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Preliminary Remarks on Linear
Dynamics



Theory

dz(t)
dt

= Ax(t) + Bu(t)

Aiz’ — () Y.Y. Liu, J. J. Slotine, and A.-L. Barabdsi, Nature 473,
» | 167 (2011).

number of control inputs is determined mainly by ... degree distribution

Azz # () N. J. Cowan, E. J. Chastain, D. A. Vilhena, J. S.

Freudenberg, and C. T. Bergstrom, PLoS ONE 7, e38398
(2012).

a single control input ... is all that is needed for structural controllability

C.-T. Lin, IEEE Trans. Autom. Control. 19, 201 (1974).

K. Murota, Systems Analysis by Graphs and Ma-
troids: Structural Solvability and Controllability (1st ed.,
Springer, Berlin, 1987).



Theory

dx(t
") _ pe(t) + Bu(®
dt
Kalman’s controllability matrix:
K = [BAB.. A" 'D]

Can the control signal be constructed in practice?

u(t) = BT®T (to, )W (to, t1) [®(to, t1)aV) — 2O

2(t) = B(t, to) [+ W (to, )W~ (to, t1) (D (to, 1)z —2(©)’

Controllability Gramian:

Wto, t1) = [ ®(to,t) BBTO" (to, t)dt, ®(t',t) = e’ ~D4



Numerics
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Theory for numerics

Perturbation analysis:

|21 —2W|| g DWWt - W)
Critical reciprocal condition number:

vy %D/E
n

This leads to the notion of numerical rank condition

Sun and Motter, PRL 2013



Control trajectories

length of control trajectory, L
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Now Turning to Real (Nonlinear)
Systems
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Common properties

(i) the dynamics is nonlinear

(i) the system has multiple stable states (or attractors)

(iii) the system is described by a large number of dynamical variables
(iv) there are constraints on the physically feasible control interventions
(v) there might be noise and parameter uncertainty

(vi) decentralized (hence suboptimal) response to perturbations



Dynamical equations

Power grids: M dw; _ P..— P.. i _ w;
At dt
Metabolism:
ZSZJ% v; = k; HXf]
Food webs: d X




Synthetic rescues in metabolic

networks
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Mitigation of extinctions in food

webs Causing cascade Mitigating cascades
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General Problem

dx

T F(x;03)

state: x € D C R™

parameters: 3 € S ¢ RM
vector field: F: D x S — R™
attraction basin: Qg(A) C D
(x0 € Qg(A) iff dpg(t,%x0) — A as t — +00)

Given x¢ ¢ Qg(A), find Ax{' such that
X)) = xg + Ax{ € Qg(A)
gr(x0,%0) <0, i=1,....p
hi(xg,%0) =0, j=1,...,q, where g7, hj : D x D =R

Cornelius, Kath, Motter, Nature Comm 2013
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Attraction
basin

Conceptual illustration of the problem.
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But in reality the basin boundary is not
known in high-dimensional systems.
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Identifying Control Interventions
B C

T L3
" target, x*

I L1

o,

orbit &‘

L, ~o RN R
0, ~=-7,, 1,4,
0, . S < 00ty

- - ,
[ . RN ey,
’ ’ s, - =< ~ ~=-- 7y
’ 4 ’ ’ - ~ ~ 2,7,
S T = INT~a ey
, v, . NS ="
A ’ _—~ NS . 4
’ 7 s ‘s . NN S- -7 7,
R A AR P
S I/ S0 S0, A
S A ~--
S P A
! 1’ ! I’ 1’
ar [

x(t)

feasible feasible
region region

'

Cornelius, Kath, Motter, Nature Comm 2013




Effectiveness and Efficiency
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Robust against Stochasticity and
Parameter Uncertainty
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Example
Transitions In associative-memory networks

Pattern stored
‘NETWORK”

Cornelius, Kath, Motter, Nature Comm 2013




Example
Identification of therapeutic Interventions
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Control by Manipulating Stability

Synchronization in power grid networks

Starting from the swing equation

2H; d26;
=Py —P;
(WR dt?

we can show that stability of synchronous states is enhanced when
Bi = (D; + 1/R;)/2H;

for all generators is equal to 2./o>

where ¢, is the smallest nonzero eigenvalue of the “coupling” matrix

[ wrEE; Caw N
(Gjjsind;; — Bjjcosd;), 1]
- 2H,; ’ ’
P = ; o
—E Py, 1=]
\ ki

Motter, Myers, Anghel, Nishikawa, Nature Phys. 2013



Control by Manipulating Stability

Synchronization in power grid networks
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Control by Manipulating Stability

Synchronization in power grid networks
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Network Observability Transitions

Example: phasor measurement units in power grids
will allow real time wide area monitoring

new type of percolation transition

LOC size, S
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Outlook

1. Network response to perturbations can be largely controlled by
eligible interventions

2. The control interventions can be identified without any a priori
information about the basins of attraction

3. These interventions can be effective even when the target stable
state cannot be reached directly

4. It 1s often the case that globally advantageous interventions are
(apparently or in fact) locally deleterious

5. We can take advantage of the nonlinear (and possibly noisy)

nature of the dynamics

For more information, please go to the group’s
webpage: http://dyn.phys.northwestern.edu/
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