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states=Snake(500,5,'No');

Markov Process:



Key object

Expected waiting time

 State transitions 

Formed from



Toy Example 

N=200;  K=10; [states]=PlotTheState(N,K);

W=



Uniform Example  

Use adjacency matrix as weight matrix  



Assume our chains satisfy...
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Space Of Mathematics



Memoryless





In general...



...
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Conformal Invariance 

Loop(15,1000);

Let R be the return
time random variable 



Conformal Invariance 

proof:

after a conformal change we still visit  roughly M dates in time T. 

Notice, the state sequence is the same, 
so the number of loops N after visiting M sates is the same.

QED

Suppose we visit roughly M states in time T. 

Since

Since the loop (basically) cover [0,T] once
  E(R)=T/N is conformally invariant.



Expected Commute Time

 
%

[states Time]=Commute(15,25,1000);

proof: same argument 



Potential from the 
charge distribution: 
Kirchhoff Operator  

1828Circa

To compute  



.... with a second 
source at 
infinity

+
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G(x,y) =
1

4π | x − y |

Back to Green’s Paper



...



... the effective resistance 





“Do not imagine that mathematics is hard and crabbed, and repulsive to 
common sense. It is merely the etherialisation of common sense.” 
                ~Lord Kelvin

WHY? WHY?



Make Euclidean

q.e.d



Green’s Embedding
(and MDS)





MDS algorithm
Simply, attempt to minimize a positive loss 
function that would be zero if for all 

Example Raw Stress

Minimization Techniques: Gradient Decent, Newton 
Raphson, Iterative Majorization, Tabu Search, 
Genetic Algorithms, Simulated Annealing....



Himalayas



2-d Example

Example taken from MatLab’s help



MDS 2-d



Optimal Dimension

€ 

S =
d(X,Y ) − d( f (X), f (Y ))∑

d(X,Y )∑

Call the embedding f and use the Euclidean distance  d(f(X),f(Y))



Optimal Dimension

€ 

S =
d(X,Y ) − d( f (X), f (Y ))∑

d(X,Y )∑

Call the embedding f and use the Euclidean distance  d(f(X),f(Y))



Weighted MDS algorithm
Simply, attempt to minimize the 

Weighted Raw Stress



Weighted MDS



MatLab
load W.mat;  % The conductance of our Toy Chain 
P = diag(1./sum(W,2))*W; % Discrete transition probabilities 
n = length(W); % Number of states
I = speye(n); % Identity matrix
A = I-P+sparse(n,n,1); % Make I-P nonsingular.
w0 = I(n,:)/A; % Find a row vector killed by I-P.
w = w0/sum(w0); % Equilibrium measure 
M = hit(P);  % Compute hitting times
CommutTimes = M+M';  % Compute commute times
DistEuc = sqrt(Com); % Compute Green's distances
MDS3 = mdscale(DistEuc,3,'criterion','metricsstress'); 
	

 % Compute 3-d MDS 
Weights = (sqrt(w))'*(sqrt(w)); % Weights fro MDS
MDS3weighted = mdscale(DistEuc3,'Weights',Weights,'criterion','metricsstress') 
	

 % Compute 3-d MDS 
 figure(1) % Graph these 3-d embedding
subplot(2,1,1)
scatter3(MDS3(:,1),MDS3(:,2),MDS3(:,3))
title('Un-weighted MDS of Green distances')
subplot(2,1,2)
scatter3(MDS3weighted(:,1),MDS3weighted(:,2),MDS3weighted(:,3))
title('Weighted MDS of Green distances') 



Appendix: Proof of the 

• Visit the almighty maximum principle

• Dwell on the fundamental mysteries of probability theory 

• Directly interact with the single most important fact 
about infinity

Why we are doing it.... to do some 
mathematics (yeah!)....



Recall:

Harmonic

An example

Another example...

... or is it?



Maximum principle

Let’s evaluate the Laplacian!



SFMPT

FFMPT

SMIFA  

SFMPT(first fundamental mystery of probability theory): E(E(X|Y))=E(X)
FFMPT(first fundamental mystery of probability theory): E is linear

SMIFA      (single most important fact about infinity): Geometric Series



Applications:

Seminal paper:

Awesome Introduction to main ideas:

Pre-printS
Will post on CSSS10 Wiki,

with Lecture Notes

Some References


