops N after visiting M sates is the same.

Since the loop (basically) cover [0,T] once
E(R)=T/N is conformally invariant.

QED



Expected Commute Time

Conformal Invariance Of the Expected Commute Time: The expected commute time depends only

the underlying discrete structure.

proof: same argument
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[states Time]=Commute(15,25,1000);
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Back to Green’s Paper

(1) Twue function which represents the sum of all the elec-
tric particles acting on a given point divided by their respective
distances from this point, has the property of giving, in a very
gimple form, the forces by which it is golicited, arising from the
whole electrified mass.—We shall, in what follows, endeavour
to discover some relations between this funetion, and the density
of the electricity in the mass or masses producing it, and apply
the relations thus obtained, to the theory of electricity.

Firstly, let ns consider a body of any form whatever, through
which the electricity is distributed according to any given law,
and fixed there, and let &, 3/, 2/, be the rectangular co-ordinates
of a particle of this body, p’ the density of the electricity in this
particle, so that dz'dy'dz’ being the volame of the particle,
p'dx'dy'dz’ shall be the quantity of electricity it contains: more-
over, let # be the distance between this particle and a point p
exterior to the body, and ¥ represent the sum of all the par-
ticles of electricity divided by their respective distances from
this point, whose co-ordinates are supposed to be =z, y, 2, then
shall we have

v = V(@ —a2) + (- y) (=2

and

- J‘p'im’d 'ds’
= [z

the integral comprehending every particle in the electrified mass

under consideration.
29

.... wWith a second
source at
infinity

R3

G(x,y) = 1

4 lx-yl




LAPLACE has shown, in his Mée. Céleste, that the function V

has the property of satisfying the equation d 1 Z—c
Vig(z) = ;_log
o TV TV IV ] o - |z—d
2

and as this equation will be incessantly recurring in what
follows, we shall write it in the abridged form 0=8&1"; the
symbol & being used in no other sense throughout the whole of
this Essay,

In order to prove that 0 =&V, we have only to remark, that

by differentiation we immediately obtain 0= 3;_1-, , and conse-

quently each element of ¥ substituted for ¥ in the above equa-
tion satisfies it; hence the whole integral (being considered as
the sum of all these elements) will also satisfy it. This reason-
ing ceases to hold good when the point p is within the body,
for then, the coefficients of some of the elements which enter
into V becoming infinite, it does not therefore necessarily follow
that ¥ satisfies the equation

=28V,
although each of its elements, considered separately, may do =o.
Hence, throughout the interior of the mass
0=86V+4dmp;

of which, the equation 0 =8V for any point exterior to the body
is a particular case, seeing that, here p =0,



Commute Theorem:

E(Tw) = V; (b) — V7 (a)

a

... the effective resistance
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Space Of Mathematics Example: We find that the commute time between the Fundamental Theorem of
Calculus and Stokes Theorem 1s roughly 5287., while the commuute time between the Fundamental Theorem
af Calculus and the Gauss Bonnet Theorem 1s roughly 34809. In figure 1.3 we see the embedding of some
of our favorite theorems using the distance ~._,/ E(Tus). The use of this particular distance is explained in

section 1.3.



WHY? d(a,b) = \/E(T;;) WHY?

Green’s Identity: < f! g >o= f"o)g

< f,Aof >0= = ZE:P:; f;)

< fiAnf >e= ijﬁmf%(fij —Pij)f; (def.)
= E: ;ﬁ i(Z ij — u)f (0; = Tm;)
= (Timif? — 2L P fi+ Eymif?) (foil
— % YT P,;f? —2); i fimi jjfj‘l—zjﬁjf?) (rowsum P is 1)
= % Y. i TP; jfgz —2) i fimiPfi+ X TP _,sz) (Tt is P equi. vec.)
= 1L M2~ 2+ 1) (facton
= 3 X ;WP (fi— £3)? (unfoil)

“Do not imagine that mathematics is hard and crabbed, and repulsive to
common sense. It is merely the etherialisation of common sense.”

reem w 4 " -



Dirichlt form < f,g8 >pir=< [f,Apg >o

1

Make Euclidean < f,g >sympir= §(< f.g >pir + <g,f >pir)

Green’s Embedding: Green(a) =V,

||Green(a) — Green(b)| |§ymﬂir = E(Ty)

||Green(a) — Green(b)”%wmir = ||vV#—-V§ E,ymmr (def. )
= | \Vga — V; ! \;r (unsym.)
= HV;’! \iir ( A linearity, see 1.3ex.3)
=< VP AV >, (def. Dir)
= (V;)"KV, (def. K )
— (VE)" (3, — ) (det. V2)
=V2(a) —V;(b) (evaluate)
= E(Typ) (Commute Theorem)

g.e.d



Green’s Embedding
(and MDS)

.........................................

..............................................................







MDS algorithm

Simply, attempt to minimize a positive loss
function that would be zero if for all (x;,x;)

d(xi,xj) = dpuc(f(xi), f(x))
Example Raw Stress
Stess — Z (dEuC(f(xi)af(x.f)) _d(xhxf))z
i>]

Minimization Techniques: Gradient Decent, Newton
Raphson, Iterative Majorization, Tabu Search,
Genetic Algorithms, Simulated Annealing....
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2-d Example

citlies =

{'Aatl’','Chi', 'Den', 'Hou', 'LA"', 'Mia', 'NYC', 'SF', 'Sea’, 'WDC'};

D = [ 0 587 1212 701 1936 604 748 2139 2182 543;
587 0 920 940 1745 1188 713 1858 1737 597;
1212 920 0 879 831 1726 1631 949 1021 1494;
701 940 879 0 1374 968 1420 1645 1891 1220;
1936 1745 831 1374 0 2339 2451 347 959 2300;
604 1188 1726 968 2339 0 1092 2594 2734 923;
748 713 1631 1420 2451 1092 0 2571 2408 205;
2139 1858 949 1645 347 2594 2571 0 678 2442;
2182 1737 1021 1891 959 2734 2408 678 0 2329;
543 597 1494 1220 2300 923 205 2442 2329 0]1;

Example taken from MatLab’s help
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Optimal Dimension

Call the embedding f and use the Euclidean distance d(f(X),f(Y))

DlAX.Y) - d(f(X).f (V)
Y ld(x.y)

The fraction of total distance we are off

015 -
01k
0.05
1

1 1 1 1 f
n 2 10 15 20 25 30 35




Optimal Dimension

Call the embedding f and use the Euclidean distance d(f(X),f(Y))

DlAX.Y) - d(f(X).f (V)
Y ld(x.y)

a5k




Weighted MDS algorithm

Simply, attempt to minimize the

Weighted Raw Stress

stessWeighted = ZW” (dEuc(f(x:), f(x;)) — d(x,;,xj))z

(> ]






MatLab

load W.mat; % The conductance of our Toy Chain
P = diag(l./sum(W,2))*W; % Discrete transition probabilities
n = length(W); % Number of states
I = speye(n); % Identity matrix
A = I-P+sparse(n,n,l); % Make I-P nonsingular.
w0 = I(n,:)/A; % Find a row vector killed by I-P.
w = wO/sum(w0); % Equilibrium measure
M = hit(P); % Compute hitting times
CommutTimes = M+M'; % Compute commute times
DistEuc = sqgrt(Com); % Compute Green's distances
MDS3 = mdscale(DistEuc,3, 'criterion', 'metricsstress');
% Compute 3-d MDS
Weights = (sgrt(w)) ' '*(sqrt(w)); % Weights fro MDS
MDS3weighted = mdscale(DistEuc3, 'Weights',Weights, 'criterion’', 'metricsstress')
% Compute 3-d MDS
figure(l) % Graph these 3-d embedding
subplot(2,1,1)
scatter3(MDS3(:,1),MDS3(:,2),MDS3(:,3))
title('Un-weighted MDS of Green distances')
subplot(2,1,2)
scatter3 (MDS3weighted(:,1),MDS3weighted(:,2),MDS3weighted(:,3))
title( 'Weighted MDS of Green distances')



Appendix: Proof of the

Commute Theorem:
E(Tw) =V_.(b)— V. (a)

Why we are doing it.... to do some
mathematics (yeah!)....

® Visit the almighty maximum principle
® Dwell on the fundamental mysteries of probability theory

® Directly interact with the single most important fact
about infinity



Harmonic
A harmonic function 1s a function f which satisfies Af = 0 off a specified set call the boundary

a specified set call the boundary.

An example Recall:
(.1:} _ Vab(x) _Vf(ﬂ) Ay = [T]_l U_P}
e -V @) K = [0]Ay
'q is clearkly harmonic with boundary d = {a,b} KvP=8,—8;

Another example...

p(x): the probability of starting at of reaching b before hitting a
away from o, that if I take one step then p(x) is equal to the average of its neighbors.

Hence both p and g are harmonic with d = {a,b} and furthermore p(a) = g(a) =0and p(b) =g(b) =1

...oris it?



Maximum principle

We look at the function f = p —g. By the linearity of A this function is harmonic and zero on the

boundary. So p—g =0 follows from the following principle:

Maximal Principle: A harmonic function is constant or takes on its maximum on the boundary.

Let’s evaluate the Laplacian!

Notice (Azp)(a) = pe is the probability that we escape from a, in other words leaving a we reach b

before returning to a.

Since KV? =8, — 8, we have (Azg(a)) = nﬂ[vj[bj}—vﬁ[aﬂ

S0 we now see that




Lemma: E(T,;) =

MaPe
Notice that starting at a I can view my vouage back to a via b as a sequence of M returns to a, each

involving R, ; steps, together with one last one where I go via a. Hence T, = Ej}il Rg; and

E(T.») =E(X™ R.)) (just observed )
E(E(Y™ R | M = m)) < (basic expectation property)
=Y " E(YX" | R))P(M = m} (def. Expected val.) SFM PT
L”‘ WE(X" R)p.(1—p, )" (escaped m-1 times)
=YY" mE(R)p.(1—p.)" ! €= (linearity exp. val.)
=pE(R)Y" ym(1—p, )"} (rearrangement) FFMPT
= _F'—f Y om(l—p. )™t (expected return time, lem. 8.7)

rl

|

— f?'f Elj \{ggumﬂtrl{: series, Ex. 8.77 )
l
SMIFAGO

FFM PT(ﬁrst fundamental mystery of probability theory). E is linear

SFM PT(ﬁrst fundamental mystery of probability theory). E(E(XlY))=E(X)
SMIFA oo (single most important fact about infinity): Geometric Series
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