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A common goal in the control of a large network is to minimize the number of driver nodes or control

inputs. Yet, the physical determination of control signals and the properties of the resulting control

trajectories remain widely under-explored. Here we show that: (i) numerical control fails in practice

even for linear systems if the controllability Gramian is ill-conditioned, which occurs frequently

even when existing controllability criteria are satisfied unambiguously; (ii) the control trajectories

are generally nonlocal in the phase space, and their lengths are strongly anti-correlated with the

numerical success rate and number of control inputs; (iii) numerical success rate increases abruptly

from zero to one as the number of control inputs is increased, a transformation we term numerical
controllability transition. This reveals a trade-off between nonlocality of the control trajectory in

the phase space and nonlocality of the control inputs in the network itself. The failure of numerical

control cannot be overcome by merely increasing numerical precision—successful control requires

instead increasing the number of control inputs beyond the numerical controllability transition.

PACS numbers: 89.75.Hc, 05.45.-a

A system is controllable if its state can be driven to
different predefined states by a given set of input control
signals, with controllability depending on both the num-
ber and the placement of the control inputs [1]. Such
control often relies on the promise that the direct manip-
ulation of a relatively few degrees of freedom can render
the entire system controllable. This promise has special
meaning in the study of complex networks, where the
large total number of nodes contrasts with the limited
number that can be directly controlled due to cost and
physical constraints. The control of network systems is
important in applications as diverse as the operation of
infrastructure networks [2], coordination of moving sen-
sors and robots [3], devise of therapeutic interventions
[4], management of ecological networks [5], and control
of cascading failures in general [6, 7], and it has received
increased attention in the recent physics literature [7–12].

A number of significant recent studies have focused on
networks with linear time-invariant dynamics [13–16],

dx(t)

dt
= Ax(t) +Bu(t), (1)

with controllability usually determined by the Kalman’s
controllability matrix K =

�
B AB · · ·An−1B

�
[17].

Given the matrices A and B, control inputs u(t) exist
for any initial state x(0) and target state x(1) if and only
if K has full row rank. In particular, if all nodes in a
connected network have intrinsic dynamics, which corre-
sponds to Aii �= 0 for all i, it follows that generically there
exists u(t) such that the entire network can in theory be
controlled by a single control input [14, 18].

A fundamental question is, however, whether the con-
trol signals u(t) can actually be constructed in practice.
At first glance, this question may sound dull given that
an explicit expression exists for u(t) corresponding to the
minimal-energy control trajectories in t ∈ [t0, t1]:

u(t) = BTΦT (t0, t)W
−1(t0, t1)

�
Φ(t0, t1)x

(1) − x(0)
�
, (2)

where W (t0, t1) =
� t1
t0

Φ(t0, t)BBTΦT (t0, t)dt is the con-

trollability Gramian and Φ(t�, t) = e(t
�−t)A [19]. Inci-

dentally, matrix W (t0, t1) being invertible [hence Eq. (2)
being well-defined] is equivalent to the commonly used
Kalman’s rank condition mentioned above. Quite sur-
prisingly, despite this explicit solution and formal equiv-
alence, we show that the determination of u(t) is funda-
mentally limited in networks with more than a handful
of nodes. This calls for a careful re-interpretation of ex-
isting controllability criteria.
Specifically, in this Letter we show that control fails in

practice if the controllability Gramian is ill-conditioned,
which can occur even when the corresponding Kalman’s
controllability matrix is well-conditioned. We also show
that the control trajectory from an initial to a target state
is generally nonlocal in the phase space. In particular, the
control trajectory remains finite-size (in fact very long)
even when the target state is brought arbitrarily close to
the initial one, and its length generally increases with the
condition number of the Gramian. Both the nonlocality
of the control trajectory and control failure rate are re-
duced by increasing the number of control inputs. The
latter manifests itself as a sharp transition as a function
of the number of control inputs, below which numerical
control always fails and above which it always succeeds.
Aside from its implications for control, the characteriza-
tion of such a numerical controllability transition adds
a new dimension to the research on structural [20], dy-
namical [21], and algorithmic complexity [22] transitions
in networks, which has had broad impacts [23–25], with
recent examples ranging from synchronization and per-
colation to epidemic processes [26–30].
We first establish the nonlocality of control trajecto-

ries. We say that a state x(0) of system (1) is strictly lo-
cally controllable (SLC) if for any ball B(x(0), ε) of radius
ε > 0 centered at x(0) there is a radius δ > 0 such that
any target x(1) inside the concentric ball B(x(0), δ) can
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matrix K. Here we disprove this conjecture by show-

ing that the controllability Gramian can be nearly singu-

lar even when the corresponding controllability matrix is

well-conditioned. This is best characterized by the recip-

rocal condition number γ. As a mathematically treatable

example, we consider a directed linear chain C(n) con-

taining n nodes and no self-loops: 1 → 2 → 3 · · · → n.
We examine the control of this network through the di-

rect control of the root node, i.e., node 1. The con-

trol matrix is such that Bi = δ1,i and, assuming for

simplicity that the network is unweighted, matrix A is

given by Aij = δi,j+1 for i, j = 1 . . . n. It follows from

Eq. (1) that K is the n × n identity matrix. There-

fore, K has full rank, has reciprocal condition number

γ = 1, and is in fact the best conditioned of all matri-

ces. Now, consider W (t0, t1). Taking for convenience

t0 = 0, we can show that W (0, t1) =
� t1
0 g(τ)gT (τ)dτ ,

where g(τ) =

�
1,−τ, (−τ)2

2! , . . . , (−τ)i−1

(i−1)! , . . . , (−τ)n−1

(n−1)!

�T
.

Thus, we can calculate the analytic expression for each

entry of the Gramian: W (0, t1)ij = − (−t1)
i+j−1

(i+j−1)(i−1)!(j−1)! .

For fixed control time t1, the reciprocal condition num-

ber γ of W (0, t1) decreases exponentially as a function

of the number of nodes in the linear chain [Fig. 3(b), in-

set]. Therefore, as the size of the linear chain increases,

the controllability Gramian quickly becomes nearly sin-

gular, making the numerical control of system (1) nearly

impossible, even though the Kalman’s controllability ma-

trix remains well-conditioned.

Figure 3 shows that this behavior is indeed general

for the ER networks we consider. The reciprocal condi-

tion number of W decreases exponentially as the num-

ber of control inputs is reduced [Fig. 3(a)] or the size

of the network is increased [Fig. 3(b)], while the recip-

rocal condition number of K (not shown) is generally

larger than
�

γ(W ) [31]. Moreover, it follows that the

average length of the control trajectories is strongly cor-

related with the condition number of the controllability

Gramian [Fig. 3(a), inset]. While surprising at first, this

can be rationalized by noting that both L and γ(W ) are

measures of how difficult it is to actually control the sys-

tem in practice. Therefore, although the Kalman’s con-

trollability matrix K has attractive analytical properties,

its use in practice requires caution. In particular, since

the minimum-energy control involves the inversion of the

controllability Gramian W (rather than of the Kalman’s

controllability matrix), we claim that it is the numerical

rank of W that is often most relevant.

A full rank matrix is numerically rank deficient if one

or more of its singular values fall below the predefined

numerical threshold. Naturally, the numerical rank of

matrix K could also be a factor since the Kalman’s con-

trollability condition is determined by the rank of this

matrix, which in general can only be calculated numeri-

cally. However, in a matrix with a bounded largest singu-

lar value, a numerical rank smaller than the actual rank

is necessarily related to a small reciprocal condition num-

ber γ, since γ is the ratio of the smallest to the largest
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FIG. 3. Reciprocal condition number of the controllability
Gramian W as function of (a) the number of control inputs
for n = 100 and (b) the network size for np = 10. Insets:
relation between the average length of the control trajectory
and reciprocal condition number of W [panel (a)]; reciprocal
condition number of W of (analytically solvable) chain net-
works for q = 1 [panel (b)]. The statistics and parameters not
shown are the same used in Fig. 2(b).

singular values. But the matrix K is reasonably well-

conditioned in the networks we consider, indicating that

the numerical calculation of the rank is reliable. Indeed,

for all networks considered in Fig. 3 we verified that the

numerical rank is n for any threshold smaller than 10
−3

.

Figure 4(a) shows that the numerical success rate in-

creases sharply from zero to one as the number of driver

nodes is increased. According to the Kalman’s rank con-

dition, all networks we simulate are controllable in theory

for q as small as 1. The transition in Fig. 4(a) is a direct

consequence of the decrease in the condition number of

the controllability Gramian and the limitation it imposes

on numerical calculations. The numerical error in com-

puting Eq. (3) is dominated by the round-off errors in

the calculation of W−1
. Taking t = t1 and using tilde to

denote numerically computed values, we obtain

�x̃(1) − x(1)� � D�W (W̃−1 −W−1
)�, (4)

where z = Φ(t0, t1)x(1)−x(0)
and D = �Φ(t1, t0)�·�z�. If

W +∆W is the exact inverse of W̃−1
, then the right side

of Eq. (4) is bounded from above by D�∆W� · �W̃−1� ≈
D�W� · �W−1� · �∆W�

�W� , where �W� · �W−1� = 1/γ(W )

and
�∆W�
�W� is of the order of the numerical precision � [32].

Thus, we predict that the transition to successful numer-

ical control will occur in general as γ(W ) decreases past

γc ≈ D� �

η
, (5)

where D�
is a constant determined by t1, x(0)

, x(1)
, and

A, and η is the radius of convergence: numerical control

is declared successful if the numerically calculated state

x(t1) is within distance η from the target state x(1)
for a

predefined η � �x(1) − x(0)�. For double precision and

η = 10
−6

, as considered in our simulations, the transition

is predicted to occur around γ = 10
−10

for D�
of order

unity, which agrees with our numerics. Because the re-

ciprocal condition number γ(W ) decrease exponentially

as q is reduced while γc decreases only linearly as the

a single control input ... is all that is needed for structural controllability

number of control inputs is determined mainly by ... degree distribution
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FIG. 4. Numerical controllability transitions. (a) Success rate
as function of the number of control inputs. (b) Transition
width (main panel) and transition point (inset) as functions of
the network size, for np = 10. The statistics and parameters
not shown are the same used in Fig. 2(b).

numerical precision � is reduced, any realistic increase in

precision will only have a negligible effect in reducing the

critical fraction of driver nodes qc/n at which the transi-

tion takes place.

To further characterize this transition, we analyze its

width within the network ensemble, defined as ∆q ≡
(qc − qb)/n, where qb and qc mark the integer number

of control inputs right below 5% and right above 95%

success rate, respectively. As shown in Fig. 4(b), the

transition becomes increasingly sharp as the size of the

network increases. The transition point, which we take

as being qc/n for the purpose of this discussion, remains

essentially constant at around 0.22 as n is increased.

A few observations are in order. First, one may

ask whether the impossibility of controlling the system

with a reduced number of driver nodes could be avoided

by increasing the precision of the numerical calcula-

tions. Because the condition number of the controllabil-

ity Gramian degrades exponentially fast as q is reduced,

the increase from double to quadruple precisions, for ex-

ample, has only a small effect in shifting the numerical

controllability transition to the left in Fig. 4(b). Tan-

tamount to the impossibility of long-term predictability

in chaotic dynamics, this fundamental limitation cannot

be overcome by any realistic increase of precision, and

becomes even more pronounced for larger networks.

Second, subtle differences in the formulation of the dy-

namics in Eq. (1) have led to very different conclusions

about the minimal number of driver nodes according to

the Kalman’s rank condition, being generically one if the

diagonal elements of A are nonzero [14, 18] and generally

much larger than one if they are not [13, 33]. It is thus

satisfying to find that in practice the results are far more

robust against small changes in the model parameters.

Third, the nonlocality of linear control trajectories

identified here reveals an intriguing mechanism of fail-

ure in applying control results from linearized dynamics

to their nonlinear counterparts [34]. There are known ex-

amples of nonlinear systems that are globally controllable

while their linearization are not [35], and it is straight-

forward to identify network systems too which have this

property [36]. It is thus natural to speculate that nonlin-

ear control approaches (see, e.g., [37]), although gener-

ally more involved and system-specific, can help lead to

a framework better suited to address such systems.

Our demonstration that either the control trajectory

is nonlocal in the phase space or the control inputs are

nonlocal in the network has several implications. In prac-

tice, the former leads to failure of the numerical control

and the latter points to an overhead that has to be ac-

counted for in optimizing the number of driver nodes. For

the random networks considered here, this gives rise to

a sharp transition as a function of the number of driver

nodes, below which numerical control always fails and

above which it always succeeds. These findings suggest

the need of a controllability criterion that accounts not

only for the existence but also for the actual computabil-

ity of the control interventions. We suggest that by ap-

plying such criterion future research may reveal a rich set

of relations between controllability and network structure

even when no dependence is predicted by the Kalman’s

rank condition.
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and H. J. Herrmann, Sci. Rep. 2, 658 (2012).
[13] Y. Y. Liu, J. J. Slotine, and A.-L. Barabási, Nature 473,

167 (2011).
[14] N. J. Cowan, E. J. Chastain, D. A. Vilhena, J. S.

Freudenberg, and C. T. Bergstrom, PLoS ONE 7, e38398
(2012).

[15] G. Yan, J. Ren, Y-C. Lai, C-H. Lai, and B. Li, Phys.

4

0 20 40 60 80 100 120 140
0

0.2

0.4

0.6

0.8

1

number of control inputs, q

su
cc

e
ss

 r
a

te
, 

r

 

 
(a)

n = 100
n = 300

50 100 150 200 250 300
0

0.02

0.04

0.06

network size, n

tr
a

n
si

tio
n

 w
id

th
, 

!
q
/n

(b)

50 150 250
0.1

0.2

0.3

n

q
c
/n

FIG. 4. Numerical controllability transitions. (a) Success rate
as function of the number of control inputs. (b) Transition
width (main panel) and transition point (inset) as functions of
the network size, for np = 10. The statistics and parameters
not shown are the same used in Fig. 2(b).

numerical precision � is reduced, any realistic increase in

precision will only have a negligible effect in reducing the

critical fraction of driver nodes qc/n at which the transi-

tion takes place.

To further characterize this transition, we analyze its

width within the network ensemble, defined as ∆q ≡
(qc − qb)/n, where qb and qc mark the integer number

of control inputs right below 5% and right above 95%
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transition becomes increasingly sharp as the size of the

network increases. The transition point, which we take

as being qc/n for the purpose of this discussion, remains

essentially constant at around 0.22 as n is increased.

A few observations are in order. First, one may

ask whether the impossibility of controlling the system

with a reduced number of driver nodes could be avoided

by increasing the precision of the numerical calcula-

tions. Because the condition number of the controllabil-

ity Gramian degrades exponentially fast as q is reduced,

the increase from double to quadruple precisions, for ex-

ample, has only a small effect in shifting the numerical

controllability transition to the left in Fig. 4(b). Tan-

tamount to the impossibility of long-term predictability

in chaotic dynamics, this fundamental limitation cannot

be overcome by any realistic increase of precision, and

becomes even more pronounced for larger networks.

Second, subtle differences in the formulation of the dy-

namics in Eq. (1) have led to very different conclusions

about the minimal number of driver nodes according to

the Kalman’s rank condition, being generically one if the

diagonal elements of A are nonzero [14, 18] and generally

much larger than one if they are not [13, 33]. It is thus

satisfying to find that in practice the results are far more

robust against small changes in the model parameters.

Third, the nonlocality of linear control trajectories

identified here reveals an intriguing mechanism of fail-

ure in applying control results from linearized dynamics

to their nonlinear counterparts [34]. There are known ex-

amples of nonlinear systems that are globally controllable

while their linearization are not [35], and it is straight-

forward to identify network systems too which have this

property [36]. It is thus natural to speculate that nonlin-

ear control approaches (see, e.g., [37]), although gener-

ally more involved and system-specific, can help lead to

a framework better suited to address such systems.

Our demonstration that either the control trajectory

is nonlocal in the phase space or the control inputs are

nonlocal in the network has several implications. In prac-

tice, the former leads to failure of the numerical control

and the latter points to an overhead that has to be ac-

counted for in optimizing the number of driver nodes. For

the random networks considered here, this gives rise to

a sharp transition as a function of the number of driver

nodes, below which numerical control always fails and

above which it always succeeds. These findings suggest

the need of a controllability criterion that accounts not

only for the existence but also for the actual computabil-

ity of the control interventions. We suggest that by ap-

plying such criterion future research may reveal a rich set

of relations between controllability and network structure

even when no dependence is predicted by the Kalman’s

rank condition.
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A common goal in the control of a large network is to minimize the number of driver nodes or control

inputs. Yet, the physical determination of control signals and the properties of the resulting control

trajectories remain widely under-explored. Here we show that: (i) numerical control fails in practice

even for linear systems if the controllability Gramian is ill-conditioned, which occurs frequently

even when existing controllability criteria are satisfied unambiguously; (ii) the control trajectories

are generally nonlocal in the phase space, and their lengths are strongly anti-correlated with the

numerical success rate and number of control inputs; (iii) numerical success rate increases abruptly

from zero to one as the number of control inputs is increased, a transformation we term numerical
controllability transition. This reveals a trade-off between nonlocality of the control trajectory in

the phase space and nonlocality of the control inputs in the network itself. The failure of numerical

control cannot be overcome by merely increasing numerical precision—successful control requires

instead increasing the number of control inputs beyond the numerical controllability transition.

PACS numbers: 89.75.Hc, 05.45.-a

A system is controllable if its state can be driven to
different predefined states by a given set of input control
signals, with controllability depending on both the num-
ber and the placement of the control inputs [1]. Such
control often relies on the promise that the direct manip-
ulation of a relatively few degrees of freedom can render
the entire system controllable. This promise has special
meaning in the study of complex networks, where the
large total number of nodes contrasts with the limited
number that can be directly controlled due to cost and
physical constraints. The control of network systems is
important in applications as diverse as the operation of
infrastructure networks [2], coordination of moving sen-
sors and robots [3], devise of therapeutic interventions
[4], management of ecological networks [5], and control
of cascading failures in general [6, 7], and it has received
increased attention in the recent physics literature [7–12].

A number of significant recent studies have focused on
networks with linear time-invariant dynamics [13–16],

dx(t)

dt
= Ax(t) +Bu(t), (1)

with controllability usually determined by the Kalman’s
controllability matrix K =

�
B AB · · ·An−1B

�
[17].

Given the matrices A and B, control inputs u(t) exist
for any initial state x(0) and target state x(1) if and only
if K has full row rank. In particular, if all nodes in a
connected network have intrinsic dynamics, which corre-
sponds to Aii �= 0 for all i, it follows that generically there
exists u(t) such that the entire network can in theory be
controlled by a single control input [14, 18].

A fundamental question is, however, whether the con-
trol signals u(t) can actually be constructed in practice.
At first glance, this question may sound dull given that
an explicit expression exists for u(t) corresponding to the
minimal-energy control trajectories in t ∈ [t0, t1]:

u(t) = BTΦT (t0, t)W
−1(t0, t1)

�
Φ(t0, t1)x

(1) − x(0)
�
, (2)

where W (t0, t1) =
� t1
t0

Φ(t0, t)BBTΦT (t0, t)dt is the con-

trollability Gramian and Φ(t�, t) = e(t
�−t)A [19]. Inci-

dentally, matrix W (t0, t1) being invertible [hence Eq. (2)
being well-defined] is equivalent to the commonly used
Kalman’s rank condition mentioned above. Quite sur-
prisingly, despite this explicit solution and formal equiv-
alence, we show that the determination of u(t) is funda-
mentally limited in networks with more than a handful
of nodes. This calls for a careful re-interpretation of ex-
isting controllability criteria.
Specifically, in this Letter we show that control fails in

practice if the controllability Gramian is ill-conditioned,
which can occur even when the corresponding Kalman’s
controllability matrix is well-conditioned. We also show
that the control trajectory from an initial to a target state
is generally nonlocal in the phase space. In particular, the
control trajectory remains finite-size (in fact very long)
even when the target state is brought arbitrarily close to
the initial one, and its length generally increases with the
condition number of the Gramian. Both the nonlocality
of the control trajectory and control failure rate are re-
duced by increasing the number of control inputs. The
latter manifests itself as a sharp transition as a function
of the number of control inputs, below which numerical
control always fails and above which it always succeeds.
Aside from its implications for control, the characteriza-
tion of such a numerical controllability transition adds
a new dimension to the research on structural [20], dy-
namical [21], and algorithmic complexity [22] transitions
in networks, which has had broad impacts [23–25], with
recent examples ranging from synchronization and per-
colation to epidemic processes [26–30].
We first establish the nonlocality of control trajecto-

ries. We say that a state x(0) of system (1) is strictly lo-
cally controllable (SLC) if for any ball B(x(0), ε) of radius
ε > 0 centered at x(0) there is a radius δ > 0 such that
any target x(1) inside the concentric ball B(x(0), δ) can
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FIG. 1. (a) Illustration of a state that is SLC (left) and of a
state that is not (right). (b) Example system ẋ1 = x1+u1(t),
ẋ2 = x1, where any state not on the line x1 = 0 is not SLC;
the curves indicate minimal-energy control trajectories for the
given initial state (open symbol) and target states (solid sym-
bols). The background arrows indicate the vector field in the
absence of control. As this two-dimensional example suggests,
almost all states of linear systems are not SLC whenever the
number of control inputs is smaller than the number of dy-
namical variables.

be reached from x(0)
with a control trajectory entirely

inside B(x(0), ε)—see Fig. 1(a) for a schematic illustra-

tion. Note that a state can be locally controllable, in the

sense that control trajectories always exist for neighbor-

ing target states, and yet not be SLC. Figure 1(b) shows

one such example in two dimensions: for a state in the

x1 > 0 half-plane, the control trajectories to any neigh-

boring target state with a smaller x2-component neces-

sarily crosses into the x1 < 0 half-plane (symmetric re-

sults apply to initial states in the other half-plane).

We show that this result is in fact general for any

controllable system in which one or more components

are not directly controlled. Indeed, if the kth compo-

nent is not directly controlled, the initial states in the

half-space (Ax)k > 0 can only be driven to neighboring

target states with x(1)
k < x(0)

k if the control trajectory

crosses into the half-space (Ax)k < 0, since otherwise

ẋk(t) =
�
Ax(t)

�
k
would be nonnegative and xk(t) would

never decrease (analogous argument applies to the other

half-space). Therefore, all states outside the hyperplane

(Ax)k = 0 are not SLC, and hence almost all states are

not SLC. The origin, on the other hand, is the only state

that is SLC for any control matrix B when A is nonsin-

gular. The control trajectories defined by Eqs. (1)-(2),

which minimize the energy
� t1
t0

�u(t)�2dt, are given by

x(t) = Φ(t, t0)
�
x(0)

+W (t0, t)W
−1

(t0, t1)
�
Φ(t0, t1)x

(1)−x(0)
��

where Mt0,t1,t = W (t0, t)W−1
(t0, t1) [19]. The SLC prop-

erty of the origin then follows from taking the norm on

both sides of Eq. (3) for x(0)
= 0 and upper-bounding

the norm of the integral (exponential) terms by the

integral (exponential) of the norm, which leads to to

�x(t)� ≤ C�x(1)� for C = (t1−t0)�BBT �·�W−1
(t0, t1)�.

What sets the origin aside is that, for invertible A, it cor-

responds to the only fixed point of the system. Having

established the nonlocality of control trajectories for typ-

ical states in general, we now study in detail the minimal-

energy control trajectories.

10
!6

10
!5

10
!4

10
!3

10
!2

10
!1

10
!4

10
!2

10
0

10
2

10
4

target distance, !

le
n
g
th

 o
f 
co

n
tr

o
l t

ra
je

ct
o
ry

, 
L

 

 
(a)

at the origin

at other states

0 20 40 60 80 100
10

!1

10
1

10
3

10
5

10
7

number of control inputs, q

le
n
g
th

 o
f 
co

n
tr

o
l t

ra
je

ct
o
ry

, 
L

 

 
(b)

p = 0.1
p = 0.2

FIG. 2. (a) Average length of the control trajectories as func-
tion of the distance from the target when the initial states are
away from the origin versus when they are at the origin. In
the former case the initial states were chosen randomly on the
unit sphere centered at the origin. In both cases the target
states are randomly oriented δ apart and q = 25. (b) Average
length of the control trajectories as function of the number
of control inputs for initial states away from the origin and
δ = 10−2. Each data point corresponds to 1, 000 realizations,
for ER networks with n = 100.

We focus on undirected connected networks endowed

with the dynamics in Eq. (1) for matrices A with nonzero

diagonal elements. These networks generically satisfy

the Kalman’s controllability condition for the smallest

number of control inputs (namely, one). We consider

Erdős-Rényi (ER) networks for a given number of nodes

n and connection probability p. The edges and the di-

agonal elements Aii are assigned weights drawn from a

uniform distribution in [−1, 1]. Without loss of general-

ity, we assume that the dynamics xi(t) of each node i is
one-dimensional, so that n is also the number of dynam-

ical variables, and that the control matrix B is diagonal

upon row permutation, so that there is a one-to-one re-

lationship between control inputs and driver nodes; in

our simulations, we choose the driver nodes randomly at

each independent realization. For each network, num-

ber q of driver nodes, and given initial and target states,

we calculate numerically the minimal-energy control tra-

jectories given by Eq. (3). Unless noted otherwise, we

consider the control time window 0 ≤ t ≤ 1.

Figure 2 shows the average length L of the control tra-

jectories. For typical initial states, the average length

does not approach zero (and in fact remains essentially

constant) as the distance to the targets is reduced, in

stark contrast with the case in which the initial state is

at the origin [Fig. 2(a)]. This behavior becomes more

pronounced when the number of driver nodes is small,

reaching L = 10
6
for nq = 0.05. The average length

decreases as q is increased [Fig. 2(b)]. The latter is ex-

pected since (following our analytical argument above)

the smaller n − q the fewer hyperplanes (Ax)k = 0 the

control trajectory has to cross in order to acquire the

right sign of ẋk(t) for every k not directly controlled.

Given the mathematical equivalence of the Kalman’s

rank condition and the invertibility of the controllability

Gramian, one might be tempted to assume that an ill-

conditioned controllability Gramian W (t0, t1) is a con-

sequence of an ill-conditioned Kalman’s controllability
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A system is controllable if its state can be driven to
different predefined states by a given set of input control
signals, with controllability depending on both the num-
ber and the placement of the control inputs [1]. Such
control often relies on the promise that the direct manip-
ulation of a relatively few degrees of freedom can render
the entire system controllable. This promise has special
meaning in the study of complex networks, where the
large total number of nodes contrasts with the limited
number that can be directly controlled due to cost and
physical constraints. The control of network systems is
important in applications as diverse as the operation of
infrastructure networks [2], coordination of moving sen-
sors and robots [3], devise of therapeutic interventions
[4], management of ecological networks [5], and control
of cascading failures in general [6, 7], and it has received
increased attention in the recent physics literature [7–12].

A number of significant recent studies have focused on
networks with linear time-invariant dynamics [13–16],

dx(t)

dt
= Ax(t) +Bu(t), (1)

with controllability usually determined by the Kalman’s
controllability matrix K =

�
B AB · · ·An−1B

�
[17].

Given the matrices A and B, control inputs u(t) exist
for any initial state x(0) and target state x(1) if and only
if K has full row rank. In particular, if all nodes in a
connected network have intrinsic dynamics, which corre-
sponds to Aii �= 0 for all i, it follows that generically there
exists u(t) such that the entire network can in theory be
controlled by a single control input [14, 18].

A fundamental question is, however, whether the con-
trol signals u(t) can actually be constructed in practice.
At first glance, this question may sound dull given that
an explicit expression exists for u(t) corresponding to the
minimal-energy control trajectories in t ∈ [t0, t1]:

u(t) = BTΦT (t0, t)W
−1(t0, t1)

�
Φ(t0, t1)x

(1) − x(0)
�
, (2)

where W (t0, t1) =
� t1
t0

Φ(t0, t)BBTΦT (t0, t)dt is the con-

trollability Gramian and Φ(t�, t) = e(t
�−t)A [19]. Inci-

dentally, matrix W (t0, t1) being invertible [hence Eq. (2)
being well-defined] is equivalent to the commonly used
Kalman’s rank condition mentioned above. Quite sur-
prisingly, despite this explicit solution and formal equiv-
alence, we show that the determination of u(t) is funda-
mentally limited in networks with more than a handful
of nodes. This calls for a careful re-interpretation of ex-
isting controllability criteria.
Specifically, in this Letter we show that control fails in

practice if the controllability Gramian is ill-conditioned,
which can occur even when the corresponding Kalman’s
controllability matrix is well-conditioned. We also show
that the control trajectory from an initial to a target state
is generally nonlocal in the phase space. In particular, the
control trajectory remains finite-size (in fact very long)
even when the target state is brought arbitrarily close to
the initial one, and its length generally increases with the
condition number of the Gramian. Both the nonlocality
of the control trajectory and control failure rate are re-
duced by increasing the number of control inputs. The
latter manifests itself as a sharp transition as a function
of the number of control inputs, below which numerical
control always fails and above which it always succeeds.
Aside from its implications for control, the characteriza-
tion of such a numerical controllability transition adds
a new dimension to the research on structural [20], dy-
namical [21], and algorithmic complexity [22] transitions
in networks, which has had broad impacts [23–25], with
recent examples ranging from synchronization and per-
colation to epidemic processes [26–30].
We first establish the nonlocality of control trajecto-

ries. We say that a state x(0) of system (1) is strictly lo-
cally controllable (SLC) if for any ball B(x(0), ε) of radius
ε > 0 centered at x(0) there is a radius δ > 0 such that
any target x(1) inside the concentric ball B(x(0), δ) can
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FIG. 4. Numerical controllability transitions. (a) Success rate
as function of the number of control inputs. (b) Transition
width (main panel) and transition point (inset) as functions of
the network size, for np = 10. The statistics and parameters
not shown are the same used in Fig. 2(b).

numerical precision � is reduced, any realistic increase in

precision will only have a negligible effect in reducing the

critical fraction of driver nodes qc/n at which the transi-

tion takes place.

To further characterize this transition, we analyze its

width within the network ensemble, defined as ∆q ≡
(qc − qb)/n, where qb and qc mark the integer number

of control inputs right below 5% and right above 95%

success rate, respectively. As shown in Fig. 4(b), the

transition becomes increasingly sharp as the size of the

network increases. The transition point, which we take

as being qc/n for the purpose of this discussion, remains

essentially constant at around 0.22 as n is increased.

A few observations are in order. First, one may

ask whether the impossibility of controlling the system

with a reduced number of driver nodes could be avoided

by increasing the precision of the numerical calcula-

tions. Because the condition number of the controllabil-

ity Gramian degrades exponentially fast as q is reduced,

the increase from double to quadruple precisions, for ex-

ample, has only a small effect in shifting the numerical

controllability transition to the left in Fig. 4(b). Tan-

tamount to the impossibility of long-term predictability

in chaotic dynamics, this fundamental limitation cannot

be overcome by any realistic increase of precision, and

becomes even more pronounced for larger networks.

Second, subtle differences in the formulation of the dy-

namics in Eq. (1) have led to very different conclusions

about the minimal number of driver nodes according to

the Kalman’s rank condition, being generically one if the

diagonal elements of A are nonzero [14, 18] and generally

much larger than one if they are not [13, 33]. It is thus

satisfying to find that in practice the results are far more

robust against small changes in the model parameters.

Third, the nonlocality of linear control trajectories

identified here reveals an intriguing mechanism of fail-

ure in applying control results from linearized dynamics

to their nonlinear counterparts [34]. There are known ex-

amples of nonlinear systems that are globally controllable

while their linearization are not [35], and it is straight-

forward to identify network systems too which have this

property [36]. It is thus natural to speculate that nonlin-

ear control approaches (see, e.g., [37]), although gener-

ally more involved and system-specific, can help lead to

a framework better suited to address such systems.

Our demonstration that either the control trajectory

is nonlocal in the phase space or the control inputs are

nonlocal in the network has several implications. In prac-

tice, the former leads to failure of the numerical control

and the latter points to an overhead that has to be ac-

counted for in optimizing the number of driver nodes. For

the random networks considered here, this gives rise to

a sharp transition as a function of the number of driver

nodes, below which numerical control always fails and

above which it always succeeds. These findings suggest

the need of a controllability criterion that accounts not

only for the existence but also for the actual computabil-

ity of the control interventions. We suggest that by ap-

plying such criterion future research may reveal a rich set

of relations between controllability and network structure

even when no dependence is predicted by the Kalman’s

rank condition.
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matrix K. Here we disprove this conjecture by show-

ing that the controllability Gramian can be nearly singu-

lar even when the corresponding controllability matrix is

well-conditioned. This is best characterized by the recip-

rocal condition number γ. As a mathematically treatable

example, we consider a directed linear chain C(n) con-

taining n nodes and no self-loops: 1 → 2 → 3 · · · → n.
We examine the control of this network through the di-

rect control of the root node, i.e., node 1. The con-

trol matrix is such that Bi = δ1,i and, assuming for

simplicity that the network is unweighted, matrix A is

given by Aij = δi,j+1 for i, j = 1 . . . n. It follows from

Eq. (1) that K is the n × n identity matrix. There-

fore, K has full rank, has reciprocal condition number

γ = 1, and is in fact the best conditioned of all matri-

ces. Now, consider W (t0, t1). Taking for convenience

t0 = 0, we can show that W (0, t1) =
� t1
0 g(τ)gT (τ)dτ ,

where g(τ) =

�
1,−τ, (−τ)2

2! , . . . , (−τ)i−1

(i−1)! , . . . , (−τ)n−1

(n−1)!

�T
.

Thus, we can calculate the analytic expression for each

entry of the Gramian: W (0, t1)ij = − (−t1)
i+j−1

(i+j−1)(i−1)!(j−1)! .

For fixed control time t1, the reciprocal condition num-

ber γ of W (0, t1) decreases exponentially as a function

of the number of nodes in the linear chain [Fig. 3(b), in-

set]. Therefore, as the size of the linear chain increases,

the controllability Gramian quickly becomes nearly sin-

gular, making the numerical control of system (1) nearly

impossible, even though the Kalman’s controllability ma-

trix remains well-conditioned.

Figure 3 shows that this behavior is indeed general

for the ER networks we consider. The reciprocal condi-

tion number of W decreases exponentially as the num-

ber of control inputs is reduced [Fig. 3(a)] or the size

of the network is increased [Fig. 3(b)], while the recip-

rocal condition number of K (not shown) is generally

larger than

�
γ(W ) [31]. Moreover, it follows that the

average length of the control trajectories is strongly cor-

related with the condition number of the controllability

Gramian [Fig. 3(a), inset]. While surprising at first, this

can be rationalized by noting that both L and γ(W ) are

measures of how difficult it is to actually control the sys-

tem in practice. Therefore, although the Kalman’s con-

trollability matrix K has attractive analytical properties,

its use in practice requires caution. In particular, since

the minimum-energy control involves the inversion of the

controllability Gramian W (rather than of the Kalman’s

controllability matrix), we claim that it is the numerical

rank of W that is often most relevant.

A full rank matrix is numerically rank deficient if one

or more of its singular values fall below the predefined

numerical threshold. Naturally, the numerical rank of

matrix K could also be a factor since the Kalman’s con-

trollability condition is determined by the rank of this

matrix, which in general can only be calculated numeri-

cally. However, in a matrix with a bounded largest singu-

lar value, a numerical rank smaller than the actual rank

is necessarily related to a small reciprocal condition num-

ber γ, since γ is the ratio of the smallest to the largest
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FIG. 3. Reciprocal condition number of the controllability
Gramian W as function of (a) the number of control inputs
for n = 100 and (b) the network size for np = 10. Insets:
relation between the average length of the control trajectory
and reciprocal condition number of W [panel (a)]; reciprocal
condition number of W of (analytically solvable) chain net-
works for q = 1 [panel (b)]. The statistics and parameters not
shown are the same used in Fig. 2(b).

singular values. But the matrix K is reasonably well-

conditioned in the networks we consider, indicating that

the numerical calculation of the rank is reliable. Indeed,

for all networks considered in Fig. 3 we verified that the

numerical rank is n for any threshold smaller than 10
−3

.

Figure 4(a) shows that the numerical success rate in-

creases sharply from zero to one as the number of driver

nodes is increased. According to the Kalman’s rank con-

dition, all networks we simulate are controllable in theory

for q as small as 1. The transition in Fig. 4(a) is a direct

consequence of the decrease in the condition number of

the controllability Gramian and the limitation it imposes

on numerical calculations. The numerical error in com-

puting Eq. (3) is dominated by the round-off errors in

the calculation of W−1
. Taking t = t1 and using tilde to

denote numerically computed values, we obtain

�x̃(1) − x(1)� � D�W (W̃−1 −W−1
)�, (3)

where z = Φ(t0, t1)x(1)−x(0)
and D = �Φ(t1, t0)�·�z�. If

W +∆W is the exact inverse of W̃−1
, then the right side

of Eq. (3) is bounded from above by D�∆W� · �W̃−1� ≈
D�W� · �W−1� · �∆W�

�W� , where �W� · �W−1� = 1/γ(W )

and
�∆W�
�W� is of the order of the numerical precision � [32].

Thus, we predict that the transition to successful numer-

ical control will occur in general as γ(W ) decreases past

γc ≈ D� �

η
, (4)

where D�
is a constant determined by t1, x(0)

, x(1)
, and

A, and η is the radius of convergence: numerical control

is declared successful if the numerically calculated state

x(t1) is within distance η from the target state x(1)
for a

predefined η � �x(1) − x(0)�. For double precision and

η = 10
−6

, as considered in our simulations, the transition

is predicted to occur around γ = 10
−10

for D�
of order

unity, which agrees with our numerics. Because the re-

ciprocal condition number γ(W ) decrease exponentially

as q is reduced while γc decreases only linearly as the
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set]. Therefore, as the size of the linear chain increases,

the controllability Gramian quickly becomes nearly sin-

gular, making the numerical control of system (1) nearly

impossible, even though the Kalman’s controllability ma-

trix remains well-conditioned.

Figure 3 shows that this behavior is indeed general

for the ER networks we consider. The reciprocal condi-

tion number of W decreases exponentially as the num-

ber of control inputs is reduced [Fig. 3(a)] or the size

of the network is increased [Fig. 3(b)], while the recip-

rocal condition number of K (not shown) is generally

larger than

�
γ(W ) [31]. Moreover, it follows that the

average length of the control trajectories is strongly cor-

related with the condition number of the controllability

Gramian [Fig. 3(a), inset]. While surprising at first, this

can be rationalized by noting that both L and γ(W ) are

measures of how difficult it is to actually control the sys-

tem in practice. Therefore, although the Kalman’s con-

trollability matrix K has attractive analytical properties,

its use in practice requires caution. In particular, since

the minimum-energy control involves the inversion of the

controllability Gramian W (rather than of the Kalman’s

controllability matrix), we claim that it is the numerical

rank of W that is often most relevant.

A full rank matrix is numerically rank deficient if one

or more of its singular values fall below the predefined

numerical threshold. Naturally, the numerical rank of

matrix K could also be a factor since the Kalman’s con-

trollability condition is determined by the rank of this

matrix, which in general can only be calculated numeri-

cally. However, in a matrix with a bounded largest singu-

lar value, a numerical rank smaller than the actual rank

is necessarily related to a small reciprocal condition num-

ber γ, since γ is the ratio of the smallest to the largest
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FIG. 3. Reciprocal condition number of the controllability
Gramian W as function of (a) the number of control inputs
for n = 100 and (b) the network size for np = 10. Insets:
relation between the average length of the control trajectory
and reciprocal condition number of W [panel (a)]; reciprocal
condition number of W of (analytically solvable) chain net-
works for q = 1 [panel (b)]. The statistics and parameters not
shown are the same used in Fig. 2(b).

singular values. But the matrix K is reasonably well-

conditioned in the networks we consider, indicating that

the numerical calculation of the rank is reliable. Indeed,

for all networks considered in Fig. 3 we verified that the

numerical rank is n for any threshold smaller than 10
−3

.

Figure 4(a) shows that the numerical success rate in-

creases sharply from zero to one as the number of driver

nodes is increased. According to the Kalman’s rank con-

dition, all networks we simulate are controllable in theory

for q as small as 1. The transition in Fig. 4(a) is a direct

consequence of the decrease in the condition number of

the controllability Gramian and the limitation it imposes

on numerical calculations. The numerical error in com-

puting Eq. (3) is dominated by the round-off errors in

the calculation of W−1
. Taking t = t1 and using tilde to

denote numerically computed values, we obtain

�x̃(1) − x(1)� � D�W (W̃−1 −W−1
)�, (3)

where z = Φ(t0, t1)x(1)−x(0)
and D = �Φ(t1, t0)�·�z�. If

W +∆W is the exact inverse of W̃−1
, then the right side

of Eq. (3) is bounded from above by D�∆W� · �W̃−1� ≈
D�W� · �W−1� · �∆W�

�W� , where �W� · �W−1� = 1/γ(W )

and
�∆W�
�W� is of the order of the numerical precision � [32].

Thus, we predict that the transition to successful numer-

ical control will occur in general as γ(W ) decreases past

γc ≈ D� �

η
, (4)

where D�
is a constant determined by t1, x(0)

, x(1)
, and

A, and η is the radius of convergence: numerical control

is declared successful if the numerically calculated state

x(t1) is within distance η from the target state x(1)
for a

predefined η � �x(1) − x(0)�. For double precision and

η = 10
−6

, as considered in our simulations, the transition

is predicted to occur around γ = 10
−10

for D�
of order

unity, which agrees with our numerics. Because the re-

ciprocal condition number γ(W ) decrease exponentially

as q is reduced while γc decreases only linearly as the
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matrix K. Here we disprove this conjecture by show-

ing that the controllability Gramian can be nearly singu-

lar even when the corresponding controllability matrix is

well-conditioned. This is best characterized by the recip-

rocal condition number γ. As a mathematically treatable

example, we consider a directed linear chain C(n) con-

taining n nodes and no self-loops: 1 → 2 → 3 · · · → n.
We examine the control of this network through the di-

rect control of the root node, i.e., node 1. The con-

trol matrix is such that Bi = δ1,i and, assuming for

simplicity that the network is unweighted, matrix A is

given by Aij = δi,j+1 for i, j = 1 . . . n. It follows from

Eq. (1) that K is the n × n identity matrix. There-

fore, K has full rank, has reciprocal condition number

γ = 1, and is in fact the best conditioned of all matri-

ces. Now, consider W (t0, t1). Taking for convenience

t0 = 0, we can show that W (0, t1) =
� t1
0 g(τ)gT (τ)dτ ,

where g(τ) =

�
1,−τ, (−τ)2

2! , . . . , (−τ)i−1

(i−1)! , . . . , (−τ)n−1
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.

Thus, we can calculate the analytic expression for each

entry of the Gramian: W (0, t1)ij = − (−t1)
i+j−1

(i+j−1)(i−1)!(j−1)! .

For fixed control time t1, the reciprocal condition num-

ber γ of W (0, t1) decreases exponentially as a function

of the number of nodes in the linear chain [Fig. 3(b), in-

set]. Therefore, as the size of the linear chain increases,

the controllability Gramian quickly becomes nearly sin-

gular, making the numerical control of system (1) nearly

impossible, even though the Kalman’s controllability ma-

trix remains well-conditioned.

Figure 3 shows that this behavior is indeed general

for the ER networks we consider. The reciprocal condi-

tion number of W decreases exponentially as the num-

ber of control inputs is reduced [Fig. 3(a)] or the size

of the network is increased [Fig. 3(b)], while the recip-

rocal condition number of K (not shown) is generally

larger than
�

γ(W ) [31]. Moreover, it follows that the

average length of the control trajectories is strongly cor-

related with the condition number of the controllability

Gramian [Fig. 3(a), inset]. While surprising at first, this

can be rationalized by noting that both L and γ(W ) are

measures of how difficult it is to actually control the sys-

tem in practice. Therefore, although the Kalman’s con-

trollability matrix K has attractive analytical properties,

its use in practice requires caution. In particular, since

the minimum-energy control involves the inversion of the

controllability Gramian W (rather than of the Kalman’s

controllability matrix), we claim that it is the numerical

rank of W that is often most relevant.

A full rank matrix is numerically rank deficient if one

or more of its singular values fall below the predefined

numerical threshold. Naturally, the numerical rank of

matrix K could also be a factor since the Kalman’s con-

trollability condition is determined by the rank of this

matrix, which in general can only be calculated numeri-

cally. However, in a matrix with a bounded largest singu-

lar value, a numerical rank smaller than the actual rank

is necessarily related to a small reciprocal condition num-

ber γ, since γ is the ratio of the smallest to the largest
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FIG. 3. Reciprocal condition number of the controllability
Gramian W as function of (a) the number of control inputs
for n = 100 and (b) the network size for np = 10. Insets:
relation between the average length of the control trajectory
and reciprocal condition number of W [panel (a)]; reciprocal
condition number of W of (analytically solvable) chain net-
works for q = 1 [panel (b)]. The statistics and parameters not
shown are the same used in Fig. 2(b).

singular values. But the matrix K is reasonably well-

conditioned in the networks we consider, indicating that

the numerical calculation of the rank is reliable. Indeed,

for all networks considered in Fig. 3 we verified that the

numerical rank is n for any threshold smaller than 10
−3

.

Figure 4(a) shows that the numerical success rate in-

creases sharply from zero to one as the number of driver

nodes is increased. According to the Kalman’s rank con-

dition, all networks we simulate are controllable in theory

for q as small as 1. The transition in Fig. 4(a) is a direct

consequence of the decrease in the condition number of

the controllability Gramian and the limitation it imposes

on numerical calculations. The numerical error in com-

puting Eq. (3) is dominated by the round-off errors in

the calculation of W−1
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predefined η � �x(1) − x(0)�. For double precision and

η = 10
−6

, as considered in our simulations, the transition

is predicted to occur around γ = 10
−10
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of order

unity, which agrees with our numerics. Because the re-
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For fixed control time t1, the reciprocal condition num-
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set]. Therefore, as the size of the linear chain increases,

the controllability Gramian quickly becomes nearly sin-

gular, making the numerical control of system (1) nearly

impossible, even though the Kalman’s controllability ma-

trix remains well-conditioned.

Figure 3 shows that this behavior is indeed general

for the ER networks we consider. The reciprocal condi-

tion number of W decreases exponentially as the num-

ber of control inputs is reduced [Fig. 3(a)] or the size

of the network is increased [Fig. 3(b)], while the recip-

rocal condition number of K (not shown) is generally

larger than
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γ(W ) [31]. Moreover, it follows that the

average length of the control trajectories is strongly cor-

related with the condition number of the controllability

Gramian [Fig. 3(a), inset]. While surprising at first, this

can be rationalized by noting that both L and γ(W ) are

measures of how difficult it is to actually control the sys-

tem in practice. Therefore, although the Kalman’s con-

trollability matrix K has attractive analytical properties,

its use in practice requires caution. In particular, since

the minimum-energy control involves the inversion of the

controllability Gramian W (rather than of the Kalman’s

controllability matrix), we claim that it is the numerical

rank of W that is often most relevant.

A full rank matrix is numerically rank deficient if one

or more of its singular values fall below the predefined

numerical threshold. Naturally, the numerical rank of

matrix K could also be a factor since the Kalman’s con-

trollability condition is determined by the rank of this

matrix, which in general can only be calculated numeri-

cally. However, in a matrix with a bounded largest singu-

lar value, a numerical rank smaller than the actual rank
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for n = 100 and (b) the network size for np = 10. Insets:
relation between the average length of the control trajectory
and reciprocal condition number of W [panel (a)]; reciprocal
condition number of W of (analytically solvable) chain net-
works for q = 1 [panel (b)]. The statistics and parameters not
shown are the same used in Fig. 2(b).

singular values. But the matrix K is reasonably well-

conditioned in the networks we consider, indicating that

the numerical calculation of the rank is reliable. Indeed,

for all networks considered in Fig. 3 we verified that the

numerical rank is n for any threshold smaller than 10
−3

.

Figure 4(a) shows that the numerical success rate in-

creases sharply from zero to one as the number of driver

nodes is increased. According to the Kalman’s rank con-

dition, all networks we simulate are controllable in theory

for q as small as 1. The transition in Fig. 4(a) is a direct

consequence of the decrease in the condition number of

the controllability Gramian and the limitation it imposes

on numerical calculations. The numerical error in com-

puting Eq. (3) is dominated by the round-off errors in

the calculation of W−1
. Taking t = t1 and using tilde to

denote numerically computed values, we obtain
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where z = Φ(t0, t1)x(1)−x(0)
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W +∆W is the exact inverse of W̃−1
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of Eq. (3) is bounded from above by D�∆W� · �W̃−1� ≈
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and
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Thus, we predict that the transition to successful numer-

ical control will occur in general as γ(W ) decreases past

γc ≈ D� �

η
, (4)

where D�
is a constant determined by t1, x(0)

, x(1)
, and

A, and η is the radius of convergence: numerical control

is declared successful if the numerically calculated state

x(t1) is within distance η from the target state x(1)
for a

predefined η � �x(1) − x(0)�. For double precision and

η = 10
−6

, as considered in our simulations, the transition

is predicted to occur around γ = 10
−10

for D�
of order

unity, which agrees with our numerics. Because the re-

ciprocal condition number γ(W ) decrease exponentially

as q is reduced while γc decreases only linearly as the

Perturbation analysis:

Critical reciprocal condition number:

This leads to the notion of numerical rank condition
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FIG. 1. (a) Illustration of a state that is SLC (left) and of a
state that is not (right). (b) Example system ẋ1 = x1+u1(t),
ẋ2 = x1, where any state not on the line x1 = 0 is not SLC;
the curves indicate minimal-energy control trajectories for the
given initial state (open symbol) and target states (solid sym-
bols). The background arrows indicate the vector field in the
absence of control. As this two-dimensional example suggests,
almost all states of linear systems are not SLC whenever the
number of control inputs is smaller than the number of dy-
namical variables.

be reached from x(0)
with a control trajectory entirely

inside B(x(0), ε)—see Fig. 1(a) for a schematic illustra-

tion. Note that a state can be locally controllable, in the

sense that control trajectories always exist for neighbor-

ing target states, and yet not be SLC. Figure 1(b) shows

one such example in two dimensions: for a state in the

x1 > 0 half-plane, the control trajectories to any neigh-

boring target state with a smaller x2-component neces-

sarily crosses into the x1 < 0 half-plane (symmetric re-

sults apply to initial states in the other half-plane).

We show that this result is in fact general for any

controllable system in which one or more components

are not directly controlled. Indeed, if the kth compo-

nent is not directly controlled, the initial states in the

half-space (Ax)k > 0 can only be driven to neighboring

target states with x(1)
k < x(0)

k if the control trajectory

crosses into the half-space (Ax)k < 0, since otherwise

ẋk(t) =
�
Ax(t)

�
k
would be nonnegative and xk(t) would

never decrease (analogous argument applies to the other

half-space). Therefore, all states outside the hyperplane

(Ax)k = 0 are not SLC, and hence almost all states are

not SLC. The origin, on the other hand, is the only state

that is SLC for any control matrix B when A is nonsin-

gular. The control trajectories defined by Eqs. (1)-(2),

which minimize the energy
� t1
t0

�u(t)�2dt, are given by

x(t) = Φ(t, t0)
�
x(0)

+W (t0, t)W
−1

(t0, t1)
�
Φ(t0, t1)x

(1)−x(0)
��

where Mt0,t1,t = W (t0, t)W−1
(t0, t1) [19]. The SLC prop-

erty of the origin then follows from taking the norm on

both sides of Eq. (3) for x(0)
= 0 and upper-bounding

the norm of the integral (exponential) terms by the

integral (exponential) of the norm, which leads to to

�x(t)� ≤ C�x(1)� for C = (t1−t0)�BBT �·�W−1
(t0, t1)�.

What sets the origin aside is that, for invertible A, it cor-

responds to the only fixed point of the system. Having

established the nonlocality of control trajectories for typ-

ical states in general, we now study in detail the minimal-

energy control trajectories.
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FIG. 2. (a) Average length of the control trajectories as func-
tion of the distance from the target when the initial states are
away from the origin versus when they are at the origin. In
the former case the initial states were chosen randomly on the
unit sphere centered at the origin. In both cases the target
states are randomly oriented δ apart and q = 25. (b) Average
length of the control trajectories as function of the number
of control inputs for initial states away from the origin and
δ = 10−2. Each data point corresponds to 1, 000 realizations,
for ER networks with n = 100.

We focus on undirected connected networks endowed

with the dynamics in Eq. (1) for matrices A with nonzero

diagonal elements. These networks generically satisfy

the Kalman’s controllability condition for the smallest

number of control inputs (namely, one). We consider

Erdős-Rényi (ER) networks for a given number of nodes

n and connection probability p. The edges and the di-

agonal elements Aii are assigned weights drawn from a

uniform distribution in [−1, 1]. Without loss of general-

ity, we assume that the dynamics xi(t) of each node i is
one-dimensional, so that n is also the number of dynam-

ical variables, and that the control matrix B is diagonal

upon row permutation, so that there is a one-to-one re-

lationship between control inputs and driver nodes; in

our simulations, we choose the driver nodes randomly at

each independent realization. For each network, num-

ber q of driver nodes, and given initial and target states,

we calculate numerically the minimal-energy control tra-

jectories given by Eq. (3). Unless noted otherwise, we

consider the control time window 0 ≤ t ≤ 1.

Figure 2 shows the average length L of the control tra-

jectories. For typical initial states, the average length

does not approach zero (and in fact remains essentially

constant) as the distance to the targets is reduced, in

stark contrast with the case in which the initial state is

at the origin [Fig. 2(a)]. This behavior becomes more

pronounced when the number of driver nodes is small,

reaching L = 10
6
for nq = 0.05. The average length

decreases as q is increased [Fig. 2(b)]. The latter is ex-

pected since (following our analytical argument above)

the smaller n − q the fewer hyperplanes (Ax)k = 0 the

control trajectory has to cross in order to acquire the

right sign of ẋk(t) for every k not directly controlled.

Given the mathematical equivalence of the Kalman’s

rank condition and the invertibility of the controllability

Gramian, one might be tempted to assume that an ill-

conditioned controllability Gramian W (t0, t1) is a con-

sequence of an ill-conditioned Kalman’s controllability
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FIG. 1. (a) Illustration of a state that is SLC (left) and of a
state that is not (right). (b) Example system ẋ1 = x1+u1(t),
ẋ2 = x1, where any state not on the line x1 = 0 is not SLC;
the curves indicate minimal-energy control trajectories for the
given initial state (open symbol) and target states (solid sym-
bols). The background arrows indicate the vector field in the
absence of control. As this two-dimensional example suggests,
almost all states of linear systems are not SLC whenever the
number of control inputs is smaller than the number of dy-
namical variables.

be reached from x(0)
with a control trajectory entirely

inside B(x(0), ε)—see Fig. 1(a) for a schematic illustra-

tion. Note that a state can be locally controllable, in the

sense that control trajectories always exist for neighbor-

ing target states, and yet not be SLC. Figure 1(b) shows

one such example in two dimensions: for a state in the

x1 > 0 half-plane, the control trajectories to any neigh-

boring target state with a smaller x2-component neces-

sarily crosses into the x1 < 0 half-plane (symmetric re-

sults apply to initial states in the other half-plane).

We show that this result is in fact general for any

controllable system in which one or more components

are not directly controlled. Indeed, if the kth compo-

nent is not directly controlled, the initial states in the

half-space (Ax)k > 0 can only be driven to neighboring

target states with x(1)
k < x(0)

k if the control trajectory

crosses into the half-space (Ax)k < 0, since otherwise

ẋk(t) =
�
Ax(t)

�
k
would be nonnegative and xk(t) would

never decrease (analogous argument applies to the other

half-space). Therefore, all states outside the hyperplane

(Ax)k = 0 are not SLC, and hence almost all states are

not SLC. The origin, on the other hand, is the only state

that is SLC for any control matrix B when A is nonsin-

gular. The control trajectories defined by Eqs. (1)-(2),

which minimize the energy
� t1
t0

�u(t)�2dt, are given by

x(t) = Φ(t, t0)
�
x(0)

+W (t0, t)W
−1

(t0, t1)
�
Φ(t0, t1)x

(1)−x(0)
��

where Mt0,t1,t = W (t0, t)W−1
(t0, t1) [19]. The SLC prop-

erty of the origin then follows from taking the norm on

both sides of Eq. (3) for x(0)
= 0 and upper-bounding

the norm of the integral (exponential) terms by the

integral (exponential) of the norm, which leads to to

�x(t)� ≤ C�x(1)� for C = (t1−t0)�BBT �·�W−1
(t0, t1)�.

What sets the origin aside is that, for invertible A, it cor-

responds to the only fixed point of the system. Having

established the nonlocality of control trajectories for typ-

ical states in general, we now study in detail the minimal-

energy control trajectories.
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FIG. 2. (a) Average length of the control trajectories as func-
tion of the distance from the target when the initial states are
away from the origin versus when they are at the origin. In
the former case the initial states were chosen randomly on the
unit sphere centered at the origin. In both cases the target
states are randomly oriented δ apart and q = 25. (b) Average
length of the control trajectories as function of the number
of control inputs for initial states away from the origin and
δ = 10−2. Each data point corresponds to 1, 000 realizations,
for ER networks with n = 100.

We focus on undirected connected networks endowed

with the dynamics in Eq. (1) for matrices A with nonzero

diagonal elements. These networks generically satisfy

the Kalman’s controllability condition for the smallest

number of control inputs (namely, one). We consider

Erdős-Rényi (ER) networks for a given number of nodes

n and connection probability p. The edges and the di-

agonal elements Aii are assigned weights drawn from a

uniform distribution in [−1, 1]. Without loss of general-

ity, we assume that the dynamics xi(t) of each node i is
one-dimensional, so that n is also the number of dynam-

ical variables, and that the control matrix B is diagonal

upon row permutation, so that there is a one-to-one re-

lationship between control inputs and driver nodes; in

our simulations, we choose the driver nodes randomly at

each independent realization. For each network, num-

ber q of driver nodes, and given initial and target states,

we calculate numerically the minimal-energy control tra-

jectories given by Eq. (3). Unless noted otherwise, we

consider the control time window 0 ≤ t ≤ 1.

Figure 2 shows the average length L of the control tra-

jectories. For typical initial states, the average length

does not approach zero (and in fact remains essentially

constant) as the distance to the targets is reduced, in

stark contrast with the case in which the initial state is

at the origin [Fig. 2(a)]. This behavior becomes more

pronounced when the number of driver nodes is small,

reaching L = 10
6
for nq = 0.05. The average length

decreases as q is increased [Fig. 2(b)]. The latter is ex-

pected since (following our analytical argument above)

the smaller n − q the fewer hyperplanes (Ax)k = 0 the

control trajectory has to cross in order to acquire the

right sign of ẋk(t) for every k not directly controlled.

Given the mathematical equivalence of the Kalman’s

rank condition and the invertibility of the controllability

Gramian, one might be tempted to assume that an ill-

conditioned controllability Gramian W (t0, t1) is a con-

sequence of an ill-conditioned Kalman’s controllability
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FIG. 1. (a) Illustration of a state that is SLC (left) and of a
state that is not (right). (b) Example system ẋ1 = x1+u1(t),
ẋ2 = x1, where any state not on the line x1 = 0 is not SLC;
the curves indicate minimal-energy control trajectories for the
given initial state (open symbol) and target states (solid sym-
bols). The background arrows indicate the vector field in the
absence of control. As this two-dimensional example suggests,
almost all states of linear systems are not SLC whenever the
number of control inputs is smaller than the number of dy-
namical variables.

be reached from x(0)
with a control trajectory entirely

inside B(x(0), ε)—see Fig. 1(a) for a schematic illustra-

tion. Note that a state can be locally controllable, in the

sense that control trajectories always exist for neighbor-

ing target states, and yet not be SLC. Figure 1(b) shows

one such example in two dimensions: for a state in the

x1 > 0 half-plane, the control trajectories to any neigh-

boring target state with a smaller x2-component neces-

sarily crosses into the x1 < 0 half-plane (symmetric re-

sults apply to initial states in the other half-plane).

We show that this result is in fact general for any

controllable system in which one or more components

are not directly controlled. Indeed, if the kth compo-

nent is not directly controlled, the initial states in the

half-space (Ax)k > 0 can only be driven to neighboring

target states with x(1)
k < x(0)

k if the control trajectory

crosses into the half-space (Ax)k < 0, since otherwise

ẋk(t) =
�
Ax(t)

�
k
would be nonnegative and xk(t) would

never decrease (analogous argument applies to the other

half-space). Therefore, all states outside the hyperplane

(Ax)k = 0 are not SLC, and hence almost all states are

not SLC. The origin, on the other hand, is the only state

that is SLC for any control matrix B when A is nonsin-

gular. The control trajectories defined by Eqs. (1)-(2),

which minimize the energy
� t1
t0

�u(t)�2dt, are given by

x(t) = Φ(t, t0)
�
x(0)

+W (t0, t)W
−1

(t0, t1)
�
Φ(t0, t1)x

(1)−x(0)
��

where Mt0,t1,t = W (t0, t)W−1
(t0, t1) [19]. The SLC prop-

erty of the origin then follows from taking the norm on

both sides of Eq. (3) for x(0)
= 0 and upper-bounding

the norm of the integral (exponential) terms by the

integral (exponential) of the norm, which leads to to

�x(t)� ≤ C�x(1)� for C = (t1−t0)�BBT �·�W−1
(t0, t1)�.

What sets the origin aside is that, for invertible A, it cor-

responds to the only fixed point of the system. Having

established the nonlocality of control trajectories for typ-

ical states in general, we now study in detail the minimal-

energy control trajectories.
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FIG. 2. (a) Average length of the control trajectories as func-
tion of the distance from the target when the initial states are
away from the origin versus when they are at the origin. In
the former case the initial states were chosen randomly on the
unit sphere centered at the origin. In both cases the target
states are randomly oriented δ apart and q = 25. (b) Average
length of the control trajectories as function of the number
of control inputs for initial states away from the origin and
δ = 10−2. Each data point corresponds to 1, 000 realizations,
for ER networks with n = 100.

We focus on undirected connected networks endowed

with the dynamics in Eq. (1) for matrices A with nonzero

diagonal elements. These networks generically satisfy

the Kalman’s controllability condition for the smallest

number of control inputs (namely, one). We consider

Erdős-Rényi (ER) networks for a given number of nodes

n and connection probability p. The edges and the di-

agonal elements Aii are assigned weights drawn from a

uniform distribution in [−1, 1]. Without loss of general-

ity, we assume that the dynamics xi(t) of each node i is
one-dimensional, so that n is also the number of dynam-

ical variables, and that the control matrix B is diagonal

upon row permutation, so that there is a one-to-one re-

lationship between control inputs and driver nodes; in

our simulations, we choose the driver nodes randomly at

each independent realization. For each network, num-

ber q of driver nodes, and given initial and target states,

we calculate numerically the minimal-energy control tra-

jectories given by Eq. (3). Unless noted otherwise, we

consider the control time window 0 ≤ t ≤ 1.

Figure 2 shows the average length L of the control tra-

jectories. For typical initial states, the average length

does not approach zero (and in fact remains essentially

constant) as the distance to the targets is reduced, in

stark contrast with the case in which the initial state is

at the origin [Fig. 2(a)]. This behavior becomes more

pronounced when the number of driver nodes is small,

reaching L = 10
6
for nq = 0.05. The average length

decreases as q is increased [Fig. 2(b)]. The latter is ex-

pected since (following our analytical argument above)

the smaller n − q the fewer hyperplanes (Ax)k = 0 the

control trajectory has to cross in order to acquire the

right sign of ẋk(t) for every k not directly controlled.

Given the mathematical equivalence of the Kalman’s

rank condition and the invertibility of the controllability

Gramian, one might be tempted to assume that an ill-

conditioned controllability Gramian W (t0, t1) is a con-

sequence of an ill-conditioned Kalman’s controllability
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FIG. 1. (a) Illustration of a state that is SLC (left) and of a
state that is not (right). (b) Example system ẋ1 = x1+u1(t),
ẋ2 = x1, where any state not on the line x1 = 0 is not SLC;
the curves indicate minimal-energy control trajectories for the
given initial state (open symbol) and target states (solid sym-
bols). The background arrows indicate the vector field in the
absence of control. As this two-dimensional example suggests,
almost all states of linear systems are not SLC whenever the
number of control inputs is smaller than the number of dy-
namical variables.

be reached from x(0)
with a control trajectory entirely

inside B(x(0), ε)—see Fig. 1(a) for a schematic illustra-

tion. Note that a state can be locally controllable, in the

sense that control trajectories always exist for neighbor-

ing target states, and yet not be SLC. Figure 1(b) shows

one such example in two dimensions: for a state in the

x1 > 0 half-plane, the control trajectories to any neigh-

boring target state with a smaller x2-component neces-

sarily crosses into the x1 < 0 half-plane (symmetric re-

sults apply to initial states in the other half-plane).

We show that this result is in fact general for any

controllable system in which one or more components

are not directly controlled. Indeed, if the kth compo-

nent is not directly controlled, the initial states in the

half-space (Ax)k > 0 can only be driven to neighboring

target states with x(1)
k < x(0)

k if the control trajectory

crosses into the half-space (Ax)k < 0, since otherwise

ẋk(t) =
�
Ax(t)

�
k
would be nonnegative and xk(t) would

never decrease (analogous argument applies to the other

half-space). Therefore, all states outside the hyperplane

(Ax)k = 0 are not SLC, and hence almost all states are

not SLC. The origin, on the other hand, is the only state

that is SLC for any control matrix B when A is nonsin-

gular. The control trajectories defined by Eqs. (1)-(2),

which minimize the energy
� t1
t0

�u(t)�2dt, are given by

x(t) = Φ(t, t0)
�
x(0)

+W (t0, t)W
−1

(t0, t1)
�
Φ(t0, t1)x

(1)−x(0)
��

where Mt0,t1,t = W (t0, t)W−1
(t0, t1) [19]. The SLC prop-

erty of the origin then follows from taking the norm on

both sides of Eq. (3) for x(0)
= 0 and upper-bounding

the norm of the integral (exponential) terms by the

integral (exponential) of the norm, which leads to to

�x(t)� ≤ C�x(1)� for C = (t1−t0)�BBT �·�W−1
(t0, t1)�.

What sets the origin aside is that, for invertible A, it cor-

responds to the only fixed point of the system. Having

established the nonlocality of control trajectories for typ-

ical states in general, we now study in detail the minimal-

energy control trajectories.
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FIG. 2. (a) Average length of the control trajectories as func-
tion of the distance from the target when the initial states are
away from the origin versus when they are at the origin. In
the former case the initial states were chosen randomly on the
unit sphere centered at the origin. In both cases the target
states are randomly oriented δ apart and q = 25. (b) Average
length of the control trajectories as function of the number
of control inputs for initial states away from the origin and
δ = 10−2. Each data point corresponds to 1, 000 realizations,
for ER networks with n = 100.

We focus on undirected connected networks endowed

with the dynamics in Eq. (1) for matrices A with nonzero

diagonal elements. These networks generically satisfy

the Kalman’s controllability condition for the smallest

number of control inputs (namely, one). We consider

Erdős-Rényi (ER) networks for a given number of nodes

n and connection probability p. The edges and the di-

agonal elements Aii are assigned weights drawn from a

uniform distribution in [−1, 1]. Without loss of general-

ity, we assume that the dynamics xi(t) of each node i is
one-dimensional, so that n is also the number of dynam-

ical variables, and that the control matrix B is diagonal

upon row permutation, so that there is a one-to-one re-

lationship between control inputs and driver nodes; in

our simulations, we choose the driver nodes randomly at

each independent realization. For each network, num-

ber q of driver nodes, and given initial and target states,

we calculate numerically the minimal-energy control tra-

jectories given by Eq. (3). Unless noted otherwise, we

consider the control time window 0 ≤ t ≤ 1.

Figure 2 shows the average length L of the control tra-

jectories. For typical initial states, the average length

does not approach zero (and in fact remains essentially

constant) as the distance to the targets is reduced, in

stark contrast with the case in which the initial state is

at the origin [Fig. 2(a)]. This behavior becomes more

pronounced when the number of driver nodes is small,

reaching L = 10
6
for nq = 0.05. The average length

decreases as q is increased [Fig. 2(b)]. The latter is ex-

pected since (following our analytical argument above)

the smaller n − q the fewer hyperplanes (Ax)k = 0 the

control trajectory has to cross in order to acquire the

right sign of ẋk(t) for every k not directly controlled.

Given the mathematical equivalence of the Kalman’s

rank condition and the invertibility of the controllability

Gramian, one might be tempted to assume that an ill-

conditioned controllability Gramian W (t0, t1) is a con-

sequence of an ill-conditioned Kalman’s controllability

Control trajectories are nonlocal!
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Now Turning to Real (Nonlinear) 
Systems



V. J. Wedeen/Harvard



S.A. Miller & P. Harley



Boehringer-Mannheim 
metabolic pathways chart 





Common properties

(i) the dynamics is nonlinear
 
(ii) the system has multiple stable states (or attractors)

(iii) the system is described by a large number of dynamical variables

(iv) there are constraints on the physically feasible control interventions

(v) there might be noise and parameter uncertainty

(vi) decentralized (hence suboptimal) response to perturbations



Power grids:

Metabolism:

Food webs:

out that most secondary extinctions affect species for which these vital paths exist [33],
suggesting that they all could be prevented by properly constraining the network. When
considering the graph representation, one might be tempted to assume that this is unique to
food webs. But from the advantage point of the more sophisticated phase-space formulation
reviewed here, there is now increasing evidence that the perceived avoidability is the rule
rather than the exception in complex networks in general.

In harnessing such systems, a critical factor is just this: no one knows when an unfore-
seen cascade-triggering event will hit the network, but once it does, a lot more information
becomes available and everything must be oriented to explore that information in order to
bring the network back into control. Paraphrasing Robert Evans [75], control in face of
such cascades is much like a parachute jump—the slowdown has to be after the jump but
before the crash. We will not be able to explore the full potential of complex networks, and
the resulting benefits of interconnectivity, until we have developed robust mechanisms that
make these systems adaptable to the unpredictable. It is the mission of future research to
leverage the systems’ own resources to make this possible. The approaches discussed above
appear to offer a promising starting point.

Box 1 | Network dynamics: The metabolic, food-web, and power-grid examples

One can gain intuition about the significance of dynamical equation (1) by considering some
specific examples of networks. The dynamics of a metabolic network with m reactions and
n biochemical species, for example, is determined by

dXi

dt
=

m�

j=1

Sijνj, i = 1, . . . , n, (4)

where Xi is the concentration of species i and ν = (νj) is the vector of reaction rates. Here,
S = (Sij) is the n×m matrix of stoichiometric coefficients, which accounts for the structure
of the entire network, and the biochemical species include the extracellular ones composing
the medium. The reaction rates, which are the variables of the full m-dimensional phase
space, and the concentrations are related through νj = kjΠn

i=1X
κij

i , where κ = (κij) is the
matrix of kinetic exponents and k = (kj) is the vector of kinetic constants [76, 77].

The dynamics of food-web networks is often described by the m-species predator-prey
model:

dXi

dt
= Xi(bi +

m�

j=1

aijXj), i = 1, . . . ,m, (5)

where Xi is the population density of species i, parameter bi is the growth rate for basal
species (those that do not feed on others) and is the mortality rate for non-basal species,
and A = (aij) is the matrix that accounts for the network of interactions between different
species [78]. More general models, such as those that allow for adaptive behavior of the
predators and different types of functional responses [79], are also described by formally
similar sets of equations.

The dynamics of power generators in a power grid can be described by

Mi
dωi

dt
= Pmi − Pei,

dδi
dt

= ωi, i = 1, . . . , n, (6)
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dx

dt
= F(x;β)

state: x ∈ D ⊂ Rm

parameters: β ∈ S ⊂ RM

vector field: F : D × S → Rm

attraction basin: Ωβ(A) ⊂ D

(x0 ∈ Ωβ(A) iff φβ(t,x0) → A as t → +∞)

gxi (x
�
0,x0) ≤ 0, i = 1, ..., p

hx
j (x

�
0,x0) = 0, j = 1, ..., q, where gxi , h

x
j : D ×D → R

Given x0 /∈ Ωβ(A), find ∆xA
0 such that

x�
0 ≡ x0 +∆xA

0 ∈ Ωβ(A)

Cornelius, Kath, Motter, Nature Comm 2013

General Problem
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known in high-dimensional systems.
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Identifying Control Interventions



Fig. 3. Control of genetic networks. (A) State space of the two-gene subnetwork represented in the inset, where the red curves mark the boundaries between the
basins of xA, xB , and xC , and the arrows indicate the local vector field. (B) Illustration of compensatory perturbation on complex genetic networks, where each
node is a copy of the two-gene system. We are given an initial network state �x0 representing the expression levels of the N gene pairs (color coded), and this state
evolves to a stable state of the network �xu (top path). The goal is to knockdown one or more genes to reach a new state �x�

0 that instead evolves to a target stable
state �x∗ �= �xu (bottom path). (C and D) Average computation time (C) and average number of iterations (D) required to control networks of N nodes with initial
state �x0 = �xA and target �x∗ = �xB , demonstrating the good scalability of the algorithm. Each point represents an average over 1, 000 independent realizations of
homogeneous networks.

x1, x2 ≥ 0. The associated dynamics obeys

dx1

dt
= a1

xm
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xm
1 + Sm

+ b1
Sm

xm
2 + Sm

− k1x1 + f1, [4]

dx2

dt
= a2

xm
2

xm
2 + Sm

+ b2
Sm

xm
1 + Sm

− k2x2 + f2, [5]

where the first two terms for each gene capture the self-excitatory

and mutually inhibitory interactions represented in Fig. 3A, respec-

tively, while the final two terms represent linear decay and a basal

activation rate of the associated gene’s expression. Models of this

form have been used extensively to describe the transition between

progenitor stem cells and differentiated cells [21, 22, 23]. For a wide

range of parameters, this system exhibits three stable states: a state

(xB) characterized by comparable expression of both genes, and two

states (xA and xC ) characterized by the dominant expression of one

of the genes. The former corresponds to a stem cell state, and the lat-

ter to two different differentiated cell types. Figure 3 and subsequent

results correspond to the symmetric choice of parameters a1,2 = 0.5,

b1,2 = 1, k1,2 = 1, f1,2 = 0.2, S = 0.5, and m = 4. We

assume that compensatory perturbations are limited to gene down-

regulations, i.e., x�
0 ≤ x0. Our procedure applied to this system

identifies compensatory perturbations between all three stable states

(see Supporting Information, Movie S1). Admissible compensatory

perturbations do not exist (and hence cannot be identified) from some

other initial states close to the axis in the basin of xA,C having xC,A

as target, indicating that the expression of that gene is too low to be

rescued by compensatory perturbations. But xB can be reached even

in these cases, and thus so can xA,C if we let the system evolve after

a perturbation into Ω(xB) and then perturb it again into Ω(xC,A),

meaning that we need the conversion from the differentiated state to

the stem cell state before going to the other differentiated state.

We construct large genetic networks by coupling multiple copies

of the two-gene system described above. Such networks may repre-

sent cells in a tissue or culture coupled by means of factors exchanged

through their microenvironment or medium. Specifically, we assume

that each copy of this genetic system can be treated as a node of the

larger network. The dynamics of a network consisting of N such

systems is then governed by

dxi

dt
= f(xi) +

ε
di

�

j

Aij [xj − xi], [6]

where ẋi = f(xi) is the vectorial form of the dynamics of node i
as described by Eqs. (4)-(5), the parameter ε > 0 is the overall cou-

pling strength, and di is the degree (number of connections) of node

i. The structure of the network itself is encoded in the adjacency ma-

trix A = (Aij). We focus on randomly generated networks with both

uniform and preferential attachment rules (Materials and Methods),

which serve as models for homogeneous and heterogeneous degree

distributions, respectively. We use �x = (xi) to denote the state of the

network, with �xA, �xB , and �xC denoting the states in which all nodes

are at state xA, xB , and xC , respectively. The states �xA, �xB , and �xC

are fixed points of the full network dynamics in the 2N -dimensional

state space and, by arguments of structural stability, we can conclude

they are also stable and have qualitatively similar basins of attraction

along the coordinate planes xi if the coupling strength ε is weak.

While we focus on these three states, it follows from the same ar-

guments that in this regime there are 3N − 3 other stable states in

the network. Under such conditions, compensatory perturbations be-

tween �xA, �xB , and �xC are guaranteed to exist, and hence this class

of networks can also serve as a benchmark to test the effectiveness
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Fig. 4. Control of networks using a small fraction of all nodes. The dynamics
follows (6) for ε = 1 and the control is illustrated for bringing the network from
state �xB to state �xA. (A) Probability that an N -node homogeneous network can
be controlled by perturbing only k randomly selected nodes. (B) Corresponding
results for heterogeneous networks with the same average degree (see Ma-
terials and Methods). Each point represents an average over 1, 000 network
realizations for one control set each. Thus, for control sets consisting of randomly
selected nodes, heterogeneous networks are more likely to be controlled than
homogeneous networks if the size of the control set is small. This should be
contrasted with the case of control sets formed by the highest-degree nodes (see
Fig. 6), where heterogeneous networks are more likely to be controlled for both
small and large control sets.

along the coordinate planes xi if the coupling strength ε is weak.

While we focus on these three states, it follows from the same ar-

guments that in this regime there are 3N − 3 other stable states in

the network. Under such conditions, compensatory perturbations be-

tween �xA, �xB , and �xC are guaranteed to exist, and hence this class

of networks can also serve as a benchmark to test the effectiveness

and efficiency of our method in finding compensatory perturbations

in systems with a large number of nodes.

A general compensatory perturbation in this network is illus-

trated in Fig. 3B, where different intensities indicate different node

states. Applied to the initial state �xA and target �xB for ε = 0.05, the

method is found to be effective in 100% of the cases for the 10, 000
networks tested, with N ranging from 10 to 100. Moreover, the com-

putation time and number of iterations for these tests confirm that our

method is also computationally efficient for large networks. Com-

putation time grows approximately quadratically with N (Fig. 3C),

as expected since each iteration requires the integration of O(N2)
equations. The number of iterations grows as the square root of N

(Fig. 3D), in agreement with the
√
N scaling of |�xA − �xB | and of

the distances between other invariant sets. This leads to the asymp-

totic scaling N
5/2

for the computation time, which is not onerous

since the control of one network requires the identification of only

one compensatory perturbation. This should be compared to the

O(exp(N)) time that would be required to determine the basin of at-

traction at fixed resolution by exhaustive sampling of the state space.

These properties are representative of more general conditions (Sup-

plemental Information, Fig. S1). The efficiency and effectiveness of

our approach are expected to be relevant not only for large genetic

networks, but also for large real networks in general, such as food

webs and power grids, where the characteristic time to failure after

the initial perturbation is large relative to the expected time scales to

identify compensatory perturbations.

In the preceding analysis, we allowed all nodes in the network to

be perturbed, thus providing an upper bound for the computational

time. In a realistic situation we may assume that only a subset of

the network is made available to perturbations. While compensatory

perturbations are not expected to exist under such constraints for very

small ε, they become abundant for larger coupling strengths. Figure

3 shows the success rate in directing the system from �x0 = �xB to

�x∗ = �xA for several network sizes and a varying number of nodes

k in the control set, i.e., the set of nodes available to be perturbed.

For ε = 1, as considered in these case, the success rate increases

monotonically with k, as expected, but it is frequently possible to

identify an eligible compensatory perturbation using a small number

of nodes in the network. For example, for networks of 50 nodes, ap-

proximately 40% of all randomly selected 10-node control sets will

lead to successful control, for both homogeneous (Fig. 3A) and het-

erogeneous ( Fig. 3B) networks. Naturally, for the network to be

controlled it suffices to find a single successful control set, indicating

that the networks will often be rescued by a much smaller fraction of

nodes. From a comparison between Fig. 3A and Fig. 3B it follows

that, for control sets formed by randomly selected nodes, heteroge-

neous networks are more likely to be controlled than homogeneous

ones if the size of the control set is small, while the opposite is true

if the control set is large. The analysis below will allow us to inter-

preted this property of heterogeneous networks as a consequence of

the possibility of having a very high-degree node in small control sets

and a tendency to have a large number of low-degree nodes in large

control sets. But what distinguishes a successful control set from a

set that fails to control the network?

Figure 5 shows that the probability of success is strongly deter-

mined by node degree. This is clear from the probability that a node

appears in a successful control set as a function of its degree d (Fig.

5A), which increases approximately linearly for both homogeneous

and heterogeneous networks. This is even more evident in the de-

pendence of the success rate on the average degree �d� of the control

set (Fig. 5B). The success rate exhibits a relatively sharp transition
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Fig. 3. Control of genetic networks. (A) State space of the two-gene subnetwork represented in the inset, where the red curves mark the boundaries between the
basins of xA, xB , and xC , and the arrows indicate the local vector field. (B) Illustration of compensatory perturbation on complex genetic networks, where each
node is a copy of the two-gene system. We are given an initial network state �x0 representing the expression levels of the N gene pairs (color coded), and this state
evolves to a stable state of the network �xu (top path). The goal is to knockdown one or more genes to reach a new state �x�

0 that instead evolves to a target stable
state �x∗ �= �xu (bottom path). (C and D) Average computation time (C) and average number of iterations (D) required to control networks of N nodes with initial
state �x0 = �xA and target �x∗ = �xB , demonstrating the good scalability of the algorithm. Each point represents an average over 1, 000 independent realizations of
homogeneous networks.

basins of attraction (and hence the possible compensatory pertur-

bations) can be easily calculated and visualized. Figure (2) shows

the state space of the system, which has two stable states, xA on

the left and xB on the right. The system is defined by the potential

U(x1) = exp(−γx2
1)(bx

2
1+cx3

1+dx4
1) and frictional dissipation η,

where γ = 1, b = −1, c = −0.1, d = 0.5, η = 0.1, and x2 = ẋ1.

The method is illustrated for two different initial states under the con-

straint that admissible perturbations have to satisfy x�
0 ≤ x0, i.e., one

cannot increase either variable. For the initial state in the basin of

state xA (Fig. 2A), no admissible perturbation exists that can bring

the system directly to the target xB , on the right, since that would

require increasing x1. However, our iterative procedure builds an ad-

missible perturbation vector that shifts the state of the system to a

branch of the basin Ω(xB) lying on the left of that point. Then, from

that instant on the autonomous evolution of the system will govern

the trajectory’s approach to the target xB , on the right. This exam-

ple illustrates how compensatory perturbations that move in a direc-

tion away from the target—the only ones available under the given

constraints—can be effective in controlling the system, and how they

are identified by our method. The other example shown illustrates a

case in which the perturbation to an initial state on the right crosses

an intermediate basin, of xB , before it can reach the basin of the

target, xA (Fig. 2B). The linear approximation fails at the crossing

point, but convergence is assured by the constraints imposed on δx0

(see Materials and Methods).

Control of genetic networks. We now turn to compensatory pertur-

bations in complex networks. We focus on networks of diffusively

coupled units, a case that has received much attention in the study

of spontaneous synchronization [20]. We take as a base system the

genetic regulatory subnetwork shown in Fig. 3A (inset), consisting of

two genes wired in a circuit. The state of the system is determined

by the expression levels of the genes, represented by the variables

x1, x2 ≥ 0. The associated dynamics obeys

dx1

dt
= a1

x4
1

x4
1 + S4

+ b1
S4

x4
2 + S4

− k1x1 + f1 [4]

dx2

dt
= a2

x4
2

x4
2 + S4

+ b2
S4

x4
1 + S4

− k2x2 + f2 [5]

where the first two terms for each gene capture the self-excitatory

and mutually inhibitory interactions represented in Fig. 3A, respec-

tively, while the final two terms represent linear decay and a basal

activation rate of the associated gene’s expression. Models of this

form have been used extensively to describe the transition between

progenitor stem cells and differentiated cells [21, 22, 23]. For a wide

range of parameters, this system exhibits three stable states: a state

(xB) characterized by comparable expression of both genes, and two

states (xA and xC ) characterized by the dominant expression of one

of the genes. The former corresponds to a stem cell state, and the lat-

ter to two different differentiated cell types. Figure 3 and subsequent

results correspond to the symmetric choice of parameters a1,2 = 0.5,
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b1,2 = 1, k1,2 = 1, f1,2 = 0.2, S = 0.5, and m = 4. We

assume that compensatory perturbations are limited to gene down-

regulations, i.e., x�
0 ≤ x0. Our procedure applied to this system

identifies compensatory perturbations between all three stable states

(see Supporting Information, Movie S1). Admissible compensatory

perturbations do not exist (and hence cannot be identified) from some

other initial states close to the axis in the basin of xA,C having xC,A

as target, indicating that the expression of that gene is too low to be

rescued by compensatory perturbations. But xB can be reached even

in these cases, and thus so can xA,C if we let the system evolve after

a perturbation into Ω(xB) and then perturb it again into Ω(xC,A),
meaning that we need the conversion from the differentiated state to

the stem cell state before going to the other differentiated state.

We construct large genetic networks by coupling multiple copies

of the two-gene system described above. Such networks may repre-

sent cells in a tissue or culture coupled by means of factors exchanged

through their microenvironment or medium. Specifically, we assume

that each copy of this genetic system can be treated as a node of the

larger network. The dynamics of a network consisting of N such

systems is then governed by

dxi

dt
= f(xi) +

c

di

�

j

Aij [xj − xi] [6]

where ẋi = f(xi) is the vectorial form of the dynamics of node i

as described by Eqs. (4)-(5), the parameter ε > 0 is the overall cou-

pling strength, and di is the degree (number of connections) of node

i. The structure of the network itself is encoded in the adjacency ma-

trix A = (Aij). We focus on randomly generated networks with both

uniform and preferential attachment rules (Materials and Methods),

which serve as models for homogeneous and heterogeneous degree

distributions, respectively. We use �x = (xi) to denote the state of the

network, with �xA, �xB , and �xC denoting the states in which all nodes

are at state xA, xB , and xC , respectively. The states �xA, �xB , and �xC

are fixed points of the full network dynamics in the 2N -dimensional

state space and, by arguments of structural stability, we can conclude

they are also stable and have qualitatively similar basins of attraction
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Fig. 4. Control of networks using a small fraction of all nodes. The dynamics
follows (6) for ε = 1 and the control is illustrated for bringing the network from
state �xB to state �xA. (A) Probability that an N -node homogeneous network can
be controlled by perturbing only k randomly selected nodes. (B) Corresponding
results for heterogeneous networks with the same average degree (see Ma-
terials and Methods). Each point represents an average over 1, 000 network
realizations for one control set each. Thus, for control sets consisting of randomly
selected nodes, heterogeneous networks are more likely to be controlled than
homogeneous networks if the size of the control set is small. This should be
contrasted with the case of control sets formed by the highest-degree nodes (see
Fig. 6), where heterogeneous networks are more likely to be controlled for both
small and large control sets.

along the coordinate planes xi if the coupling strength ε is weak.

While we focus on these three states, it follows from the same ar-

guments that in this regime there are 3N − 3 other stable states in

the network. Under such conditions, compensatory perturbations be-

tween �xA, �xB , and �xC are guaranteed to exist, and hence this class

of networks can also serve as a benchmark to test the effectiveness

and efficiency of our method in finding compensatory perturbations

in systems with a large number of nodes.

A general compensatory perturbation in this network is illus-

trated in Fig. 3B, where different intensities indicate different node

states. Applied to the initial state �xA and target �xB for ε = 0.05, the

method is found to be effective in 100% of the cases for the 10, 000
networks tested, with N ranging from 10 to 100. Moreover, the com-

putation time and number of iterations for these tests confirm that our

method is also computationally efficient for large networks. Com-

putation time grows approximately quadratically with N (Fig. 3C),

as expected since each iteration requires the integration of O(N2)
equations. The number of iterations grows as the square root of N

(Fig. 3D), in agreement with the
√
N scaling of |�xA − �xB | and of

the distances between other invariant sets. This leads to the asymp-

totic scaling N
5/2

for the computation time, which is not onerous

since the control of one network requires the identification of only

one compensatory perturbation. This should be compared to the

O(exp(N)) time that would be required to determine the basin of at-

traction at fixed resolution by exhaustive sampling of the state space.

These properties are representative of more general conditions (Sup-

plemental Information, Fig. S1). The efficiency and effectiveness of

our approach are expected to be relevant not only for large genetic

networks, but also for large real networks in general, such as food

webs and power grids, where the characteristic time to failure after

the initial perturbation is large relative to the expected time scales to

identify compensatory perturbations.

In the preceding analysis, we allowed all nodes in the network to

be perturbed, thus providing an upper bound for the computational

time. In a realistic situation we may assume that only a subset of

the network is made available to perturbations. While compensatory

perturbations are not expected to exist under such constraints for very

small ε, they become abundant for larger coupling strengths. Figure

3 shows the success rate in directing the system from �x0 = �xB to

�x∗ = �xA for several network sizes and a varying number of nodes

k in the control set, i.e., the set of nodes available to be perturbed.

For ε = 1, as considered in these case, the success rate increases

monotonically with k, as expected, but it is frequently possible to

identify an eligible compensatory perturbation using a small number

of nodes in the network. For example, for networks of 50 nodes, ap-

proximately 40% of all randomly selected 10-node control sets will

lead to successful control, for both homogeneous (Fig. 3A) and het-

erogeneous ( Fig. 3B) networks. Naturally, for the network to be

controlled it suffices to find a single successful control set, indicating

that the networks will often be rescued by a much smaller fraction of

nodes. From a comparison between Fig. 3A and Fig. 3B it follows

that, for control sets formed by randomly selected nodes, heteroge-

neous networks are more likely to be controlled than homogeneous

ones if the size of the control set is small, while the opposite is true

if the control set is large. The analysis below will allow us to inter-

preted this property of heterogeneous networks as a consequence of

the possibility of having a very high-degree node in small control sets

and a tendency to have a large number of low-degree nodes in large

control sets. But what distinguishes a successful control set from a

set that fails to control the network?

Figure 5 shows that the probability of success is strongly deter-

mined by node degree. This is clear from the probability that a node

appears in a successful control set as a function of its degree d (Fig.

5A), which increases approximately linearly for both homogeneous

and heterogeneous networks. This is even more evident in the de-

pendence of the success rate on the average degree �d� of the control

set (Fig. 5B). The success rate exhibits a relatively sharp transition
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Robust against Stochasticity and 
Parameter Uncertainty

Fig. S7: Effects of stochasticity. Scenarios (A) and (B) correspond to the control problems depicted in Figs. 2A and 2B,
respectively, where xA and xB are the attractors of the noiseless dynamics and yellow and blue their corresponding basins of
attraction in the deterministic case. The intervention x0 → x�

0 represents the compensatory perturbation which, in the absence
of noise, results in an orbit that carries the system to the target (xB and xA, respectively). This example illustrates that
when noise is added to the dynamics, however, the system may fail to reach the target attractor, possibly approaching the
other attractor instead (red curves). This can be attributed to the proximity of x�

0 to the corresponding basin boundary. The
situation can be remedied by making an additional perturbation x�

0 → x��
0 that places the system further inside the target basin

of attraction, increasing the likelihood that the noisy orbit (gray) will reach the target. The noise strength is s = 0.03 for all
orbits pictured here.
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Fig. S8: Robustness of compensatory perturbations against noise. The curves indicate the success rate of compensatory pertur-
bations predicted using deterministic models when noise of r.m.s. amplitude s is added to the dynamics, for the compensatory
perturbations as predicted using our original computational approach (red), and modified compensatory perturbations that are
systematically identified to be further inside the target basin of attraction (gray). (A, B) Mechanical example system, with
the initial target states considered in Figs. 2A and 2B, respectively. (C, D) Ensemble of 100 random networks and initial
and target states as considered in Fig. 3 for sizes N = 10 and 20, respectively. In all scenarios, a point corresponds to 1,000
independent sample paths of the noisy dynamics. Each point in (A, B) represents 1,000 random (noisy) orbits starting from the
corresponding perturbed state, while each point in (C, D) represents 10 such orbits for each of the 100 network realizations of
the given network size. In every case, the approach to the target can thus be insulated against noise with a slight modification
of the compensatory perturbation procedure, thereby preserving its effectiveness.
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and efficiency of our method in finding compensatory perturbations

in systems with a large number of nodes.

A general compensatory perturbation in this network is illus-

trated in Fig. 3B, where different intensities indicate different node

states. Applied to the initial state �xA and target �xB for ε = 0.05, the

method is found to be effective in 100% of the cases for the 10, 000
networks tested, with N ranging from 10 to 100. Moreover, the com-

putation time and number of iterations for these tests confirm that our

method is also computationally efficient for large networks. Com-

putation time grows approximately quadratically with N (Fig. 3C),

as expected since each iteration requires the integration of O(N2)
equations. The number of iterations grows as the square root of N

(Fig. 3D), in agreement with the
√
N scaling of |�xA − �xB | and of

the distances between other invariant sets. This leads to the asymp-

totic scaling N
5/2

for the computation time, which is not onerous

since the control of one network requires the identification of only

one compensatory perturbation. This should be compared to the

O(exp(N)) time that would be required to determine the basin of at-

traction at fixed resolution by exhaustive sampling of the state space.

These properties are representative of more general conditions (Sup-

plemental Information, Fig. S1). The efficiency and effectiveness of

our approach are expected to be relevant not only for large genetic

networks, but also for large real networks in general, such as food

webs and power grids, where the characteristic time to failure after

the initial perturbation is large relative to the expected time scales to

identify compensatory perturbations.

In the preceding analysis, we allowed all nodes in the network to

be perturbed, thus providing an upper bound for the computational

time. In a realistic situation we may assume that only a subset of

Fig. 4. Control of networks using a small fraction of all nodes. The dynamics
follows (6) for ε = 1 and the control is illustrated for bringing the network from
state �xB to state �xA. (A) Probability that an N -node homogeneous network can
be controlled by perturbing only k randomly selected nodes. (B) Corresponding
results for heterogeneous networks with the same average degree (see Ma-
terials and Methods). Each point represents an average over 1, 000 network
realizations for one control set each. Thus, for control sets consisting of randomly
selected nodes, heterogeneous networks are more likely to be controlled than
homogeneous networks if the size of the control set is small. This should be
contrasted with the case of control sets formed by the highest-degree nodes (see
Fig. 6), where heterogeneous networks are more likely to be controlled for both
small and large control sets.

the network is made available to perturbations. While compensatory

perturbations are not expected to exist under such constraints for very

small ε, they become abundant for larger coupling strengths. Figure

3 shows the success rate in directing the system from �x0 = �xB to

�x∗ = �xA for several network sizes and a varying number of nodes

k in the control set, i.e., the set of nodes available to be perturbed.

For ε = 1, as considered in these case, the success rate increases

monotonically with k, as expected, but it is frequently possible to

identify an eligible compensatory perturbation using a small number

of nodes in the network. For example, for networks of 50 nodes, ap-

proximately 40% of all randomly selected 10-node control sets will

lead to successful control, for both homogeneous (Fig. 3A) and het-

erogeneous ( Fig. 3B) networks. Naturally, for the network to be

controlled it suffices to find a single successful control set, indicating

that the networks will often be rescued by a much smaller fraction of

nodes. From a comparison between Fig. 3A and Fig. 3B it follows

that, for control sets formed by randomly selected nodes, heteroge-

neous networks are more likely to be controlled than homogeneous

ones if the size of the control set is small, while the opposite is true

if the control set is large. The analysis below will allow us to inter-

preted this property of heterogeneous networks as a consequence of

the possibility of having a very high-degree node in small control sets

and a tendency to have a large number of low-degree nodes in large

control sets. But what distinguishes a successful control set from a

set that fails to control the network?

Figure 5 shows that the probability of success is strongly deter-

mined by node degree. This is clear from the probability that a node

appears in a successful control set as a function of its degree d (Fig.

5A), which increases approximately linearly for both homogeneous

and heterogeneous networks. This is even more evident in the de-

pendence of the success rate on the average degree �d� of the control

set (Fig. 5B). The success rate exhibits a relatively sharp transition

from zero to one as �d� increases, which starts close to the peak of

the distribution of average degrees for random control sets (Fig. 5B,

background histograms). As shown in Fig. 5C for a homogeneous

networks, the success rate of control sets involving a given node cor-

relates strongly with degree even across relatively small degree dif-

ferences. This confirms both that compensatory perturbations can be

identified for a large fraction of control sets and that successful con-

trol sets show an enrichment of high-degree nodes.

Because successful control sets tend to have a significantly

higher fraction of high-degree nodes, increased success rate can be

achieved by biasing the selection of control-set nodes towards high

degrees. This is demonstrated in Fig. 5, where the rate of success

increases dramatically when the control set is formed by the highest-

degree nodes in the network. For example, for the control sets formed

by 20% of the nodes, the success rate approaches 100% for all net-

work sizes considered, more than doubling when compared to ran-

domly selected control sets. This increase is more pronounced for

more heterogeneous networks, as illustrated for control sets limited

to 10% of the nodes (Fig. 5), which is expected from Fig. 5 and the

availability of higher degree nodes in such networks. This enhanced

controllability of degree-heterogeneous networks for targeted node

selection is important in view of the prevalence of heterogeneous de-

gree distributions in natural and engineered networks. We emphasize

that these conclusions follow from our systematic identification of

compensatory perturbations, and that they cannot be derived from

the existing literature.

Note that our approach is fundamentally different from those

usually considered in control theory, both in terms of methods and ap-

plicability. Optimal control [24], for example, is based on identifying

an admissible (time-dependent) control u(t) such that the modified

system dx/dt = F+ u will optimize a given cost function. Control

of chaos [25], which is used to convert an otherwise chaotic trajectory

into a periodic one, is based on the continuous application of uncon-

strained small time-dependent perturbations to align the stable man-

ifold of an unstable periodic orbit with the trajectory of the system.
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in systems with a large number of nodes.

A general compensatory perturbation in this network is illus-

trated in Fig. 3B, where different intensities indicate different node

states. Applied to the initial state �xA and target �xB for ε = 0.05, the

method is found to be effective in 100% of the cases for the 10, 000
networks tested, with N ranging from 10 to 100. Moreover, the com-
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method is also computationally efficient for large networks. Com-

putation time grows approximately quadratically with N (Fig. 3C),

as expected since each iteration requires the integration of O(N2)
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(Fig. 3D), in agreement with the
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for the computation time, which is not onerous

since the control of one network requires the identification of only

one compensatory perturbation. This should be compared to the

O(exp(N)) time that would be required to determine the basin of at-

traction at fixed resolution by exhaustive sampling of the state space.

These properties are representative of more general conditions (Sup-

plemental Information, Fig. S1). The efficiency and effectiveness of

our approach are expected to be relevant not only for large genetic

networks, but also for large real networks in general, such as food

webs and power grids, where the characteristic time to failure after

the initial perturbation is large relative to the expected time scales to

identify compensatory perturbations.

In the preceding analysis, we allowed all nodes in the network to

be perturbed, thus providing an upper bound for the computational

time. In a realistic situation we may assume that only a subset of

Fig. 4. Control of networks using a small fraction of all nodes. The dynamics
follows (6) for ε = 1 and the control is illustrated for bringing the network from
state �xB to state �xA. (A) Probability that an N -node homogeneous network can
be controlled by perturbing only k randomly selected nodes. (B) Corresponding
results for heterogeneous networks with the same average degree (see Ma-
terials and Methods). Each point represents an average over 1, 000 network
realizations for one control set each. Thus, for control sets consisting of randomly
selected nodes, heterogeneous networks are more likely to be controlled than
homogeneous networks if the size of the control set is small. This should be
contrasted with the case of control sets formed by the highest-degree nodes (see
Fig. 6), where heterogeneous networks are more likely to be controlled for both
small and large control sets.
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perturbations are not expected to exist under such constraints for very

small ε, they become abundant for larger coupling strengths. Figure

3 shows the success rate in directing the system from �x0 = �xB to

�x∗ = �xA for several network sizes and a varying number of nodes

k in the control set, i.e., the set of nodes available to be perturbed.

For ε = 1, as considered in these case, the success rate increases

monotonically with k, as expected, but it is frequently possible to

identify an eligible compensatory perturbation using a small number

of nodes in the network. For example, for networks of 50 nodes, ap-

proximately 40% of all randomly selected 10-node control sets will

lead to successful control, for both homogeneous (Fig. 3A) and het-

erogeneous ( Fig. 3B) networks. Naturally, for the network to be

controlled it suffices to find a single successful control set, indicating

that the networks will often be rescued by a much smaller fraction of

nodes. From a comparison between Fig. 3A and Fig. 3B it follows

that, for control sets formed by randomly selected nodes, heteroge-

neous networks are more likely to be controlled than homogeneous

ones if the size of the control set is small, while the opposite is true

if the control set is large. The analysis below will allow us to inter-

preted this property of heterogeneous networks as a consequence of

the possibility of having a very high-degree node in small control sets

and a tendency to have a large number of low-degree nodes in large

control sets. But what distinguishes a successful control set from a

set that fails to control the network?

Figure 5 shows that the probability of success is strongly deter-

mined by node degree. This is clear from the probability that a node

appears in a successful control set as a function of its degree d (Fig.

5A), which increases approximately linearly for both homogeneous

and heterogeneous networks. This is even more evident in the de-

pendence of the success rate on the average degree �d� of the control

set (Fig. 5B). The success rate exhibits a relatively sharp transition

from zero to one as �d� increases, which starts close to the peak of

the distribution of average degrees for random control sets (Fig. 5B,

background histograms). As shown in Fig. 5C for a homogeneous

networks, the success rate of control sets involving a given node cor-

relates strongly with degree even across relatively small degree dif-

ferences. This confirms both that compensatory perturbations can be

identified for a large fraction of control sets and that successful con-

trol sets show an enrichment of high-degree nodes.

Because successful control sets tend to have a significantly

higher fraction of high-degree nodes, increased success rate can be

achieved by biasing the selection of control-set nodes towards high

degrees. This is demonstrated in Fig. 5, where the rate of success

increases dramatically when the control set is formed by the highest-

degree nodes in the network. For example, for the control sets formed

by 20% of the nodes, the success rate approaches 100% for all net-

work sizes considered, more than doubling when compared to ran-

domly selected control sets. This increase is more pronounced for

more heterogeneous networks, as illustrated for control sets limited

to 10% of the nodes (Fig. 5), which is expected from Fig. 5 and the

availability of higher degree nodes in such networks. This enhanced

controllability of degree-heterogeneous networks for targeted node

selection is important in view of the prevalence of heterogeneous de-

gree distributions in natural and engineered networks. We emphasize

that these conclusions follow from our systematic identification of

compensatory perturbations, and that they cannot be derived from

the existing literature.

Note that our approach is fundamentally different from those

usually considered in control theory, both in terms of methods and ap-

plicability. Optimal control [24], for example, is based on identifying

an admissible (time-dependent) control u(t) such that the modified

system dx/dt = F+ u will optimize a given cost function. Control

of chaos [25], which is used to convert an otherwise chaotic trajectory

into a periodic one, is based on the continuous application of uncon-

strained small time-dependent perturbations to align the stable man-

ifold of an unstable periodic orbit with the trajectory of the system.
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Fig. 5. Enrichment of high-degree nodes in successful control sets. (A) Probability that a given node of degree d is present in a successful control set for homogeneous
(top) and heterogeneous (bottom) networks. This probability is scaled as P (d) = s(d)/N (d), where s is the number of times (counting multiplicity) a node of degree
d appears in a successful control set, while N (d) is the total number of such nodes appearing in all successfully-controlled networks. (B) Dependence of the success
rate on the average degree of the control set. Probability (red) for homogeneous (top) and heterogeneous (bottom) networks that a random set of 20% of the nodes
can be used to control the corresponding network as a function of the average degree �d� in the set. The background of each panel (light blue) shows the distribution
of �d� for randomly formed control sets. (C) Relation between success rate (left) and node degree (right) in an example network. The color bars show the percentage
of successful control sets involving the given node (red) and the degree of the node (blue). Each point in panels A and B correspond to an average over 5, 000 network
realizations sampled 10 times while the statistics in panel C are based on sampling the given network 10, 000 times, where N = 50 and k = 10 in all cases. The
dynamics, coupling strength, and initial and target states are the same considered in Fig. 3. It follows that the ability to control a network correlates strongly with the
degrees of the nodes in question.

Approach to the relevant orbit can be facilitated by the method of tar-
geting [26], which, like control of chaos itself, can only be applied to
move within the same ergodic component. Here, in contrast, we bring
the system to a different component, to a state that is already stable,
and we do so using one (or few) finite-size perturbations, which are
forecast-based rather than feedback-based. Our approach is suited
for a wide range of processes in complex networks, which are of-
ten amenable to modeling but offer limited access to interventions,
making the use of punctual interventions that benefit from the natu-
ral stability of the system far more desirable than other conceivable
alternatives.

Discussion

The dynamics of large natural and man-made networks are usu-
ally highly nonlinear, making them complex not only with respect
with their structure but also with respect to their dynamics. This is
particularly manifest when the networks are brought away from equi-
librium, as in the event of a strong perturbation. Nonlinearity has
been the main obstacle to the control of such systems. Progress has
been made in the development of algorithms for decentralized com-
munication and coordination [27], in the manipulation of two-state
Boolean networks [28], in network queue control problems [29], and
other complementary areas. Yet, the control of far-from-equilibrium
networks with self-sustained dynamics, such as metabolic networks,
power grids, and food webs, has remained largely unaddressed.
Methods have been developed for the control of networks hypotheti-
cally governed by linear dynamics [30]. But although linear dynam-
ics may approximate an orbit locally, it does not permit the existence
of different stable states observed in real networks and does not ac-
count for basins of attraction and other global properties of the state
space. These global properties are crucial because they underlie net-
work failures and, as shown here, also provide a mechanism for the
control of numerous networks.

The possibility of directing a complex network to a predefined
dynamical state offers an unprecedented opportunity to harness such
highly structured systems. We have shown that this can be achieved
under rather general conditions by systematically designing com-
pensatory perturbations that, without requiring the computationally-
prohibiting explicit identification of the basin boundaries, take ad-
vantage of the full basin of attraction of the desired state, thus capi-

talizing on (rather than being obstructed by) the nonlinear nature of
the dynamics. While our approach makes use of constrained opti-
mization [31], the question at hand cannot be formulated as a simple
optimization problem in terms of an aggregated objective function,
such as the number of active nodes. Maximizing this number by or-
dinary means can lead to local minima or transient solutions that then
fall back to asymptotic states with larger number of inactive nodes. A
priori identification of the stable that enjoys the desired properties is
thus an important step in our formulation of the problem.

Applications of our framework show that the approach is effec-
tive even when compensatory perturbations are limited to a small sub-
set of all nodes in the network, and when constraints forbid bringing
the network directly to the target state. This is of outmost importance
for applications because, in large networks, perturbed states in which
the desired state is outside the range of admissible perturbations is
expected to be the rule rather than the exception. From a network
perspective, this leads to counterintuitive situations in which the com-
pensatory perturbations oppose the direction of the target state and
consist, for example, of suppressing the activity of nodes that are al-
ready smaller than at the target, but that lead the system to eventually
evolve towards that target. These results are surprising in light of
the usual interpretation that nodes represent “resources" of the net-
work, to which we intentionally (albeit temporarily) inflict damage
with a compensatory perturbation. From the state space perspective,
the reason for the existence of such locally deleterious perturbations
that have globally beneficial effects is that the basin of attraction, be-
ing nonlocal, can extend to the region of feasible perturbations even
when the target itself does not.

Our results based on randomly-generated networks also show
that control is far more effective when focused on high-degree nodes.
The effect is more pronounced in more heterogenous networks, mak-
ing it particularly relevant for applications to real systems, which are
known to often exhibit fat-tailed degree distributions [32, 33]. More
generally, we posit that the rate of successful control on a network
will be strongly biased towards nodes with high centrality, includ-
ing degree centrality, as shown here, and possibly other measures of
centrality in the case of networks that deviate from random, such as
closeness and betweenness. This suggests that in the situation where
only a limited intervention is possible, one should focus primarily on
central nodes in order to direct the entire network to a desired new
state. We have demonstrated, moreover, that even when all nodes in
the network are perturbed, the identification of compensatory pertur-
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Fig. 5. Enrichment of high-degree nodes in successful control sets. (A) Probability that a given node of degree d is present in a successful control set for homogeneous
(top) and heterogeneous (bottom) networks. This probability is scaled as P (d) = s(d)/N (d), where s is the number of times (counting multiplicity) a node of degree
d appears in a successful control set, while N (d) is the total number of such nodes appearing in all successfully-controlled networks. (B) Dependence of the success
rate on the average degree of the control set. Probability (red) for homogeneous (top) and heterogeneous (bottom) networks that a random set of 20% of the nodes
can be used to control the corresponding network as a function of the average degree �d� in the set. The background of each panel (light blue) shows the distribution
of �d� for randomly formed control sets. (C) Relation between success rate (left) and node degree (right) in an example network. The color bars show the percentage
of successful control sets involving the given node (red) and the degree of the node (blue). Each point in panels A and B correspond to an average over 5, 000 network
realizations sampled 10 times while the statistics in panel C are based on sampling the given network 10, 000 times, where N = 50 and k = 10 in all cases. The
dynamics, coupling strength, and initial and target states are the same considered in Fig. 3. It follows that the ability to control a network correlates strongly with the
degrees of the nodes in question.
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making the use of punctual interventions that benefit from the natu-
ral stability of the system far more desirable than other conceivable
alternatives.

Discussion

The dynamics of large natural and man-made networks are usu-
ally highly nonlinear, making them complex not only with respect
with their structure but also with respect to their dynamics. This is
particularly manifest when the networks are brought away from equi-
librium, as in the event of a strong perturbation. Nonlinearity has
been the main obstacle to the control of such systems. Progress has
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Boolean networks [28], in network queue control problems [29], and
other complementary areas. Yet, the control of far-from-equilibrium
networks with self-sustained dynamics, such as metabolic networks,
power grids, and food webs, has remained largely unaddressed.
Methods have been developed for the control of networks hypotheti-
cally governed by linear dynamics [30]. But although linear dynam-
ics may approximate an orbit locally, it does not permit the existence
of different stable states observed in real networks and does not ac-
count for basins of attraction and other global properties of the state
space. These global properties are crucial because they underlie net-
work failures and, as shown here, also provide a mechanism for the
control of numerous networks.

The possibility of directing a complex network to a predefined
dynamical state offers an unprecedented opportunity to harness such
highly structured systems. We have shown that this can be achieved
under rather general conditions by systematically designing com-
pensatory perturbations that, without requiring the computationally-
prohibiting explicit identification of the basin boundaries, take ad-
vantage of the full basin of attraction of the desired state, thus capi-

talizing on (rather than being obstructed by) the nonlinear nature of
the dynamics. While our approach makes use of constrained opti-
mization [31], the question at hand cannot be formulated as a simple
optimization problem in terms of an aggregated objective function,
such as the number of active nodes. Maximizing this number by or-
dinary means can lead to local minima or transient solutions that then
fall back to asymptotic states with larger number of inactive nodes. A
priori identification of the stable that enjoys the desired properties is
thus an important step in our formulation of the problem.

Applications of our framework show that the approach is effec-
tive even when compensatory perturbations are limited to a small sub-
set of all nodes in the network, and when constraints forbid bringing
the network directly to the target state. This is of outmost importance
for applications because, in large networks, perturbed states in which
the desired state is outside the range of admissible perturbations is
expected to be the rule rather than the exception. From a network
perspective, this leads to counterintuitive situations in which the com-
pensatory perturbations oppose the direction of the target state and
consist, for example, of suppressing the activity of nodes that are al-
ready smaller than at the target, but that lead the system to eventually
evolve towards that target. These results are surprising in light of
the usual interpretation that nodes represent “resources" of the net-
work, to which we intentionally (albeit temporarily) inflict damage
with a compensatory perturbation. From the state space perspective,
the reason for the existence of such locally deleterious perturbations
that have globally beneficial effects is that the basin of attraction, be-
ing nonlocal, can extend to the region of feasible perturbations even
when the target itself does not.

Our results based on randomly-generated networks also show
that control is far more effective when focused on high-degree nodes.
The effect is more pronounced in more heterogenous networks, mak-
ing it particularly relevant for applications to real systems, which are
known to often exhibit fat-tailed degree distributions [32, 33]. More
generally, we posit that the rate of successful control on a network
will be strongly biased towards nodes with high centrality, includ-
ing degree centrality, as shown here, and possibly other measures of
centrality in the case of networks that deviate from random, such as
closeness and betweenness. This suggests that in the situation where
only a limited intervention is possible, one should focus primarily on
central nodes in order to direct the entire network to a desired new
state. We have demonstrated, moreover, that even when all nodes in
the network are perturbed, the identification of compensatory pertur-
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Fig. 7. Control in an associative-memory network. (A) Wiring diagram of a network of N = 64 oscillators storing patterns representing the seven letters in the

word “NETWORK”, where red (blue) lines denote links of positive (negative) weight. (B) Examples of control-induced transitions between the memorized patterns.

Taking an initial state �θ0 corresponding to a letter in the word “NETWORK", we attempt to find a perturbation �θ0 → �θ�0 (downward arrows) that causes the network to

spontaneously transition to the next letter under time evolution (diagonal arrows). Each oscillator is color coded based on its angular distance from oscillator 1 (panel

A, upper left), while errors between the final state that is actually reached and the state that was targeted are indicated in gray. In each of the six cases, the control

procedure successfully brings the system to the target or to a visually similar stable state with few such errors.

any perturbation satisfying the given constraints, it may nonetheless
be possible to drive the network to a similar state by applying the
control procedure introduced in the main text.

In the design and operation of power-grid networks, an impor-
tant consideration is the ability of the power generators to maintain
synchrony following severe perturbations, and desynchronization in-
stabilities have been implicated in ***. The state of the system is
assumed to be determined by the swing equation,

2Hi

ωs

dωi

dt
= Pmi − Pei,

dδi
dt

= ωi, i = 1, . . . , N, [8]

where δi is the phase of generator i, ωi is the angular frequency
of generator i, which is close but not necessarily identical to the
nominal frequency ωs, and N is the number of generators in the
network. Constant Hi is the inertia parameter of the generator,
Pmi is the mechanical input power from the generator, and Pei =
−Diωi+

�N
j=1[D

�
ij sin(δj−δi)+D

��
ij cos(δj−δi)] is the power de-

manded of the generator by the network. The network structure and
impedance parameters are incorporated into the matrices D� = (D�

ij)
and D

�� = (D��
ij), and the damping is accounted for by the coefficient

Di. In equilibrium, Pmi = Pei and all generators operate in a syn-
chronous state, characterized by ω1 = ω2 · · · = ωN . We illustrate
our control procedure on the New England power-grid model [28],
which operates at the nominal frequency of 2π× 60 s−1 and consists
of 10 generator nodes, 39 load nodes, and 46 transmission lines (Fig.
8A). We used the values given in [29] for all parameters.

For an initially steady state solution determined by power flow
calculations, we simulate single-line faults caused by short circuits
to the ground for a period of 0.6s during which the corresponding
impedance is assumed to be very small (z = 10−9j) and after which
the fault is cleared by disconnecting the line. Figure 8 shows one
such fault on the line connecting nodes 16 and 17 (Fig. 8A) and the
corresponding time evolution of the δi and ωi for all generators in
the network. By the time the fault is cleared, the generators have
lost synchrony. In the absence of any control intervention, they con-
tinue accelerating away from one another (Fig. 8B). Nonetheless, the
perturbed network admits a stable steady-state solution characterized
by a new set of generator phases and a synchronous frequency only
slightly different than the nominal frequency ωs. In asking whether
loss of synchrony can be averted by an appropriate compensatory
perturbation following the fault, given the physics of the problem,
we assume that direct modification of the generator phases δi is pro-
hibited and therefore only perturbations to the generator frequencies
ωi are allowed. A naive approach would then be to reset generator
frequencies to the corresponding values at the target state after the
fault but, for not accounting for the full 2N dimensions of the state
space, this approach fails and the system still loses synchrony, albeit
at a later time (Fig. 8C). Using our iterative network control proce-

dure, on the other hand, one can identify a post-fault condition that
maintains bounded generator oscillations in the short term (Fig. 8D,
left), and eventually causes the perturbed network to evolve to the
desired target state (Fig. 8D, right). Out of the 46 possible single-
line fault perturbations, 22 cause the perturbed network to evolve to
a final (undesirable) equilibrium in which the generators have lost
synchrony. Of these, 15 cases can be controlled under the constraints
described above. In each of the cases in which our method fails to
find a compensatory perturbation that satisfies the given constraints,
naive interventions based on heuristic arguments—specifically, reset-
ting the generators uniformly to either the nominal frequency or the
synchronous frequency in the target state—also fail, suggesting that
the perturbed networks in these cases are difficult or impossible con-
trol under the given constraints.

In food-web networks, strong perturbations often initiate cas-
cades in which multiples species are eventually extinct ([11] and
references therein). We illustrate this problem focusing on a rep-
resentation of the Lake Michigan food web and perturbations caused
by an invasive species. The network is compartmentalized into 27
nodes representing species connected by predator-prey relationships,
where we have coalesced pairs of nodes corresponding to separate
adult/juvenile populations in the food-web reconstruction of [30].
The dynamics is simulated using the consumer-resource model [31],
where the biomass density of a species obeys

dBi

dt
=

�
ri(1−Bi/K)Bi − Si (basal species)
−xiBi +Ri − Si (nonbasal species), [9]

where Ri =
�

� xiyBiFi�, Si =
�

k xkyBkFki/eki, and the in-
dices k and � run over all predators and preys of species i. The
amount of prey j consumed by predator i depends on the density of
the prey and is described by the functional response Fij . We choose
functional response to have the intraspecies interference equal to 4
and follow the modeling of the Chesapeake Bay food web in [11] in
selecting the values of all other parameters. This parameter choice
leads to a stable equilibrium in which all species coexist, but that is
nonetheless vulnerable to extinction cascades following the introduc-
tion of an invasive species (we assume the threshold for extinction to
be 1% of the initial, unperturbed population). To simulate the impact
of an invasive species, we modify the food web by introducing a new
node as a predator of one of the existing species in the network. The
new (invasive) species is otherwise undistinguished, having the same
parameters as the other species at the same trophic level.

Figure 9 shows an example in which the introduction of the in-
vasive species predation on a basal species leads to the extinction of
eight species (Fig. 9A-B). However, under the given perturbation, the
network has a stable state in which only one species is extinct. We
focus on the nontrivial case in which the invasive species cannot be
suppressed directly and, based on practical considerations, we fur-
ther assume that in reality interventions can decrease but not directly
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any perturbation satisfying the given constraints, it may nonetheless
be possible to drive the network to a similar state by applying the
control procedure introduced in the main text.

In the design and operation of power-grid networks, an impor-
tant consideration is the ability of the power generators to maintain
synchrony following severe perturbations, and desynchronization in-
stabilities have been implicated in ***. The state of the system is
assumed to be determined by the swing equation,
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of generator i, which is close but not necessarily identical to the
nominal frequency ωs, and N is the number of generators in the
network. Constant Hi is the inertia parameter of the generator,
Pmi is the mechanical input power from the generator, and Pei =
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ij cos(δj−δi)] is the power de-

manded of the generator by the network. The network structure and
impedance parameters are incorporated into the matrices D� = (D�
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and D
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ij), and the damping is accounted for by the coefficient

Di. In equilibrium, Pmi = Pei and all generators operate in a syn-
chronous state, characterized by ω1 = ω2 · · · = ωN . We illustrate
our control procedure on the New England power-grid model [28],
which operates at the nominal frequency of 2π× 60 s−1 and consists
of 10 generator nodes, 39 load nodes, and 46 transmission lines (Fig.
8A). We used the values given in [29] for all parameters.

For an initially steady state solution determined by power flow
calculations, we simulate single-line faults caused by short circuits
to the ground for a period of 0.6s during which the corresponding
impedance is assumed to be very small (z = 10−9j) and after which
the fault is cleared by disconnecting the line. Figure 8 shows one
such fault on the line connecting nodes 16 and 17 (Fig. 8A) and the
corresponding time evolution of the δi and ωi for all generators in
the network. By the time the fault is cleared, the generators have
lost synchrony. In the absence of any control intervention, they con-
tinue accelerating away from one another (Fig. 8B). Nonetheless, the
perturbed network admits a stable steady-state solution characterized
by a new set of generator phases and a synchronous frequency only
slightly different than the nominal frequency ωs. In asking whether
loss of synchrony can be averted by an appropriate compensatory
perturbation following the fault, given the physics of the problem,
we assume that direct modification of the generator phases δi is pro-
hibited and therefore only perturbations to the generator frequencies
ωi are allowed. A naive approach would then be to reset generator
frequencies to the corresponding values at the target state after the
fault but, for not accounting for the full 2N dimensions of the state
space, this approach fails and the system still loses synchrony, albeit
at a later time (Fig. 8C). Using our iterative network control proce-

dure, on the other hand, one can identify a post-fault condition that
maintains bounded generator oscillations in the short term (Fig. 8D,
left), and eventually causes the perturbed network to evolve to the
desired target state (Fig. 8D, right). Out of the 46 possible single-
line fault perturbations, 22 cause the perturbed network to evolve to
a final (undesirable) equilibrium in which the generators have lost
synchrony. Of these, 15 cases can be controlled under the constraints
described above. In each of the cases in which our method fails to
find a compensatory perturbation that satisfies the given constraints,
naive interventions based on heuristic arguments—specifically, reset-
ting the generators uniformly to either the nominal frequency or the
synchronous frequency in the target state—also fail, suggesting that
the perturbed networks in these cases are difficult or impossible con-
trol under the given constraints.

In food-web networks, strong perturbations often initiate cas-
cades in which multiples species are eventually extinct ([11] and
references therein). We illustrate this problem focusing on a rep-
resentation of the Lake Michigan food web and perturbations caused
by an invasive species. The network is compartmentalized into 27
nodes representing species connected by predator-prey relationships,
where we have coalesced pairs of nodes corresponding to separate
adult/juvenile populations in the food-web reconstruction of [30].
The dynamics is simulated using the consumer-resource model [31],
where the biomass density of a species obeys
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the prey and is described by the functional response Fij . We choose
functional response to have the intraspecies interference equal to 4
and follow the modeling of the Chesapeake Bay food web in [11] in
selecting the values of all other parameters. This parameter choice
leads to a stable equilibrium in which all species coexist, but that is
nonetheless vulnerable to extinction cascades following the introduc-
tion of an invasive species (we assume the threshold for extinction to
be 1% of the initial, unperturbed population). To simulate the impact
of an invasive species, we modify the food web by introducing a new
node as a predator of one of the existing species in the network. The
new (invasive) species is otherwise undistinguished, having the same
parameters as the other species at the same trophic level.

Figure 9 shows an example in which the introduction of the in-
vasive species predation on a basal species leads to the extinction of
eight species (Fig. 9A-B). However, under the given perturbation, the
network has a stable state in which only one species is extinct. We
focus on the nontrivial case in which the invasive species cannot be
suppressed directly and, based on practical considerations, we fur-
ther assume that in reality interventions can decrease but not directly
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Example
Identification of therapeutic Interventions

Fig. 3. Control of random genetic networks. (A) State space of the two-gene subnetwork represented in the inset, where the curves mark the boundaries between the
basins of xA, xB , and xC . (B) Illustration of compensatory perturbation on random genetic networks, where each node is a copy of the two-gene system. We are
given an initial network state �x0 representing the expression levels of the N gene pairs (color coded), and this state evolves to a stable state of the network �xu (top
path). The goal is to knockdown one or more genes to reach a new state �x�

0 that instead evolves to a target stable state �x∗ �= �xu (bottom path). (C and D) Average
computation time (C) and average number of iterations (D) required to control networks of N nodes with initial state �x0 = �xA and target �x∗ = �xB , demonstrating
the good scalability of the algorithm. Each point represents an average over 1, 000 independent realizations of homogeneous networks.
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Fig. 4. T cell survival signaling network governing the development of T-LGL leukemia. Conceptual nodes, input nodes, and previously-identified potential therapeutic
targets are shown in green, blue, and gray, respectively. The other 31 nodes represent proteins and transcripts considered in our search for novel therapeutic targets,
and are color-coded based on the frequency with which they appear (participation rate) in the smallest control sets that we identify to successfully perturb the network
from a pre-cancerous state to the attraction basin of the normal cell state. The edges represent interactions, with the arrowheads and diamonds corresponding to
activation and inhibition, respectively. The inhibitory edges that exist between Apoptosis and all non-input nodes are not shown for clarity.
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(links). The nodes may thus consume, produce and distribute

power, whereas the links transport power and may include passive

elements with resistance, capacitance and inductance. The state of

the system is determined using power flow calculations given the

power demand and other properties of the system (see Methods),

which is a procedure we implement for the systems in Table 1. In

possession of all variables that describe the steady-state alternating

current flow, we seek to identify the conditions under which the

generators can remain stably synchronized.

The starting point of our analysis is the equation ofmotion

2Hi

ωR

d
2δi

dt 2
= Pm i −Pe i (2)

the so-called swing equation
29
(Supplementary Section S2), which,

along with the power flow equations, describes the dynamics

of generator i. The parameter Hi is the inertia constant of the

generator, ωR is the reference frequency of the system, Pm i is

the mechanical power provided by the generator and Pe i is the

power demanded of the generator by the network (including

the power lost to damping). In equilibrium, Pm i = Pe i and the

frequency ωi ≡ δ̇i remains equal to a common constant for all i,

which is a sufficient condition for the frequency synchronization

expressed in equation (1).

When the system changes because of a fault or a fluctuation in

power demand, so does Pe i. According to equation (2), immediately

after the change the difference between the power demanded

and the power supplied by the generator is compensated by

either increasing or decreasing the angular momentum from the

generator’s rotor. The change in angular momentum does not

remove the difference between Pe i and Pm i; instead it compensates

for it until the spontaneous or controlled response of Pe i and Pm i

can adjust the right-hand side of equation (2). It is through this

process that the generators can regain the synchrony they may have

lost in entering the transient state. But what are the properties of the

network connecting the generators?

The network structure
We first represent the power consumed at nodes of the network

as equivalent impedances
30
. This involves the assumption that the

network structure is fixed and the power demand is constant, which

is appropriate because we are interested in the stability of the system

on short timescales. For a given component, the corresponding

admittance Y (the reciprocal of the impedance) is related to the

voltage difference V and the complex conjugate of the power P

through Y = P̄/|V |2.
The admittance matrix Y0 = (Y0ij) is then defined analogously

to the Laplacian matrix in oscillator networks: Y0ij is the negative

of the admittance between nodes i and j �= i, and Y0ii is the sum

of all admittances connected to node i (the row sum is non-zero,

however, owing to finite impedances to the ground). Eliminating all

non-generator nodes in the network through a procedure known

as Kron reduction
29
, we obtain a symmetric n× n matrix Y (see

Methods). This matrix defines a network in which generator nodes

i and j �= i are connected through a link of strength determined

by the effective admittance −Yij . The effective admittances are

dominantly imaginary (the real part is smaller by up to one

order of magnitude in the power grids we consider, as shown in

Supplementary Table S1). This indicates, as it will become clear

below, that capacitances and inductances play an important role in

the synchronization of generators.

The effective network connecting the generator nodes, repre-

sented by Y, is significantly different from the physical network

of transmission lines represented by Y0, as shown in Fig. 1 for

the power grid of Northern Italy. If the physical network is

connected, as observed for this and any other system that we

a b

Figure 1 | Physical versus effective network for the power grid of Northern
Italy. a, Representation of the physical network of transmission lines, which
has 678 nodes and 822 links. b, Representation of the network of effective
admittances, which is an all-to-all network with 170 nodes corresponding
to the generators in the system (a subset of the nodes in a). The colour
scale of the lines indicates the link weights, ranging from yellow to red to
black (scaled differently for each panel), defined as the absolute value of
the corresponding admittance. For clarity, in b we show only the top 50%
highest-weight links.

can treat as a single power grid, then the effective network will

be fully connected
31
, meaning that any two generators are di-

rectly coupled through an effective admittance. This property of

the effective network holds true under the assumption that the

network is in a steady state, and is in contrast to the structure

of the corresponding physical network, which is typically only

sparsely connected. The connection strengths are not uniform in

both the physical and the effective network (Fig. 1). However,

the distribution of weighted degrees (the sum of the absolute

values of all admittances connected to a node) is generally more

homogeneous for Y than for Y0, as illustrated in Table 1 for several

power networks. This degree homogeneity is a property of interest

because it is known that it facilitates synchronization in networks

of diffusively coupled oscillators
32,33

. Surprisingly, as we show next,

in power-grid networks this property can be less determinant for

synchronization than is the relation of certain generator parameters

to the network structure.

The stability condition
To establish an interpretable relationship between synchronization

robustness and power-grid parameters, as well as to provide a

condition that is necessary for any stricter form of stability, we

focus on the short-term stability of the synchronous states under

small perturbations. We thus linearize equation (2) around an

equilibrium (synchronous) state, associated with electrical power

P
∗
e i

and mechanical power P
∗
m i

and represented by δ∗
i
and ω∗

i
.

Assuming that δi = δ∗
i
+δ�

i
, Pe i = P

∗
e i

+P
�
e i
, and Pm i = P

∗
m i

+P
�
m i
, the

linearized equation reads

2Hi

ωR

d
2δ�

i

dt 2
= ∂Pm i

∂ωi

ω�
i
− ∂Pe i

∂ωi

ω�
i
−

n�

j=1

∂Pe i

∂δj
δ�
j

(3)

where we neglect the dependence of the mechanical power on

changes in the phase δi, and denote ω�
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30
. We denote the n-dimensional vectors of δ�
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and δ̇�

i
by

X1 and X2, respectively.

This yields a coupled set of 2n first-order equations,

Ẋ1 =X2 (4)

Ẋ2 = −PX1 −BX2 (5)
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and B is the diagonal matrix of elements βi = (Di + 1/Ri)/2Hi.

If we now assume this parameter βi to be the same for all

generator nodes, equations (4) and (5) can be diagonalized using

the substitution Z1 = Q−1X1 and Z2 = Q−1X2, where Q is a

matrix of eigenvectors of P so that J = Q−1PQ is the diagonal

matrix of the corresponding eigenvalues. This leads to Ż1 =Z2 and

Ż2 = −JZ1 −βZ2, where β is the common value of the parameter

βi. Naturally, βi is not the same for all generators in the power grids

we consider, as evidenced by the normalized standard deviation in

Table 1 (column 7), but this auxiliary assumption will allow us to

derive results to enhance synchronization stability of power grids

with non-identical βi.

Equations (4) and (5) are then reduced to n decoupled two-

dimensional systems of the form

ζ̇j =
�

0 1

−αj −β

�
ζj, ζj ≡

�
Z1j

Z2j

�
(7)

where αj is the jth eigenvalue of the coupling matrix P. The matrix

P always has a null eigenvalue associated with a uniform shift of all

phases, determined by X1 ∝ (1,...,1)T, which corresponds to two

perturbation eigenmodes (one for X2 = 0 and one for X2 = −βX1)

that do not affect the synchronization condition in equation (1).

We denote this eigenvalue by α1 and exclude the corresponding

eigenmodes from subsequent analysis.

The stability of the synchronous state is governed by the

Lyapunov exponents of system (7),

λj±(αj,β)= −β

2
± 1

2

�
β2 −4αj (8)

The synchronous state is stable if and only if the real component

of every Lyapunov exponent is negative for all j ≥ 2. That is, the

stability condition translates to

max
{±}

Reλj± ≤ 0, for j = 2,...,n (9)

As equation (7) is formally identical for all j, it is useful to

drop the index j in equation (8) and condition (9), and define

the function �β(α) = max{±}Reλ±(α,β) for fixed β and tunable

parameter α. This function can be interpreted as a master

stability function: the stability of the system is determined by

whether all of the eigenvalues α2, ... ,αn fall within the negative

region of �β . This stability condition is of the form of those

in refs 34,35 for coupled oscillators, as explicitly shown in

Supplementary Section S3.

ThematrixP is generally asymmetric,meaning that the influence

of a generator on another generator is not necessarily identical

to the influence of the second on the first. However, we argue

mathematically that the eigenvalues ofPmust be all real over a range

of conditions (see Methods), and we verify that they are indeed real

for all power grids we consider. Therefore, although our stability

condition can be used in general, in what follows we will assume

that P has real eigenvalue spectra.

For real α, the stability region defined by�β(α)<0 corresponds

to α > 0. Indeed, the function �β is zero for α = 0 and becomes

positive and increasingly larger for smaller α < 0; in the interval

0 < α ≤ β2/4, the function �β is negative and decreases as α
increases. For α > β2/4, the function �β is negative and remains

constant because the radicand in equation (8) is negative, rendering

λj± to be complex. This behaviour is summarized in Fig. 2a for

different values ofβ, which further illustrates that varyingβ changes

the behaviour of the Lyapunov exponents as a function of α and,

in particular, �β(α ≥ β2/4) = −β/2, but the stability condition

that αj > 0 for all j ≥ 2 does not change. Moreover, for a given

β > 0, the master stability condition does not depend on whether

this factor β is due to the presence of the regulation parameter Ri,

the presence of damping Di, or a combination of both. However,

all other parameters left constant, both β and the eigenvalues αj

decrease as the inertia parameters Hi are uniformly increased. This

has the effect of reducing |Reλj±| and hence the strength of the linear
stability or instability.

Enhancement of synchronization stability
We now apply this formalism to enhance the stability of the

synchronous states by tuning the parameters of the generators.

For βi = β, the synchronization stability is solely determined by

the master stability function �β(α) at α = α2, the smallest non-

zero (real) eigenvalue of P. This follows from the non-increasing

dependence of �β(α) on α. For α2 > 0, which corresponds to

stable synchronization, the quantity �β(α2) as a function of β
attains its minimum at

β = βopt ≡ 2
√

α2 (10)

(Fig. 2b). Given a network structure and a steady state, and hence a

fixed value of α2, this point of maximum stability can be achieved

by adjusting one of the generator parameters.

Specifically, one can ensure that βi = βopt for all generators by

adjusting the droop parameter Ri to

Ri =
1

4Hi

√
α2 −Di

, i= 1,...,n (11)

or the damping coefficientDi to

Di = 4Hi

√
α2 −

1

Ri

, i= 1,...,n (12)

while keeping the other parameters unchanged. The tuning of the

former, Ri, is most suitable for off-line optimization of stability,

because the timescales associated with this parameter
30
are usually

larger than those associated with typical instabilities. The latter,

Di, can be adjusted dynamically at very short timescales
30

and

hence is relevant for online optimization and fine-tuning under

varying operating conditions that affect α2. As equation (10) can

be satisfied exactly, this approach leads to the fastest possible

asymptotic convergence rate to the synchronous state among all

systemswith the same network structure and identicalβi values.

More important, even when the βi values are not identical,

as in the case of real power grids, adjusting Ri according to

equation (11) or Di according to equation (12) in general results

in substantially improved stability. For example, consider the

three test systems and the Guatemala power grid in Table 1,

which are all stable before any parameter adjustment. As these
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region of �β . This stability condition is of the form of those

in refs 34,35 for coupled oscillators, as explicitly shown in
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condition can be used in general, in what follows we will assume
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in particular, �β(α ≥ β2/4) = −β/2, but the stability condition

that αj > 0 for all j ≥ 2 does not change. Moreover, for a given

β > 0, the master stability condition does not depend on whether

this factor β is due to the presence of the regulation parameter Ri,

the presence of damping Di, or a combination of both. However,

all other parameters left constant, both β and the eigenvalues αj

decrease as the inertia parameters Hi are uniformly increased. This

has the effect of reducing |Reλj±| and hence the strength of the linear
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synchronous states by tuning the parameters of the generators.
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the master stability function �β(α) at α = α2, the smallest non-

zero (real) eigenvalue of P. This follows from the non-increasing

dependence of �β(α) on α. For α2 > 0, which corresponds to

stable synchronization, the quantity �β(α2) as a function of β
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(Fig. 2b). Given a network structure and a steady state, and hence a

fixed value of α2, this point of maximum stability can be achieved
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because the timescales associated with this parameter
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are usually

larger than those associated with typical instabilities. The latter,
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and
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varying operating conditions that affect α2. As equation (10) can
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systemswith the same network structure and identicalβi values.

More important, even when the βi values are not identical,

as in the case of real power grids, adjusting Ri according to

equation (11) or Di according to equation (12) in general results

in substantially improved stability. For example, consider the
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the presence of damping Di, or a combination of both. However,
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has the effect of reducing |Reλj±| and hence the strength of the linear
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We now apply this formalism to enhance the stability of the
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dependence of �β(α) on α. For α2 > 0, which corresponds to

stable synchronization, the quantity �β(α2) as a function of β
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(Fig. 2b). Given a network structure and a steady state, and hence a

fixed value of α2, this point of maximum stability can be achieved

by adjusting one of the generator parameters.

Specifically, one can ensure that βi = βopt for all generators by

adjusting the droop parameter Ri to
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while keeping the other parameters unchanged. The tuning of the

former, Ri, is most suitable for off-line optimization of stability,

because the timescales associated with this parameter
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are usually

larger than those associated with typical instabilities. The latter,

Di, can be adjusted dynamically at very short timescales
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and

hence is relevant for online optimization and fine-tuning under

varying operating conditions that affect α2. As equation (10) can

be satisfied exactly, this approach leads to the fastest possible

asymptotic convergence rate to the synchronous state among all

systemswith the same network structure and identicalβi values.

More important, even when the βi values are not identical,

as in the case of real power grids, adjusting Ri according to

equation (11) or Di according to equation (12) in general results
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Figure 2 | Stability of synchronous states for systems with βi = β. a, Real
part of the Lyapunov exponents λ+ (continuous lines) and λ− (dashed
lines) as functions of α for increasing values of β in the range 1.0–3.0.
Although changing β causes changes in the shapes of Re λ±, the region of
stability defined by �β(α)<0 is always α >0. b, Real part of the Lyapunov
exponent λ+ as a function of β , which has a minimum at β = 2

√
α

(illustrated here for α = 1). The stability of synchronous states is maximum
at this point.

systems have non-identical βi values (Table 1, column 7), their
stability was determined directly from equations (4) and (5) before
diagonalization; the stability is quantified by λmax, the largest
Lyapunov exponent excluding the null exponent associated with
the uniform shift of phases. A naive approach based on parameter
adjustment that homogenizes βi to their average β̄ = �

i
βi/n does

not necessarily improve stability, as illustrated by the opposite
effect observed in the Guatemala system (Table 1, columns 8 and
10). However, the adjustment to βopt improves stability in all
systems, by a factor ranging from 5 to nearly 90 in terms of λmax

(Table 1, column 11).
This demonstrates that the mechanism by which synchroniza-

tion stability can be enhanced requires not only homogenization
of the function βi of the generator parameters Hi, Di and Ri,
but also matching of this function with the structural and the
dynamical state of the network represented in α2. Furthermore,
we show that the maximum Lyapunov exponent λmax is locally

minimum at βi = βopt along any given direction in the βi-space
for all systems we consider (Supplementary Section S4), which is
a necessary condition for this parameter assignment to be locally
optimal for synchronization stability. The approach is therefore
appropriate for enhancing the stability of power networks for which
the synchronous state is already stable. If the synchronous state
is not stable, as in the case of the Northern Italy and Poland
systems for the dynamic parameters we consider, we can first
make it stable by adjusting the generators’ transient reactances x �

d,i

(see Methods and Table 1, column 9). Then, the synchronization
stability can be further enhanced by the adjustment of βi to βopt, as
illustrated in Fig. 3 for the Northern Italy system. Taken together,
these results provide a systematic approach to strengthen stability
in power-grid networks.

Perspectives
Power grids are dynamic entities whose structure is history depen-
dent and evolves in a decentralized way that is often determined
by market forces. The consequent difficulty to rationally design
and modify the network may be seen as a major limiting factor in
optimizing synchronization in these systems. Previous theoretical
studies of synchronization in oscillator networks have shown that
the structure of the interaction network is a determinant factor
for the dynamical units to synchronize2. In the most studied
case of diffusively coupled oscillators, it has been further shown
that certain network structures that inhibit synchronization can
in fact facilitate synchronization when in the presence of other
synchronization-inhibiting network structures, such as negative
interactions6. In power grids, however, the relevant network is not
simply the physical network of transmission lines, and this causes
the structure and dynamics to be more intimately related than in
such idealized models (see Methods). In part because of this, here
we have been able to show that the stability of synchronous states in
power grids can be enhanced by tuning parameters of the dynamical
units rather than the network.

Such enhancement can be implemented through the condition
expressed by βi = 2

√
α2. The right-hand side of this equation

accounts for the network structure and indirectly depends on
the generators (see Methods) whereas the left-hand side depends
only on the generator parameters Hi, Ri and Di, among which
the last two do not appear on the right-hand side. Of these,
the droop parameter Ri offers a solution that accounts for slow
changes in demand and the long-term evolution of the network.
We argue that the other parameter, the damping coefficient Di,
has the flexibility required to cope with rapid changes caused by
a fault or fluctuation, because the adjustment of this parameter
can be realized through very fast control loops (for example, by
adding power system stabilizers). This approach can be effective
even when accounting for load dynamics and/or saddle-node
instability (Supplementary Section S5), demonstrating that its
applicability extends beyond the modelling framework within
which it was derived.

We suggest that our findings are potentially important for
ongoing research on smart grids, which is making it ever more
important to understand optimization and control of power-
grid dynamics. Although the study of stabilization through
damping of oscillations has a long history36,37, the proposed
coordinated tuning of generators to enhance stability is a timely
approach in view of the upcoming availability of system-wide
data from phasor measurement units38. These data will provide
accurate information about the synchronization state of the
power grid, which can be integrated with the online control of
generator parameters. Therefore, besides contributing to devising
more robust systems, our findings provide insights for the
development of efficient controllers. Such controllers may help
advance research on self-healing systems that can recover from
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Figure 3: Enhancement of the stability of synchronous states. a–d, Response of the original network
(a), the network with adjusted x�

d,i (b), the network with βi = β̄ (c), and the network with βi = βopt (d) to a
perturbation in the Northern Italy power grid. The perturbation was applied to the phase of each generator in
the synchronous state at t = 0, and was drawn from the Gaussian distribution with mean zero and standard
deviation 0.01 rad. In each case, the network layout is the same as in Fig. 1b and the bottom panel shows
the time evolution of δ�i1 = δi1−δ∗i1, where δi1 is the phase of generator i relative to generator 1 and δ∗i1 is the
corresponding phase in the synchronous state. Generator 1, shown as a white node in the network, is used
as a reference to discount phase drifts common to all generators. The other nodes and their time-evolution
curves are color-coded by the maximum value of |δ�i1| for 2 ≤ t ≤ 3. By adjusting the transient reactance of
the generators, the divergence from the unstable steady state is converted to exponential convergence (a
and b). This stability is improved upon adjusting the generator parameters to ensure a common value for
βi, but is further improved when this common value is tuned to the optimal value βopt = 2

√
α2 (c and d).
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Network Observability Transitions
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FIG. 2. Network observability transitions. (a) LOC size as a func-
tion of φ in networks with the degree distributions of the power grids
of Germany (red), Europe (green), Spain (blue), and Eastern North
America (black) [11, 16]. The continuous lines correspond to our an-
alytical predictions, and the symbols to an average over ten 106-node
random networks for 10 independent random PMU placements each.
The inset shows a magnification around the transitions, with the pre-
dicted thresholds φc indicated by arrows. (b) Dependence of φc on
�k� and σ2 for networks (in the thermodynamic limit) with Gamma
degree distributions, where the curves indicate equispaced isolines
of φc and the symbols indicate the (�k�,σ2)−positions of the corre-
sponding networks in (a).

number (and corresponding optimal placement) of PMUs
needed for complete observability of an entire network?

This optimization question can be formulated as a binary
integer programming (BIP) problem [4], which is neverthe-
less NP-complete and hence not solvable in large networks.
Meta-heuristic optimization methods can be relatively effi-
cient [17], but the reliability of the solutions remains to be
demonstrated. Greedy algorithms [18], on the other hand, are
effective but provide only conservative estimates. A common
feature of these approaches is that they do not take advan-
tage of the internal organization of real power grids. To pro-
ceed, we introduce an approach that is both efficient and ef-
fective. Specifically, we use modularity maximization [19]
to split the network into communities, so that the placement
problem within each community can be solved using BIP. We
solve the placement problem within one community, then we
update the set of observable nodes on the whole network and
move to the neighboring community most connected with the
previously solved communities, and so on. This procedure is
repeated by starting from each of the communities; we select
the minimum-PMU solution, although for the systems consid-
ered here we verified that the community sequence has very
small impact on the number of PMUs (e.g., relative standard
deviation < 2 × 10−4 for the Eastern North America power

grid).
As shown in Table I, benchmarking of this approach using

small networks that can be solved exactly shows that it of-
fers very good approximations of the optimal solutions. As
a comparison, the application of the greedy algorithm max-
imizing at each step the increase in the fraction of observ-
able nodes (FON) results in a solution that requires 1, 000
additional PMUs in the Eastern North America power grid.
For both this system and the PJM (Pennsylvania-New Jersey-
Maryland) power grid, the resulting minimum number of
PMUs for complete observability of the network is approxi-
mately 30% of the nodes in the network (Table I), which is
comparable to previous estimates and exact calculations on
small networks available in the literature [20].

Interestingly, an abrupt (albeit smooth) transition of the
LOC size occurs also for real networks and even if we limit
the random PMU placement to the optimal set (i.e., the so-
lution set of the optimal placement problem), as illustrated
in Fig. 3(a) (continuous red line). The FON, in contrast,
grows approximately linearly as the fraction of directly ob-
served nodes increases from zero (dot-dashed red line). How-
ever, we can cause both the LOC size and the FON to grow
sharply from the beginning by changing the placement se-
quence [Fig. 3(a), green and blue lines, respectively]. Using
optimal PMU placement on the 2010 Eastern North America
power grid and data on the planned upgrades of the network
until 2020 [16], we also demonstrate that both the LOC size
and the FON are rather robust against the evolution of the net-
work [Fig. 3(b)]. Even after nearly 10% of the nodes have
been removed, added, or rewired, neither the LOC size nor
the FON decreases (and they in fact increase) relative to the
number of nodes in the initial network. (See supplement [21]
for an analogous conclusion when considering the impact of
random edge-rewiring.) This suggests that an initially optimal
(hence minimally redundant) placement of PMUs remains ef-
fective as the network evolves.

However, this does not mean that the network is robust
against intentional ‘observability attacks’, which we define
as the deliberate disabling of PMUs (rather than of power-
grid nodes themselves). In fact, while the FON remains large
upon a sequential inactivation of PMUs that maximizes re-
duction of the FON at each step, the LOC size decreases
rapidly (Fig. 3(c), blue lines). Moreover, this decrease is
significantly faster if we attack the LOC by targeting inter-

TABLE I. Optimal PMU placement based on community splitting,
where N is the number of nodes, �k� is the average degree, Q is the
modularity, NC is the number of communities, NP is the minimum
number of PMUs estimated from the community structure, Nopt

P is
the exact minimum number (only computable for the small IEEE test
systems), and Ng

P is the greedy optimal solution.

Power grid N �k� Q NC NP Nopt
P Ng

P

IEEE118 118 3.03 0.72 8 32 32 36

IEEE300 300 2.71 0.83 14 89 87 96

PJM 14, 077 2.60 0.95 52 4, 246 — 4, 493

Eastern 56, 892 2.52 0.97 96 17, 216 — 18, 216

Example: phasor measurement units in power grids

will allow real time wide area monitoring

new type of percolation transition

Yang, Wang, Motter, PRL 2012



Outlook
1. Network response to perturbations can be largely controlled by 

eligible interventions 
2. The control interventions can be identified without any a priori 

information about the basins of attraction
3. These interventions can be effective even when the target stable 

state cannot be reached directly
4. It is often the case that globally advantageous interventions are 

(apparently or in fact) locally deleterious
5. We can take advantage of the nonlinear (and possibly noisy) 

nature of the dynamics

For more information, please go to the group’s 
webpage:  http://dyn.phys.northwestern.edu/
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