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• Models, Simulation, & Theory
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Malthus 1

"Yet in all societies, even those that are most vicious, the tendency to a virtuous 
attachment is so strong, that there is a constant effort towards an increase of 

population…. This constant effort tends to subject the lower classes of the society to 
distress and to prevent any great permanent amelioration of their condition”. 

— Malthus T.R. 1798. An Essay on the Principle of Population. Chapter II
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competition/scarcity
Malthus 2

"Yet in all societies, even those that are most vicious, the tendency to a virtuous 
attachment is so strong, that there is a constant effort towards an increase of 

population. This constant effort tends to subject the lower classes of the society to 
distress and to prevent any great permanent amelioration of their condition”. 

— Malthus T.R. 1798. An Essay on the Principle of Population. Chapter II



Can the principle of selection, which we have seen 
is so potent in the hands of man, apply in 

nature?… that individuals having any advantage, 
however slight, over others, would have the best 

chance of surviving and of procreating their kind? 
On the other hand, we may feel sure that any 

variation in the least degree injurious would be 
rigidly destroyed. This preservation of favorable 

variations and the rejection of injurious variations, I 
call Natural Selection. Variations neither useful nor 

injurious would not be affected by natural 
selection, and would be left a fluctuating element, 

as perhaps we see in the species called 
polymorphic. 

Chapter 4. Natural Selection. The Origin of 
Species. 1856
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where f̄ =
n�

i

rigi and cij = 1
�

i

gi(t = 0) = 1

dgi
dt

= gi(ri � f̄)

max
i2n

rioptimisation

Darwin = Malthus 1 + Malthus 2 

ri = s(gi, E)
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Collective Phenomena

ri = s(gi, E) rij = s(gi, gj)
John  Maynard Smith 

 (1920-2004)

1982



Collective Phenomena

ġi = gi(
n�

j

gjpij �
n�

j

gj

n�

k

gkpjk)

Payo� Matrix P = [pij ]

dgi
dt

= gi(ri � f̄)

Which is of the replicator form:

Game Dynamics

ġi = gi((Pg)i � g · Pg)
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with ai and bi positive. There exists a unique rest point z in intS3, which is also
the unique Nash equilibrium of the corresponding game.

Theorem 2 ([Ze80]). The following conditions are equivalent for the rock-scissors-
paper game given by (10):

(a) z is asymptotically stable,
(b) z is globally stable,
(c) detA > 0,
(d) zT Az > 0.

If detA = 0, then all orbits in intSn are closed orbits around z. If detA < 0,
then all orbits in intSn, apart from the rest point z, converge to the boundary;
see Figure 1. More precisely, for x ∈ intSn, the ω-limit (the set of accumulation
points of x(t), for t → +∞) is the heteroclinic cycle consisting of the three saddle
points ei and the three edges which connect them (in the sense that these are orbits
converging to one vertex for t → +∞ and to another for t → −∞). This is the
simplest example showing that NE need not describe the outcome of the replicator
dynamics.

e2 e1

e3

Figure 1. Replicator dynamics for the rock-scissors-paper game
with payoff matrix (9) with ai = 1 and bi = 0.55.

For n = 4, a complete classification seems out of reach. Examples show that
there exist periodic attractors, and numerical simulations display chaotic attractors.
The problem is equivalent to the classification of three-dimensional Lotka-Volterra
equations. Indeed

Theorem 3 ([Ho81]). The smooth and invertible map from {x ∈ Sn : xn > 0}
onto Rn−1

+ , given by yi = xi
xn

, maps the orbits of the replicator equation (3) onto
the orbits of the Lotka-Volterra equation

(10) ẏi = yi(ri +
∑

j

cijyj),

i = 1, ..., n − 1, where ri = ain − ann and cij = aij − anj.

The theorem allows us to use the large set of results on Lotka-Volterra equa-
tions, which are a basic model in mathematical ecology. On the other hand, an
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Fig. 6. The phase portraits of the replicator equation (1) 
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It is easy to see that ga represents a solution curve 
of (2), an orbit. The only interesting case is 

0 < slope(g1) < slope(g2), 

since in all other cases [0, 0] is either a source, a sink or 
a saddle point which yields one of the PP's [ ]  to ~] .  

Now either 
slope(g 0 < slope(g 3) < slope(gz) 
or 

0 < slope(g3) < slope(g1) 
(symmetrically, slope(g2) < slope(g3)) 

or 

slope(g3) _-< 0 

or 

g3 is vertical. 

[By virtue of Proposition 6(i), g3 =gl if and only if Off) 
gl =g2 iff gz=g3; in this case, gl---g2=g3 is a point- 
wise fixed straight line, see I.] 

Thus one obtains the PP's ~] ,  [ ] ,  and ~-~. 

4 The Phase Portraits of the Replicator Equation 

The PP's [ ]  to [ ]  were listed in Fig. 6; sources are 
represented by open dots (O), sinks by full dots (e), 
centres by crossed dots (| and saddle-points by their 
insets and outsets (stable and unstable manifolds). In 
the robust cases (except [~], where every nonconstant 

Bomze, Biol. Cybernetics (1983)
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than the continuous time dynamics. (Such deviations can be tuned down by in-
creasing c). At least, (82) is a diffeomorphism on Sn; see [LoA83]. For zero-sum
games, interior equilibria are globally repelling [AL84], and ESS need no longer
be asymptotically stable. The discrete dynamics of the rock-scissors-paper game
is still simple in the case of cyclic symmetry [Ho84], but in general it can exhibit
attracting closed invariant curves in intS3, as shown in Figure 4 (see [Wei91]).
Dominated strategies can survive under (82) (see [DeS92]) but are still eliminated

e2 e1

e3

Figure 4. The discrete time replicator dynamics (82) for the rock-
scissors-paper game with payoff matrix A =

( 0 4 −2
−2 0 4

13.75 −11.75 0

)
and

c = 13.

under the alternative discrete dynamics [CaS92]

(83) xi(t + 1) = xi(t)
e(Ax)i

∑
k xke(Ax)k

which is occasionally better behaved than (82). For instance, if p is a unique NE
in intSn, and the ω-limit of x(t) is disjoint from bdSn, then the time average
(x(1) + · · · + x(N))/N converges to p, just as in (11). The permanence condition
(13) still implies permanence of (83), but for (82) only for large c; see [GH03].

Certain models of reinforcement learning lead to stochastic processes in dis-
crete time whose expected motion is closely related to the replicator equation;
see [BöS97], [Po97], [ErR98], [Ru99], [Bö00], [LaTW01], [Hop02], [Beg02] and
[HopP02].

A discrete-time equivalent of the best response dynamics is given by the fictitious
play process of Brown and Robinson ([Br49], [Br51], [Ro51]). In a population setting
appropriate for evolutionary game dynamics, this could be viewed as a process
where, at every time step, a new player enters the population and adopts (once and
for all) a strategy which is a best reply to the current state x(t); see [Ho95a]. This
yields

(84) x(t + 1) =
1

t + 1
BR(x(t)) +

t

t + 1
x(t).

The original setting of the fictitious play (FP) procedure of Brown [Br51] is that
of an asymmetric game played repeatedly by the two players, who both choose in

R P S

R 0 4 -2

P -2 0 4

S 13.75 -11.75 0

gi(t+ h) = gi(t)
(Pg(t))i + c

g(t) · Pg(t) + c

c ! 1 ġi = gi((Pg)i � g · Pg)
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V̇ (x) =
nX

i=1

xi

�
ri(x)� f̄(x)

�2

dxi

dt
=

@V

@xi

The Fundamental Theorem of Natural Selection
R.A. Fisher, 1930

the Euclidean  gradient vector field on Rn

shashahani gradient



DKL(X||Y ) =
X

i

xi ln

✓
xi

yi

◆
⇡ 1

2

Z
x(@✏ lnx)(@✏ lnx)dx

distribution of organisms

distribution of environments

Fisher curvature metric

for derivation see: 
Krakauer, D.C. Rockmore, D.  2015 Adaption or the ten Avatars of  Vishnu.  

Princeton Companion to Applied Mathematics. Ed. Nicholas Higham. pp 591-599



Estimating parameters for a pdf - the maximum likelihood estimate 
(inverse in the variance ) 

image source: gaussianwaves.com

http://gaussianwaves.com


Adaptation as Non-linear Optimization

F (x) �rF (x0))

x(t+ 1) = x(t)� krF (x(t)))

ouch…!



Gradient Descent

Natural Gradient Descent  (use the Fisher Information metric)

x(t+ 1) = x(t)� krF (x(t)))

x(t+ 1) = x(t)� kG�1
x(t)rF (x(t)))

rescaling using the curvature metric



DKL(X||Y ) =
X

i

xi ln

✓
xi

yi

◆
⇡ 1

2

Z
x(@✏ lnx)(@✏ lnx)dx

distribution of organisms

distribution of environments

DKL(X,Y ||XY ) =
X

y

p(y)
X

x

p(x|y) ln p(x|y)
p(x)

= I(X;Y )

) adaptation is an optimization dynamics 
 generating ecological compression

= H(Y )�H(Y |X)

I(X;Y ) = H(X) +H(Y )�H(X,Y )
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FIG. 3. The iterative buildup of sequence space, starting with one position. Each additional position requires a doubling of the former diagram
and to connect corresponding points in both diagrams (which represent nearest neighbors). The final hypercube of dimension v contains as
subspaces ( )2,k hypercubes of dimension k.

space concept to evolution requires the introduction of a
value topography. Value landscapes have rugged fractal
structures, causing populations to accumulate on ridges and
peaks in the mountainous regions (12, 13), which is the deeper
reason for the metric nonuniformity commonly found in
comparative sequence analysis.

Statistical Geometry

Statistical geometry as such can be exemplified with mere
distance relationships. Two sequences define one distance;
three can always be fitted into a tripod diagram, because they
yield three explicit equations for the three unknown seg-
ments. The tripod, however, may be unrealistic, because the
precursor, the tripodal node, may not have existed. The truth
then emerges by adding a fourth sequence. Four sequences
define six distances and hence match a diagram that, in
general, has six segments, as shown in Fig. 4a. The three
types of segments can be obtained from

AB + CD = a + b + c + d + 2x = S (small)

AC + BD = a + b + c + d + 2y = M (medium)

AD + BC = a + b + c + d + 2x + 2y = L (large),

as 2x = L - M, 2y = L - S, and a + b + c + d = S + M
- L.
The diagram reduces to an ideal bundle if both x and y are

zero and to a tree-like dendrogram, with finite branching
distance y, if only x is zero. The general "net" form in Fig.
4a is due to the presence of reverse and parallel mutations,

By

with x being a measure of deviation from tree-likeness.
(Likewise, x and y together measure the deviation from ideal
bundle-likeness.) For partly randomized bundles, x and y are
nonzero and of similar magnitude, with x (by definition) being
the smaller of both parameters.
Why do we call this method statistical geometry? There are

(4) different quartets that can be formed from a set of n
sequences (e.g., 27,405 for n = 30 sequences). Hence, the
averages of x, y, and !14(a + b + c + d) for a set of n
sequences usually are statistically well-defined parameters.
If a tree is constructed by compromises that yield an optimal
fit, and x/y average values of -0.5 or higher are found, one
should be suspicious. Randomization then has proceeded so
far that a tree cannot be discriminated from a bundle. On the
other hand, one can prove mathematically (ref. 14; see also
ref. 15 and references therein) that, if in a set of more than
four sequences all x values are zero while 9 is nonzero, the
total set has an exact tree-like topology. Unfortunately,
statistical geometry based on distance only is not very
sensitive in differentiating topologies, the main shortcoming
being neglect of positional information. As explained above,
such information is available from order relationships in
sequence space.

In sequence space formally the procedure is analogous to
that in distance space: For each quartet of sequences, we
analyze the optimal network connecting the four sequences
in sequence space and try to reconstruct a geometry that is
representative for the whole family of sequences. We begin
with the case of binary (R, Y) sequences (Fig. 4b). There are
eight distinguishable classes of positions in three categories:
0, all four sequences having equal occupation; 1, one se-
quence differing from the three others (a, f3, 'y, 8); and 2, two

A

3d !

B

FIG. 4. Representative geometries of quartet combinations of sequences in distance space (a), RY sequence space (b), and AUGC sequence
space (c).

Biophysics: Eigen et al.

An evolutionary configuration space: sequence Space
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REPLICATOR-MUTATOR EQUATION

mij = µH(i,j)(1� µ)L�H(i,j)

ġi =
2n�

j

gjrj(g)mij � gif̄



ġ = RMg � Fg

Equilibrium Solutions

RMĝ = F ĝ
Solve for dominant right eigenvector ofRM
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and to connect corresponding points in both diagrams (which represent nearest neighbors). The final hypercube of dimension v contains as
subspaces ( )2,k hypercubes of dimension k.

space concept to evolution requires the introduction of a
value topography. Value landscapes have rugged fractal
structures, causing populations to accumulate on ridges and
peaks in the mountainous regions (12, 13), which is the deeper
reason for the metric nonuniformity commonly found in
comparative sequence analysis.

Statistical Geometry

Statistical geometry as such can be exemplified with mere
distance relationships. Two sequences define one distance;
three can always be fitted into a tripod diagram, because they
yield three explicit equations for the three unknown seg-
ments. The tripod, however, may be unrealistic, because the
precursor, the tripodal node, may not have existed. The truth
then emerges by adding a fourth sequence. Four sequences
define six distances and hence match a diagram that, in
general, has six segments, as shown in Fig. 4a. The three
types of segments can be obtained from

AB + CD = a + b + c + d + 2x = S (small)

AC + BD = a + b + c + d + 2y = M (medium)

AD + BC = a + b + c + d + 2x + 2y = L (large),

as 2x = L - M, 2y = L - S, and a + b + c + d = S + M
- L.
The diagram reduces to an ideal bundle if both x and y are

zero and to a tree-like dendrogram, with finite branching
distance y, if only x is zero. The general "net" form in Fig.
4a is due to the presence of reverse and parallel mutations,
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with x being a measure of deviation from tree-likeness.
(Likewise, x and y together measure the deviation from ideal
bundle-likeness.) For partly randomized bundles, x and y are
nonzero and of similar magnitude, with x (by definition) being
the smaller of both parameters.
Why do we call this method statistical geometry? There are

(4) different quartets that can be formed from a set of n
sequences (e.g., 27,405 for n = 30 sequences). Hence, the
averages of x, y, and !14(a + b + c + d) for a set of n
sequences usually are statistically well-defined parameters.
If a tree is constructed by compromises that yield an optimal
fit, and x/y average values of -0.5 or higher are found, one
should be suspicious. Randomization then has proceeded so
far that a tree cannot be discriminated from a bundle. On the
other hand, one can prove mathematically (ref. 14; see also
ref. 15 and references therein) that, if in a set of more than
four sequences all x values are zero while 9 is nonzero, the
total set has an exact tree-like topology. Unfortunately,
statistical geometry based on distance only is not very
sensitive in differentiating topologies, the main shortcoming
being neglect of positional information. As explained above,
such information is available from order relationships in
sequence space.

In sequence space formally the procedure is analogous to
that in distance space: For each quartet of sequences, we
analyze the optimal network connecting the four sequences
in sequence space and try to reconstruct a geometry that is
representative for the whole family of sequences. We begin
with the case of binary (R, Y) sequences (Fig. 4b). There are
eight distinguishable classes of positions in three categories:
0, all four sequences having equal occupation; 1, one se-
quence differing from the three others (a, f3, 'y, 8); and 2, two
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FIG. 4. Representative geometries of quartet combinations of sequences in distance space (a), RY sequence space (b), and AUGC sequence
space (c).
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stable solutions 
 that preserve g(t=0) 

i.e. 
that preserve information
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B = kM3/4
of finite size (section ‘‘Finite-size corrections to 3/4 allometric
scaling’’) and revisit certain assumptions of the theory (section
‘‘Making the WBE model more biologically realistic’’). In section
‘‘Comparison to empirical data’’ we compare our results to trends
detectable in empirical data. We put forward our conclusions in
the Discussion section.

Model

Assumptions of the WBE Model
The WBE model rests on eight assumptions. Some of these

assumptions posit the homogeneity of certain parameters through-
out the resource distribution network. Any actual instance of such
a network in a particular organism will presumably exhibit some
heterogeneity in these parameters. The object of the theory is a
network whose parameters are considered to be averages over the
variation that might occur in any given biological instance. For the
sake of brevity, we refer to such a network as an ‘‘averaged
network’’. The impact of parameter heterogenity on the scaling
exponent is very difficult to determine analytically. (Section
‘‘Changing branching ratio across levels’’ addresses a modest
version of this issue numerically.)

Assumption 1. The distribution network determines the
scaling relationship. The relationship between metabolic rate
and body mass is dominated by the structure and dynamics of the
resource distribution network, which for most animals is the
cardiovascular system. This assumption constitutes the core of the
WBE framework. The vascular system is directly tied to metabolic
rate, because the flow dynamics through the network and the
number of terminal points (capillaries) constrain the rates at which
cells and tissues are supplied with oxygen and nutrients needed for
maintenance. At the same time, the vascular system is directly tied
to body volume (and thus body mass), because network extent and
structure must be such that its terminal points can service (and
thus cover) the entire body volume. It follows that the relationship
between metabolic rate and body mass must be constrained - and
WBE assume it is dominated - by the structural and flow
properties of the cardiovascular system. It should be noted that
Assumption 1 could be true even if other assumptions of WBE are
false. (For a recent example with plant architecture and data, see
Price et al. [40].) In other words, even if the cardiovascular system
does not drive the particular allometry between mass and
metabolic rate, the cardiovascular system must be consistent with
the observed scaling.

Assumption 2. The distribution network is
hierarchical. To say that the cardiovascular system is
hierarchical amounts to assuming that there is a consistent
scheme for labeling different levels of vasculature (Figure 1),
proceeding from the heart (level 0) to the capillaries (level N). This
assumption is not exactly true. For example, the number of levels
from the heart to the capillaries in the coronary artery is smaller
than the number of levels from the heart to the capillaries in the
foot [54]. Yet, the hierarchical structure is evident in images of
whole-body vasculature, and is posited to constitute a good
approximation for analyzing properties of an averaged network.

Assumption 3. Vessels within the same level of the
hierarchy are equivalent. All the vessels at the same level of
the network hierarchy have the same radius, length, and flow rate.
Again, this assumption is not strictly true but provides a tractable
way to study an averaged network.

Assumption 4. The branching ratio is constant. The
number of daughter vessels at a branching junction—the
branching ratio n—is assumed to be constant both within and
across levels. By definition of the branching ratio, the total number

of vessels within level k is Nk = nk. The total number of vessels in the
previous level is Nk21 = nk21, thus n = Nk/Nk21. The constancy of n
provides a good approximation for describing the properties of an
averaged network. We will show in section ‘‘Derivation of the 3/4
scaling exponent’’ that the value of n does not affect the leading-
order scaling (infinite-size limit) of the allometry. However, it does
slightly affect the corrections to 3/4 for organisms of finite size. In
the original WBE paper, a constant branching ratio n is listed as a
consequence of Assumption 6 (below), which uses a Lagrange
multiplier calculation to minimize the energy required for fluid
flow through the vascular hierarchy. That claim is incorrect
because there are not enough Lagrange constraints to determine
this additional ratio. Although the constancy of the branching ratio
plays a pivotal role in relating vessel radii and lengths at one level
to those at the subsequent level, deviations from Assumptions 3
and 4 were not believed to have much effect on the predicted
scaling exponent based on numerical work on side branchings by
Turcotte [55].

Assumption 5. The network is space filling. Resource
distribution networks are space-filling in the sense that they must
feed (though not necessarily touch) every cell in the body. This
assumption determines how vessel lengths at one level relate to
vessel lengths at the next level. Although this assumption seems
simple and intuitively appealing, it has a precise meaning that is
not easily conveyed by this terminology. A single capillary feeds a
group of cells, which constitute the service volume, vN (N denotes
the terminal branching level), of a capillary. Since all living tissue
must be fed, the sum over all these service volumes must equal the
total volume of living tissue, Vtot = VcapvN, where Ncap is the
number of capillaries, that is, the number of vessels at the terminal
level N, NN = Ncap. This argument can be repeated for vessels one
level above the capillaries (level N21), only now each of those
vessels must service a group of capillaries that comprises some
volume, vN21. Again, the sum over all these NN21 service volumes
must equal the total volume of living tissue, Vtot = NN21vN21,
because that is the volume the capillaries must maintain. Iterating

Figure 1. Schematic vessel architecture and branching. A vessel
at level k branches into two daughter vessels at level k+1. The
branching ratio is thus n = 2. The radii, rk+1, and lengths, lk+1, of the two
daughter vessels are identical by Assumption 3. The ratios of the radii
and lengths at level k+1 to those at level k are defined as c, b. and b,

in Equations 2 and 3. The choice of b. for the radial ratio corresponds
to area-preserving branching and of b, to area-increasing branching. In
the WBE model, the cardiovascular system is composed of successive
generations of these vascular branchings, from level 0 (the heart) to
level N (the capillaries).
doi:10.1371/journal.pcbi.1000171.g001

Sizing Up Allometric Scaling Theory

PLoS Computational Biology | www.ploscompbiol.org 3 September 2008 | Volume 4 | Issue 9 | e1000171

b1 = rk+1/rk = n�1/3

b2 = rk+1/rk = n�1/2

Minimize dissipation

Minimize reflection[0, k]

[k + 1, N ]

West, Brown & Enquist, 1997



Metabolic free Energy is required for
sustained propagation of genetic information:

mutation is upper bounded by

µ = qM� 1
4

(empirical scaling law)
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FIG. 3. The iterative buildup of sequence space, starting with one position. Each additional position requires a doubling of the former diagram
and to connect corresponding points in both diagrams (which represent nearest neighbors). The final hypercube of dimension v contains as
subspaces ( )2,k hypercubes of dimension k.

space concept to evolution requires the introduction of a
value topography. Value landscapes have rugged fractal
structures, causing populations to accumulate on ridges and
peaks in the mountainous regions (12, 13), which is the deeper
reason for the metric nonuniformity commonly found in
comparative sequence analysis.

Statistical Geometry

Statistical geometry as such can be exemplified with mere
distance relationships. Two sequences define one distance;
three can always be fitted into a tripod diagram, because they
yield three explicit equations for the three unknown seg-
ments. The tripod, however, may be unrealistic, because the
precursor, the tripodal node, may not have existed. The truth
then emerges by adding a fourth sequence. Four sequences
define six distances and hence match a diagram that, in
general, has six segments, as shown in Fig. 4a. The three
types of segments can be obtained from

AB + CD = a + b + c + d + 2x = S (small)

AC + BD = a + b + c + d + 2y = M (medium)

AD + BC = a + b + c + d + 2x + 2y = L (large),

as 2x = L - M, 2y = L - S, and a + b + c + d = S + M
- L.
The diagram reduces to an ideal bundle if both x and y are

zero and to a tree-like dendrogram, with finite branching
distance y, if only x is zero. The general "net" form in Fig.
4a is due to the presence of reverse and parallel mutations,

By

with x being a measure of deviation from tree-likeness.
(Likewise, x and y together measure the deviation from ideal
bundle-likeness.) For partly randomized bundles, x and y are
nonzero and of similar magnitude, with x (by definition) being
the smaller of both parameters.
Why do we call this method statistical geometry? There are

(4) different quartets that can be formed from a set of n
sequences (e.g., 27,405 for n = 30 sequences). Hence, the
averages of x, y, and !14(a + b + c + d) for a set of n
sequences usually are statistically well-defined parameters.
If a tree is constructed by compromises that yield an optimal
fit, and x/y average values of -0.5 or higher are found, one
should be suspicious. Randomization then has proceeded so
far that a tree cannot be discriminated from a bundle. On the
other hand, one can prove mathematically (ref. 14; see also
ref. 15 and references therein) that, if in a set of more than
four sequences all x values are zero while 9 is nonzero, the
total set has an exact tree-like topology. Unfortunately,
statistical geometry based on distance only is not very
sensitive in differentiating topologies, the main shortcoming
being neglect of positional information. As explained above,
such information is available from order relationships in
sequence space.

In sequence space formally the procedure is analogous to
that in distance space: For each quartet of sequences, we
analyze the optimal network connecting the four sequences
in sequence space and try to reconstruct a geometry that is
representative for the whole family of sequences. We begin
with the case of binary (R, Y) sequences (Fig. 4b). There are
eight distinguishable classes of positions in three categories:
0, all four sequences having equal occupation; 1, one se-
quence differing from the three others (a, f3, 'y, 8); and 2, two

A

3d !

B

FIG. 4. Representative geometries of quartet combinations of sequences in distance space (a), RY sequence space (b), and AUGC sequence
space (c).

Biophysics: Eigen et al.

mij = µH(i,j)(1� µ)L�H(i,j)

ġi =
2n�

j

gjrj(g)mij � gif̄

µ = qM� 1
4



Space = mutations per generation
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Mr : r(t) �! r(t+ nt), n 2 N.

Mg : g(t) �! g(t+ nt) n 2 N.

L(M) =
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P R O B L E M.

Given the number of times ion which an unknown event has happende and failed:
Required the chance that the probability of its happening in a single trial lies
somewhere between any two degrees of probability that can be named.

S E C T I O N I.

DEFINITION 1. Several events are inconsistent, when if one of them hap-
pens, none of the rest can.

2. Two events are contrary when one, or other of them must; and both
together cannot happen.

3. An event is said to fail, when it cannot happen; or, which comes to the
same thing, when its contrary has happened.

4. An event is said to be determined when it has either happened or failed.
5. The probability of any event is the ratio between the value at which an

expectation depending on the happening of the event ought to be computed,
and the chance of the thing expected upon it’s happening.

6. By chance I mean the same as probability.
7. Events are independent when the happening of any one of them does

neither increase nor abate the probability of the rest.

P R O P. 1.

When several events are inconsistent the probability of the happening of one
or other of them is the sum of the probabilities of each of them.

Suppose there be three such events, and which ever of them happens I am
to receive N, and that the probability of the 1st, 2d, and 3d are respectively
a
N , b

N , c
N . Then (by definition of probability) the value of my expectation from

the 1st will be a, from the 2d b, and from the 3d c. Wherefore the value of
my expectations from all three is in this case an expectations from all three
will be a + b + c. But the sum of my expectations from all three is in this
case an expectation of receiving N upon the happening of one or other of them.
Wherefore (by definition 5) the probability of one or other of them is a+b+c

N or
a
N + b

N + c
N . The sum of the probabilities of each of them.

Corollary. If it be certain that one or other of the events must happen,
then a + b + c = N. For in this case all the expectations together amounting
to a certain expectation of receiving N, their values together must be equal to
N. And from hence it is plain that the probability of an event added to the
probability of its failure (or its contrary) is the ratio of equality. For these are
two inconsistent events, one of which necessarily happens. Wherefore if the
probability of an event is P

N that of it’s failure will be N−P
N .

P R O P. 2.

If a person has an expectation depending on the happening of an event, the
probability of the event is to the probability of its failure as his loss if it fails to
his gain if it happens.

4

An Essay towards solving a Problem in the Doctrine 
of Chances. By the late Rev. Mr. Bayes, 

communicated by Mr. Price, in a letter to John 
Canton, M. A. and F. R. S. (1763)



Px(t) = Px(t� 1)
Lx(t� 1)

L̄(t� 1)

�Px(t) = Px(t� 1)
Lx(t� 1)

L̄(t� 1)
� Px(t� 1)

�Px(t) = Px(t� 1)(
Lx(t� 1)

L̄(t� 1)
� 1) =

1

L̄(t� 1)
Px(t� 1)(Lx(t� 1)� L̄(t� 1))

t ! 0

dPx

dt
= qPx(Lx � L̄)

P (H|E) =
P (E|H)P (H)

P (E)



Bayes rhymes with Darwin



dPi

dt
= Pi(r1 � r̄)

dPx

dt
= qPx(Lx � L̄)

Offspring are the likely hypotheses of parents, 
formulated through the success of ancestors at 

predicting the current state of the world

Bayesian Darwinism

Successful hypotheses are the surviving ideas in the 
battle of existence in the environment of experiments 

Darwinian Bayesianism



B.F. Skinner 
(1904-1990)

“Education is what survives when what has been learnt has been forgotten"



Are Theories of Learning Necessary? 
B.F. Skinner. Psych Rev. 1950



Linear Operator Model: choice i is rewarded

k = i k 6= i

xk xk
0 01 1

↵ri

�↵ri

eik =

(
1, if k = i

0, if k 6= i

�xk = ↵iri(eik � xk)



�xk =
X

i

xi[↵ri(eik � xk)] (1)

= ↵
X

i

xirieik � ↵xk

X

i

xiri (2)

= ↵xkrk � ↵xk

X

i

xiri (3)

t ! 0

dxk

dt
= ↵xk(rk � f̄)



dPi

dt
= Pi(r1 � r̄) dPx

dt
= qPx(Lx � L̄)

dxk

dt
= ↵xk(rk � f̄)

Replication & 
 competition Estimating Probabilities Law of effect

Evolution Inference Learning



DKL(X||Y ) =
X

i

xi ln

✓
xi

yi

◆
⇡ 1

2

Z
x(@✏ lnx)(@✏ lnx)dx

distribution of organisms

distribution of environments

DKL(X,Y ||XY ) =
X

y

p(y)
X

x

p(x|y) ln p(x|y)
p(x)

= I(X;Y )

) adaptation is an optimization dynamics 
 generating global information

= H(Y )�H(Y |X)

I(X;Y ) = H(X) +H(Y )�H(X,Y )



The Solaris Paradox

images from: Solaris. DIR Andrey Tarkovsky (1972) 

DKL(X,Y ||XY ) =
X

y

p(y)
X

x

p(x|y) ln p(x|y)
p(x)

= I(X;Y )
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ġi =
2n�

j

gjrj(g)mij � gif̄

ṙi = gi
X

j

cijgj(
1

2
tanh(f(rj � ri) + 1)� eri

imitating adaptation

ĝi ! 1/n 8i
need to encrypt r

by minimizing communication

imitation terminates optimization
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Alice encryption

Eve

key source

decryption

secure channel

Bob
m c m

K

Figure 3.1: Shannons model of a secrecy system

Finally we define the conditional mutual information I(X; Y |Z) in an analogue way,

I(X; Y |Z) = D(P (X, Y |Z)||P (X|Z)P (Y |Z)),

where
D(P (X|Z)||Q(X|Z)) =

∑

z∈Z

P (z)
∑

x∈X

P (x|z) log
P (x|z)

Q(x|z)

is the conditional relative entropy. Clearly,

I(X; Y |Z) = H(X|Z)− H(X|Y, Z) = H(Y |Z) − H(Y |X, Z),

etc. We end by giving the inequality

Theorem 3.6.
I(X; Y ) ≥ 0 ,

with equality if and only if X and Y are independent.

3.3 Shannons theory of secrecy

Shannons model of a secrecy system is essentially the model we saw in Chapter 2. The
model appears again in Figure 3.3. We consider a given set of encryption functions, one
for each key k, mapping a sequence of plaintext letters m = m1, m2, . . ., mi ∈ M to a
sequence of ciphertext letters c = c1, c2, . . ., ci ∈ C. If not otherwise stated, we assume
that the plaintext and ciphertext letters are from the same alphabet.

Eve has access to the ciphertext c and her task is to obtain some information about
either the transmitted message (plaintext) or the key k used by Alice and Bob. For a
length N sequence, let M = (M1, M2, . . . , MN) be the random variable corresponding to
the plaintext Alice is sending, and let C = (c1, c2, . . . , cN) be the the random variable
corresponding to the ciphertext Bob is receiving. Also, K ∈ K is a random variable
representing the chosen key.

Information-Theoretic Encryption

and Key Agreement

BICI-INDAM 2005 International PhD School on Mathematical Aspects of Modern

Cryptography, Sept. 4–9, 2005, Bertinoro.

Symmetric cryptosystem

secure channel

Alice Bob

plaintext

ciphertext

plaintext

secret keysecret key K K

adversary

encryption decryption
M M

C

Perfect secrecy: I(M;C) = 0

One-time pad

1

C , C  , ...1ciphertext

1 2

key
21 key

21

2

2

addition modulo 2

M  , M  , ... M  , M  , ...
plaintext plaintext

K , K , ... K , K , ...

Symmetric cryptosystem

secure channel

Alice Bob

plaintext

ciphertext

plaintext

secret keysecret key K K

adversary

encryption decryption
M M

C

Perfect secrecy: I(M;C) = 0

Theorem (Shannon): Perfect secrecy H(K) H(M)

How to measure deviations from perfect? I(M;C)?

How to define computational security?

Shannon’s theorem

Theorem: H(K) H(M) for every perfect cipher.

Proof:

> 0

H(M) H(C)

c

H(K)

0
a

b

Decryptability: H(M|CK)=0

I(M;C) = 0 b = – a B

I(C;K) 0 c – b = a B

H(K) H(M) by inspection

1

C , C  , ...1ciphertext

1 2

key
21 key

21

2

2

addition modulo 2

M  , M  , ... M  , M  , ...
plaintext plaintext

K , K , ... K , K , ...

Theorem: The OTP is a perfect cipher for every PM.

Proof:

N

0 0

0

I(M;C) = 0

I(K;C|M)I(M;K) = 0  

H(K)

H(C)H(M)

= N
H(K|MC)

H(M|CK)
H(C|MK)

<= N

A discussion of Shannon’s theorem

Significance of impossibility results:

Assumptions should be general.

No obvious modifications invalidating

the impossibility result.

– Randomization should be allowed!

– Interaction (insecure) should be allowed!

– Noise should be taken into account!

Symmetric cryptosystem with randomization

secure channel

M

Alice Bob

plaintext
M

ciphertext C

plaintext

secret keyK K

adversary

encryption decryption

public randomizer  R

private

randomizer
Q

i.e. Eve does not know everything about Alice: 
 they are distinct individuals

past future



‣Krakauer, D.C. 2017 Cryptographic Nature. IN: From Matter to Life. Eds. Sara 
Walker, Paul Davies, George Ellis.  155-174 and ArXiV 

‣Krakauer, D.C.  Bertschinger,N.  Olbrich, E. Ay, N. and Flack, J.C.  2017 The 
information theory of  individuality. Theor. in Bioscience (Sub) and ArXiV.

Individuals are persistently distinct informational aggregates that 
 reliably transmit useful information from the past into the future

not a battery you are a history bookyou are
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