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Abstract

We derive a class of macroscopic differential equations that describe collective adaptation, starting from a discrete-time
stochastic microscopic model. The behavior of each agent is a dynamic balance between adaptation that locally achieves the
best action and memory loss that leads to randomized behavior. We show that, although individual agents interact with their
environment and other agents in a purely self-interested way, macroscopic behavior can be interpreted as game dynamics.
Application to several familiar, explicit game interactions shows that the adaptation dynamics exhibits a diversity of collective
behaviors. The simplicity of the assumptions underlying the macroscopic equations suggests that these behaviors should be
expected broadly in collective adaptation. We also analyze the adaptation dynamics from an information-theoretic viewpoint
and discuss self-organization induced by the dynamics of uncertainty, giving a novel view of collective adaptation.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Collective behavior in groups of adaptive systems is an important and cross-cutting topic that appears under
various guises in many fields, including biology, neuroscience, computer science, and social science. In these
fields, adaptive systems consist of individual agents that interact with one another and modify their behaviors
according to the information they receive through those interactions. Often, though, collective behaviors emerge
that are beyond the individual agent’'s perceptual capabilities and that sometimes frustrate satisfying their local
goals. With competitive interactions dynamic adaptation can produce rich and unexpected behaviors. This kind
of mutual adaptation has been discussed, for example, in studies of biological group intddaetjpmteractive
learning[4—6], large-scale adaptive systefiis8], and learning in gam¢$9,10].
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Here we develop a class of coupled differential equations for mutual adaptation in agent collectives—systems in
which agents learn how to act in their environment and with other agents through reinforcement of their actions. We
show that the adaptive behavior in agent collectives, in special cases, reduces to a generalized form of multipopulatior
replicator equations and, generally, can be viewed as an information-theoretic self-organization in a collective
adaptive system.

Suppose that many agents interact with an environment and each independently attempts to adjust its behavio
to the environment based on its sensory stimuli. The environment consists of other agents and other exogenou
influences. The agents could be humans, animals, or machines, but we make no assumptions about their detaile
internal structure. That s, the central hypothesis in the following is that collective adaptation is a dynamical behavior
driven by agents’ environment-mediated interactions. By separating the time scales of change in the environment,
of agents’ adaptation, and of agent—agent interactions, our models describe, not the deterministic decision-making
itself, but the temporal change in the probability distribution of choices.

1.1. Related work

This approach should be compared and contrasted with a game-theoret[d Yjefirst, classical game theory
often assumes that players have knowledge of the entire environmental structure and of other players’ decision-
making processes. Our adaptive agents, however, have no knowledge of a game in which they might be playing.
Thus, unlike classical game theory, in our setting there is no bird’s eye view for the entire collective that is available
to the agents. Agents have only a myopic model of the environment, since any information external to them
is given implicitly via the reinforcements for their action choices. Second, although we employ game-theoretic
concepts such as Nash equilibria, we focus almost exclusivetlypamics—transients, attractors, and so on—of
collective adaptation, while, naturally, making contact with sketicsfamiliar from game theory. Finally, despite
the differences, game structures can be introduced as a set of parameters corresponding to approximated stat
environments.

While replicator dynamics were introduced originally for evolutionary game thgkdy14] the relationship
between learning with reinforcement and replicator dynamics has been discussed only {@ckd}i\Briefly
stated, in our model the state space represents an individual agent’s probability distribution to choose actions
and the adaptation equations describe the temporal evolution of choice probabilities as the agents interact. Here
we extend these considerations to collective adaptation, introducing the theory behind a previously reported
model [15,16] The overall approach, though, establishes a general framework for dynamical-systems model-
ing and analysis of adaptive behavior in collectives. It is important to emphasize that our framework goes be-
yond multipopulation replicator equations and asymmetric game dynamics since it does not require a static en-
vironment (cf. refs[17,18] for dynamic environments) and it includes the key element of the temporal loss of
memory.

We model adaptation in terms of the distribution of agents’ choices, developing a set of differential equations
that are a continuous-time limit of a discrete-time stochastic process; dfL9&fWe spend some time discussing
the origin of action probabilities, since this is necessary to understand the model variables and also to clarify the
limits that we invoke to arrive at our model. One is tempted to give a game-theoretic interpretation of the model
and its development. For example, mixed strategies in game play are often interpreted as weights over all (complete
plans of) actions. However, the game-theoretic view is inappropriate for analyzing local, myopic adaptation and the
time evolution of collective behavior.

Another interpretation of our use of action probabilities comes from regarding them as frequencies of action
choices. In this view, one needs long-time trials so that the frequencies take on statistical validity for an agent.
Short of this, they would be dominated by fluctuations, due to undersampling. In particular, one requires that stable
limit distributions exist. Moreover, the underlying deterministic dynamics of adaptation should be ergodic and have
strong mixing properties. Finally, considering agent—agent interactions, one needs to assume that their adaptatiol
is very slow compared to interaction dynamics. For rapid, say, real-time adaptation, these assumptions would be
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invalid. Nonetheless, they are appropriate for long-term reinforcement, as found in learning motion through iterated
exercise and learning customs through social interaction, for example.

1.2. Synopsis

The approach we take is ultimately phenomenological. We are reminded of the reaction-diffusion models of
biological morphogenesis introduced originally in {0]. There, the detailed processes of biological development
and pattern formation were abstracted, since their biochemical basis was (and still is) largely unknown, and a
behavioral phenomenology was developed on this basis. Similarly, we abstract the detailed and unknown perceptual
processes that underlie agent adaptation and construct a phenomenology that captures adaptive behavior at a large
scale in agent collectives.

The phenomenology that we develop for this is one based on communications systems. Agents in a collective are
confronted with the same three problems of communication posed by Weaver in the founding work of information
theory—The Mathematical Theory of Communicati@i]: (a) “How accurately can the symbols of communica-
tion be transmitted?”, (b) “How precisely do the transmitted symbols convey the desired meaning?” and (c) “How
effectively does the received meaning affect conduct in the desired way?”. Shannon solved the first problem de-
veloping his theory of error-free transmissif#ti]. In their vocabulary adaptive agents é&nérmation sources
Each (a) receives information transmitted from the external environment, which includes other agents, (b) interprets
the received information and modifies its internal model accordingly, and then, (c) making decisions based on the
internal model, generates future behavior.

We will show that this information-theoretic view provides useful tools for analyzing collective adaptation and
also an appropriate description for our assumed frequency dynamics. Using these we derive a new state space
based on the self-information of agent’s actions and this allows one to investigate the dynamics of uncertainties
in collective adaptation. It will become clear, though, that the assumption of global information maximization has
limited relevance here, even for simple mutual adaptation in a static environment. Instead, self-organization that
derives from the dynamics of uncertainties gives us a new view of collective adaptation.

To illustrate collective adaptation, we present several simulations of example environments; in particular, those
having frustrated agent—agent interactif@®]. Interestingly, for two agents with perfect memory interacting via
zero-sum rock-scissors-paper interactions the dynamics exhibits HamiltoniajEhlawgith memory loss, though,
the dynamics becomes dissipative and displays the full range of nonlinear dynamical behaviors, including limit
cycles, intermittency, and deterministic ch§b8].

The examples illustrate that Nash equilibria often play little or no role in collective adaptation. They are fixed
points determined by the intersections of nullclines of the adaptation dynamics and sometimes the dynamics is ex-
plicitly excluded from reaching Nash equilibria, even asymptotically. Rather, it turns out that the network describing
the switching between deterministic actions is a dominant factor in structuring the state-space flows. From it, much
of the dynamics, including the origins of chaos becomes intuitively clear.

In the next section (Sectio?), we develop a dynamical system that models adaptive behavior in collectives.

In Section3, we introduce an information-theoretic view and coordinate-transformation for adaptation dynamics
and discuss self-organization induced by the dynamics of uncertainty. To illustrate the rich range of behaviors, in
Section4, we give several examples of adaptive dynamics based on non-transitive interactions. Finally, in Section
5, we interpret our results and suggest future directions.

2. Dynamics for collective adaptation
Before developing the full equations for a collective of adaptive agents, it is helpful to first describe the dynamics

of how an individual agent adapts to the constraints imposed by its environment using the memory of its past
behaviors. We then build up a description of how multiple agents interact, focusing only on the additional features
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thatcome from interaction. The resultis a set of coupled differential equations that determine the behavior of adaptive
agent collectives and that are amenable to various kinds of geometric, statistical, and information-theoretic analyses

2.1. Individual agent adaptation

Here we develop a continuous-time model for adaptation in an environment with a single adaptive agent. Although
the behavior in this case is relatively simple, the single-agent case allows us to explain several basic points abou
dynamic adaptation, without the complications of a collective and agent—agent interactions. In particular, we discuss
how and why we go from a discrete-time stochastic processtmanuous-timdimit. We also describe an agent’s
effective internal model of the environment and how we model its adaptation process via the temporal evolution of
aprobability distributionof action choices.

An agent takes one & possibleactionsi =1, 2, ..., N at each time step. Let the probability for the agent
to choose actionbex;(t), wherer is the number of steps from the initial stat€0). The agent’s state vector—its
choice distributior—at timez is X(r) = (x1(7), x2(7), ..., xn (7)), WhereZ,’j’:lxn(r) = 1. In the following we call

the temporal behavior of(z) as thedynamics of adaptation

Let r;(r) denote the reinforcement the agent receives for its taking actibistepr. Denote the collection of
these by the vectar(t) = (r1(7), ..., rn(r)). The agent's memories—denot&z) = (Q1(1), ..., On(r))—of
past rewards from its actions are updated according to

1
Qi(t+1)— Qi(r) = ?[Si(":)ri(l’) —aQ;(7)], (1)
where
1, actioni chosen at step
3(1) =1 0, otherwise 2)
withi=1,..., N. T is a constant that sets the agent—environment interaction time acalf, 1) controls the

agent's memory loss rate. Far= 0, the agent has a perfect memory as the sum of the past reinforcements; for
a > 0 the memory is attenuated in that older reinforcements have less effect on the @gamd more recent
reinforcements are given larger weight. One imagines that the agent constructs a histogram of past reinforcement
and this serves as a simple internal memory of its environment.

An agent chooses its next action according to its choice distribution which is updated from the reinforcement
memory according to:

eB0i(7) 3
xi(7) = W7 ()
wherei =1,2,..., N. B € [0, oo] controls the adaptation rate: how much the choice distribution is changed by the

memory of past reinforcements. For examplg, i 0, the choice distribution is unaffected by past reinforcements.
Specifically, it becomes independent@fand one has;(z) = 1/N. In this case, the agent chooses actions with
uniform probability and so behaves completely randomly. In a complementary fashion, in thg limito, an
agent chooses that actiowith the maximumQ;(t) andx;(z) — 1.

Given Eq.(3) the time evolution of agent’s choice distribution is:

xi(7)efQiT+1)-0i(x)
SN (2)Qn (D)= 0u ()

wherei = 1,2, ..., N. Egs.(1)-(4)determine how the agent adapts its choice distribution using reinforcements it
has received from the environment for its past actions.

xi(t+1)=

(4)
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This simple kind of adaptation was introduced as a principle of behavioral led@28m4] and as a model of
stochastic learninR5]. It is sometimes referred to as reinforcement learfig®27]. Arguably, it is the simplest
form of adaptation in which an agent develops relationships or behavior patterns through reinforcements from
external stimuli.

Starting with the discrete-time model above, one can develop a continuous-time model that corresponds to the
agent performing a large number of actions, iterates of Egifor each choice distribution update, iterates of Eq.
(3). Thus, we recognize two different time scales: one for agent—environment interactions and one for adaptation
of the agent’s internal model based on its internal memory. We assume that the adaptation dynamics is very slow
compared to interactions and sa@s essentially constant during interactions; Beg 1

Starting from Eq.(1), one can show that the continuous-time dynamics of memory updates is given by the
differential equations

Q0:(1) = Ri(t) — ¢ Qi(0), (5)

withi =1,2, ..., N; see AppendiA. HereR; is the reward the environment gives to the agent choosing action
the average of;(z) during the time interval between updatexaitt andr + dr.
From Eq.(3) one sees that the map frd@(z) to x(¢) at timet is given by

eB2i() 6
xi(t) = W’ (6)
wherei =1, 2, ..., N. Differentiating Eq(6) gives the continuous-time dynamics
. N -
x() = pri(r) <Q,-(t) ~ 3" 0,0 (r)) , (7)
n=1

withi=1,2,..., N.
Assembling Eqs(5)—(7), one finds the basic dynamic that governs agent behavior on the adaptation time-scale:

Xi

; = B(R; — R) + a(H; — H) = BAR; + aAH,, (8)
1
wherei =1,2,..., N. Here
N
R = an R, 9
n=1
is the net reinforcement averaged over the agent’s possible actions. And,
H;, = — |ng,' (10)
/\amwn/\
[—} t
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Fig. 1. The time scaler] of a single agent interacting with its environment and the time sttd the agent’s adaptation: < ¢.
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wherei = 1,2, ..., N, is theself-informatiornor degree of surprise when the agent takes actjah]. The average
self-information, oiIShannon entropgf the choice distribution, also appears as

N N
H= Zx,,Hn =— Zx,, logx,. (12)
n=1 n=1

These are the entropies of the agent’s choice distribution measured,bit(ipinary digits), but imnats(natural
digits), since the natural logarithm is used. The entropy measures the choice distribution’s flathess, being maximizec
when the choices all have equal probability.

Fortunately, the basic dynamic captured by 8)is quite intuitive, being the balance of two terms on the right-
hand side. The first term describes adaptation dynamics, whose time scale is contrglidthbysecond describes
the loss of memory with a time scale controlled dyThat is, the adaptation in choice probabilities is driven
by a balance between two forces: the tendency to concentrate the choice probability based on the reinforcemen
R = (R1, R2, ..., Ry) and the tendency to make choices equally likely. Finally, on the lefthand side, one has the
logarithmic derivative of the choice probabilitiesyx; = d/d¢(log x;).

Note that each of the terms on the righthand side is a difference between a function of a particular choice
and that function’s average. Specifically, the first tekR; = R; — R is the relative benefit in choosing action
compared to the mean reinforcement across all choices. Other things being held constant, if this term is positive,
then action is the better choice compared to the mean.gnill increase. The second termH; = H; — H is the
relative informativeness of taking actiowompared to the averadi that is Shannon entropy. Thug,decreases
in proportion to the entropy at timteand so this term works to increase the uncertainty of agent’s actions, flattening
the choice distribution by increasing the probability of unlikely actions. Whea N1, the distribution is flat
(purely random choicesiy H = 0, and memory loss effects disappear.

Mathematically, the adaptation equations have quite a bit of structure and this has important consequences, a
we will see. Summarizing, the adaptation equations describe a dynamic that balances the tendency to concentrat
on choices associated with the best action against the tendency to make the choices equally likely. The net resul
is to increase the choice uncertainty, subject to the constraints imposed by the environment via the reinforcements
Thus, the choice distribution is the least biased distribution consistent with environmental constraints and individual
memory loss. We will return to discuss this mechanism in detail using information theory in S&¢Ein 2).

Since the reinforcement determines the agent’s interactions with the environment, there are, in fact, three different
time scales operating: that for agent—environment interactions, that for each agent’s adaptation, and that for change
to the environment. However, if the environment changes very slowly compared to the agent’s internal adaptation,
the environment;(¢) can be regarded as effectively constant, as shov#Aigns.

In this case;(¢) can be approximated as a static relationship between an agent’s actions and the reinforcements
given by the environment. Lef(r) = a;, wherea = (as, ..., ay) are constants that are normalizéﬁj}’zlan =0.

Given this, the agent's time-averaged reinforcementg;afR; = «;) and the continuous-time dynamics simplifies

— <+— Adaptation

Probability

Distribution — Memory Loss

.........

Fig. 2. A dynamic balance of adaptation and memory loss: adaptation concentrates the probability distribution on the best action. Memory loss
of past history leads to a distribution that is flatter and has higher entropy.
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—————————
Environment

Interaction

Fig. 3. The time scales of dynamic adaptation: agent adaptation is slow compared to agent—environment interaction and environmental change

is slower still compared to adaptation.
2 2
A A
3 1 3 1

Fig. 4. Dynamics of single-agent adaptation: here there are three actions, labeled 1-3, and the environment gives reinforcements according to
a= (%e, —-1- %e, 1-— %e). The figure shows two trajectories from simulations witk 0.5 andg = 0.1 and withe = 0.0 (right) ande = 0.3
(left).

to:

. N N

Xi

- = i nin —1 i nl n | 12
. ﬂ(a Zax)—i—ot( ogx —I—Zx ng> (12)

n=1 n=1

wherei =1,2,..., N.

The behavior of single-agent adaptation given by @q) is very simple. Whenx is small, so that adaptation
is dominanty; — 1, wherei is the action with the highest rewarg, andx; — 0 for j # i. The agent receives
this information from the fixed environment and its behavior is simply to choose the action with the maximum
reward and the choice distribution moves to the associated simplex ve&rtexO0, ..., 1,...,0). In the special
case whemx = 0, it is known that for arbitrara Eq. (12) movesx to the vertex corresponding to the maximum
[2]. In a complementary way, whenis large enough to overcome the relative differences in reinforcements—that
is, wheng/a — 0—memory loss dominates, the agent states goes to a uniform choice distributiotV( 1) and
the system converges to the simplex center. Note that in machine learning this balance between local optimization
and randomized behavior, which selects non-optimal actions, is referred toeaptbigation—exploration trade-off
[27].

For instance, consider an agent that takes 3 actiong(1, 2, 3} in an environment described ly= (%e, -1-
%e, 1- %e), with € € [—1, 1]. In the perfect memory case & 0), the choice distribution converges to a stable
fixed point (0,0,1)x* = (3, 3, 3) is an unstable hyperbolic fixed point. In the memory loss case 0), dynamics
converges to a stable fixed point inside the simplex. (These cases are illustraigddn
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Even when the environment is time-dependent, the agent’s behavior can track the highest-reward action as long
as the time scale of environment change is slow compared to the agent’s adaptation. However, the situation is more
interesting when environment change occurs at a rate near the time-scale set by adaptation. Mutual adaptation i
agent collectives, the subject of the following sections, corresponds to just this situation. Other agents provide,
through their own adaptation, a dynamic environment to any given agent and if their time scales of adaptation are
close, the dynamics can be quite rich and difficult to predict and analyze.

2.2. Two agent adaptation

To develop equations of mation for adaptation in an agent collective we initially assume, for simplicity, that there
are only two agents. The agents, denokeahdY, at each moment take one lfor M actions, respectively. The
agents states at tim@rex = (x1, ..., xy) andy = (y1, ..., ym), with =Y_,x, = =4y, = 1.x(0) andy(0) are
the initial conditions. We view the time evolution of each agent’s state vector in the simplieesy andy € Ay
and the group dynamics in tlwellectivestate spacel which is the product of the agent simplices:

X:(X,y)eA:AxXAy. (13)

There are again three different time scales to consider: one for agent—agent interaction, one for each agent'’s interne
adaptation, and one for the environment which now mediates agent interactions via the reinforcements given to
the agents. The external environment controls, for example, the degree of coupling between the agents. In contras
with the single-agent case, in the many-agent setting each agent’s behavior padyoamic environmefior the

other agents. This environmental dynamics is particularly important when the adaptation time scales of each agen
are close.

Following the single-agent case, though, we assume that the adaptation dynamics is very slow compared to tha
of agent—agent interactions and that the dynamics of the external environment changes very slowly compared tc
that of agents’ mutual adaptation. Under these assumptions the agent statexaaottysare effectively constant
during the agent—agent interactions that occur between adaptation updates. The immediate consequence is that o
can describe the collective state space in terms of the frequencies of actions (the choice distributions). Additionally,
the environment is essentially constant relative to changes in the stanety.

Denote the agents’ memories Rf = (QF, ..., 0f) for XandQY = (01, ..., @},) for Y. For the dynamic
governing memory updates we have

0Fr +1)— 0} = 11X 8300 — ax X (0]
J

(14)
1
0f(t+1)-0J(r) = ;[Z 8ij(T)ri(e) — ay QY (D],
1
where
1, pair of actions{, j) chosen at step
8ij(7) = 0, otherwise (15)
withi=1...,Nandj=1,..., M. Tis the time constant, as before. Then the continuous-time dynamics of
memory updates foX andY are given by the differential equations
5 X X X
. =R —« s
0; i —axQ; (16)

N py Y
Qj—Rj OlYQj,
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fori=1,2,...,Nandj=1,2,..., M. RX is the reward for agerX choosing action, averaged over agehs
actions between adaptive updates; &j’ds Y's. The parametergy, ay € [0, 1) control each agent's memory loss
rate, respectively.

The map fromQ¥(r) to x(r) and fromQY (¢) to y(r) at timet is

eﬁxQ,X(f)
xi) = =y oxy
PR -2 ®
22O a7
W= S ore
fori=1,...,Nandj=1,..., M. HereBy, By € [0, oo] control the agents’ adaptation rates, respectively. Dif-
ferentiating Eq(17) with respect td, the continuous-time adaptation for two agents is governed by
% = Bxxi (Q,- -> 0, xn> :
n=1
LM (18)
yj=PBryj (Qj - mem> :
m=1
fori=1...,Nandj =1 ..., M.
Putting together Eq$16)—(18) one finds the coupled adaptation equations for two agents:
)2?‘
xi_ = Bx(RY — RX) + ax(HX — HX) = Bx ARX + axAHY,
y'l. (19)
y% = By(RY — R") +ay(H] — H") = By AR} + ayAH]
J
fori=1,...,Nandj=1,..., M and where
N M
R¥=Y"x,RX.R" = yuR},
n=1 m=1 (20)

N M
HY = "x,HX . H' = yuH),.
n=1 m=1

Theinterpretationsofth& R = R; — RandA H = H; — H terms are not essentially different from those introduced

to describe the single-agent case. That is, the behavior of each agent is a dynamic balance between (i) adaptation—
concentrating the choice probability on the best actidr-atnd (ii) memory loss—increasing the choice uncertainty.

What is new here is that there are two (and eventually more) agents attempting to achieve this balance together
using information that comes from their interactions with the dynamic environment which includes other agents.

As given, the adaptation equations include the possibility of a time-dependent environment, which would be
implemented, say, using a time-dependent reinforcement scheme. However, as with the single-agent case, it is
helpful to simplify the model by assuming a static external environment and, in particular, static relationships
between the agents.

Assume that the external environment changes slowly compared to the dynamics of mutual adaptation, as
illustrated inFig. 3. This implies a nearly static relationship between pairs of action chaicgsd reinforcements
ri’} and rjyi for both agents. Since the environmental dynamics is very slow compared to each agents’ adaptation,
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ri’; ® andrjyi(t) are essentially constant during adaptation. i$hean be approximated then as constant:

rl-);(t) = ajj,
y (21)
rjl-(t) =bj,
fori=1,...,Nandj=1,..., M.q;; andb;; are normalized ovgrandi so that when summing over all actions
the reinforcements vanish:
N
Zn:l anj = 0’
Iy (22)
Zm:l bmi =0.

Given the form ofA R in the adaptation equations, this normalization does not affect the dynamics.

Assume further that andy are independently distributed. This is equivalent to agents never having a global
view of the collective or their interactions with the environment (other agents). Each agent’s knowledge of the
environment is uncorrelated, at each moment, with the state of the other agents. The time-average reXards for
andY now become

M
RiX = Z aimym = (AY)i,

m=1
. (23)
R}/ = ijnxn = (BX)]',
n=1
fori=1,...,Nandj=1,..., M. In this restricted case, the continuous-time dynamic is given by the coupled

adaptation equations

i— = Bx[(Ay) — X - Ay] + ax

1

N
—logx; + an |ngn] ,

n=1 (24)

= pyl(BY); —y - BXl +ay
Yi

M
- |0gyj + Z Ym IOgym‘| .

m=1

fori=1,...,Nandj=1,..., M.AisanN x M matrixandBisaM x N matrixwith (A);; = a;;and B) ; = bj;,
respectivelyx - Ay is the inner product betweenand Ay and similarly fory - Bx:

N M
X-Ay = Z Z AnmXnYm s

M N
y-BX = Z menymxn.

m=1n=1

2.3. Collective adaptation

Generalizing to an arbitrary number of agents at this point should appear straightforward. It simply requires
extending Eqs(19)to a collection of adaptive agents. Suppose ther&aigents labeled= 1, 2, ..., S and each
agent can take one @¥* actions. One describes the time evolution of the agents’ state vectors in the simplices
xt e A1, X% € Ay, -+, andx’ € Ag. The adaptation dynamics in the higher-dimensiaralective state space
occurs within

X=04x2 ..., x5) e A=A1 x Az x ... Ag. (26)
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Then we have the dynamics for collective adaptation as

Iy
;Ll; = Bs(RS — R®) + a(H) — H®) = B, AR’ + oy AHS. 27)
i
fori*=1,...,N°ands=1,...,S. R} and H} are the reinforcement and the self-information $ao choose
actioni’, respectively. EqQ927) constitute our general model for adaptation in agents collective.
With three agentX, Y, andZz, the collective state space is

X=(XY,2) € A=Ax x Ay X Ag, (28)

one obtains:

? = Bx(R¥ — RX) + ax[HY — H*] = BxARX + axAHY,

1

)';.

yJ‘ = ,BY(R}/ — R —i—ay[H}' —H']= ﬁYAR}' +ayAHY, (29)
j

Zk

o Bz(RF — R?) + az[Hf — H?] = BzAR? + azAHY,

fori=1,...,N,j=1,...,M,andk = 1, ..., L. The static environment version reduces to
i N
x% = Bx[(Ay2); — X - Ayz] + ax |—logx; + an |ngn] .
! n=1
V. M
y—f = Pr[(Bzx); —y - Bzx] + ay [— logy; + > ym Iogyml : (30)
J m=1

i—'}: = B2I(CXY) — 2+ Cxy] + ez

L
—logzx + Z 2 |0921] ,
=1

fori=1,...,N,j=1,...,M,andk =1, ..., L, and with tensorsA);ix = ajjk, (B) jxi = b, and C)x;j = cwij-
Here

M L
(Ay2)i = > > aimiymz (31)
m=1[=1
and
N M L
X-Ayz = Z Z Z AnmiXnYmZl (32)
n=1m=1I[=1

and similarly fory andZ. Note that the general model includes heterogeneous network settings with local interactions
rather than global interactions; see AppenBlix

2.4. Evolutionary dynamics and game theory

We now interrupt the development to discuss the connections between these models and those from population
dynamics and game theory. There are interesting connections and also several important distinctions that need to
be kept in mind, before we can move forward.

The special case that allows us to make contact with evolutionary dynamics and game theory is the restriction
to agents with perfect memory interacting in a static environment. (For further details see Apfenitixhe
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two agent, static external environment case werget oy = 0 and equal adaptation ratgl; = Sy. Under these
assumptions our model, EqR4), reduces to what is either calledultipopulation replicator equationgl3] or
asymmetric game dynamif%10,13] The equations are:

X

o= (Ay)i — x - Ay,

yt< (33)
=L = (Bx); -y Bx.

Yij

From the perspective of game theory, one regards the interactions determifeanbhB asX’'s andY’s payoff
matrices respectively, for a linear game in whi¢hplays action againstY’s actionj. Additionally, x andy, the
agent state vectors, are interpretedrased strategiedn fact,x - Ay andy - Bx in Egs.(33) formally satisfy von
Neumann—-Morgenstern utilitigd1]. If they exist in the interior of the collective simplicesy and Ay, interior
Nash equilibria of the gamei(, B) are the fixed points determined by the intersections oktfaady-nuliclines of
Egs.(33).

One must be careful, though, in drawing parallels between our general dynamic setting and classical game
theory. In idealized economic agents, it is often assumed that agents have knowledge of the entire game structur
and of other agents’ decision-making processes. Game theory’s central methodology derives from haav these
tional playersshould act. Our adaptive agents, in contrast, have no knowledge of a game in which they might be
playing, only a myopic model of the environment and, even then, this is given only implicitly via the reinforce-
ments the agents receive from the environment. In particular, the agents do not know whether they are playing a
game or not, how many agents there are beyond themselves, or even whether other agents exist or not. Our modk
of dynamic adaptation under such constraints is appropriate nonetheless for many real world adaptive systems
whether animal, human, or economic agent collect[28}. The bi-matrix gameA, B) appears above as a de-
scription of the collective’s global dynamic only under the assumption that the external environment changes very
slowly.

The connection with evolutionary dynamics is formal and comes from the fact thag@{are the well known
replicator equations of population dynami@. However, the interpretation of the variables is rather different.
Population dynamics views andy as two separate, but interacting (infinite population size) groups. These two
populations are described as distributions of various organismal phenotypes. The equations of motion determine the
evolution of these populations over generations and through interaction. In our model, in cararafstrepresent
the probability to choose actions for each agent. The equations of motion describe their dynamic adaptation to eact
other through interaction.

Despite the similarities that one can draw in this special case, it is important to emphasize that our framework
goes beyond the multipopulation replicator equations and asymmetric game dynamics. First, the reinforcement
schemeR need not lead to linear interactions. Second, the model does not require a static environment described
by a constant bi-matrix4, B). Finally, the occurrence of the memory loss term is entirely new and not found in
game theory or evolutionary dynamics.

3. Information, uncertainty, and dynamic adaptation

We now shift away from a dynamical systems view and, as promised earlier, begin to think of the agent collective
as a communication network. Although initially this will appear unrelated, we will show that there is a close con-
nection between the dynamical and information-theoretic perspectives—connections that have both mathematica
and pragmatic consequences.

We consider the adaptive agents in the collective tmfmemation sourced-irst, each agent receives information
from its environment, which includes other agents. Next, they interpret the received information and modify their
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behavior (and so the structure of information source) accordingly, changingx@ro x(z + dr). Finally, they

generate a series of messages (actions) based on their updated internal model, introducing the new behavior back
into the environment. This is a different interpretation of the interaction process in the collective which we motivated
up to this point only as a dynamical process. Now we discuss the adaptive dynamics from information theoretic
viewpoint.

3.1. Dynamics in information space

In this section, we introduce a new state space that directly represents the uncertainties of agent actions. First,
as before, for clarity we focus on the two-agent static-environment case(ZysSince the components of the
agents’ states are probabilities, the quantities

& = —logx;,

(34)
nj = —logyj,
are theself-information®f agentsK andY choosing actionsandj, respectively. When; is small, for example, the
self-informationg; is large since actiohis rarely chosen by ageit Consider the resulting change in coordinates
inRY x RM:
+ +

E=En=06....670) x (. ... nm). (35)

The normalization conditions{}fl\’zlxn = En/‘leym = 1—that restrict the agent states to lie in simplices become
NV e =3M e =1inE.
In this space the equations of motion become:

& = —Px[(Aexptn))i — exp(=§) - Aexp(=n)] — ax[&§ — exp(=£) - &].

36
12 = —BrI(Bexp(-8); — expln) - Bexp(—E)] — ayln; — expl) - 1. (36)

fori=1,...,Nandj=1,..., M and where exp(£) = (e %1, ..., e~ 5¥) and expEy) = (7™, ..., e ),
Recall that both th& R interaction term and th& H memory-loss term are differences from means. This suggests
yet another transformation to remove these comparisons to the mean:

N
wi=&-N"1Y &,
n=1

o (37)
vVj = Uj—M_lznm,
m=1
withi =1,...,Nandj=1,..., M. This leads to the normalized spaceRfi x RM:
U=(U,Vv)=(u1,...,uy) x (v1,...,vn), (38)

with the constraint§"_; u, = >-™_, v,, = 0.u andv are thenormalized self-informationlative to their means.
We refer to this state spaceiasormation space
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The combined coordinate transformation, E@@¥) composed with Eq¥34), gives the well knowrcentered
log-ratio coordinate$29]. The inverse transformation is:

e

Xi=—%—>
e

e Vi (39)

Y o1 €7
or, by using the notation exp{u) = (€741, ..., e “¥) and expfVv) = (e7"1, ..., e 'M),

x = Z~Y(u) exp(-u),

(u) exp(-u) “0)

y = Z 1 (v) exp(-v),

whereZ(u) = 2,11\1:1 e " andZ(v) = an‘le e U=, The resulting transformed adaptation equations directly model
the dynamics of uncertainties of agents’ behavior:

U= —BxZ *(v)

N
Aexpv) — Y (A exp(—v))n] — axu,
o (41)
V=—prZ () [B exp-u) — Y (B exp(—u)>m] — ayv.

m=1

When the interaction matrices are normalized to zero mﬁﬁilaim = E,’lvzl b;, = 0, the equations simplify
even further to

U= —BxA[Z7H(v) exp(-V)] — axu, 42

Vv = —ByB[Z71(u) exp(u)] — ayV. (42)
The originO = (0,0, ..., 0) of the normalized information spact¢ corresponds to random behaviox; ¥) =
(A4/N,...,1/N,1/M, ..., 1/M). The Shannon entropy of the choice distribution is maximized at this point. In
contrast, when agents choose an action with probability 1, the entropy vanishes and the agent state is lbcated in
at the simplex vertices and ln at infinity.

Eqgs.(42) directly describe the dynamics of uncertainties of individual behavior interacting with other agents’
uncertainties. In Eqg42) the first term comes from mutual adaptation—uncertainty change by interacting with
other information sources with interaction matricds ). The second term comes from internal memory loss—
uncertainty gain based on past self-information of their own behavior.(B2sare useful for theory, for analysis
in certain limits, as we will shortly demonstrate, and for numerical stability during simulation, which we will
illustrate when considering example collectives below. Note that 43, (36), and (41are topologically orbit
equivalent.

3.2. Self-organization induced by the dynamics of uncertainty

Eqgs.(42) describe the dynamics of uncertainty between deterministic and random behavior in the information
spacelU. Uncertainties change when the agents adapt to environmental constraints and accordingly modify their
choice distribution. Uncertainties increase when memory loss dominates and agents behave more randomly with
less regard to the environmental constraints. The dissipatioryrat¢he dynamics irJ is controlled entirely by



Y. Sato et al. / Physica D 210 (2005) 21-57 35

D(x*|[x) D(y*[ly)

Fig. 5. Dynamics of zero-sum interaction without memory loss: constant of mEtienﬂ;lD(x*llx) + ,B;lD(y*Hy) keeps the linear sum of
the distances between the interior Nash equilibrium and each agent’s state.

the memory loss rate:

y = Z Ot Z 00 = —Nayx — May. (43)

Therefore, Eq(42) are volume preserving id whenayx = ay = 0.

In the case that agents behave without memory lags=£ a«y = 0), if the interaction specified byA(, B) is
zero-sumB = —AT, and if, in addition, it determines an interior Nash equilibriuth, §/*) (see AppendixC), then
the collective has a constant of motion:

E = B D(X*[1X) + By 1 D(Y* Ily), (44)

where D(p|lq) = =k pr l0g(pk/qx) is therelative entropyor theinformation gainwhich measures the similarity
between probability distributionis andq [30]. (AppendixD gives the derivation of Eq44).)

Since the constant of motida is a linear sum of relative entropies, the collective maintains the information-
theoretic distance between the interior Nash equilibrium and each agent’s state. Thus, in the perfect memory case
(o = 0), by the inequalityD(p||q) > 0, the interior Nash equilibrium cannot be reached unless the initial condition
itself starts thereKig. 5). This is an information-theoretic interpretation of the constant of motion noted {3 8.
Moreover, whenV = M the dynamics has a symplectic structurelinvith the HamiltonianE given in Eq.(44)

[31]. In this case, Eq441) are described quite simply,

U= JVyE, (45)

with a Poisson structure
o P .
J = _PT o with P = —BxpBrA. (46)

Again, see Appendi.

When the bi-matrix interactionA| B) satisfiesB = AT, in generic cases where there’s no payoff fieis
a Lyapunov function of the dynamics and decreases to O over [2ndn this case, each agent can adapt to
the environment independently and the collective adaptation dynamics reaches one of the stable states. In some
circumstances, though, the Nash equilibri&, {/*) may not be in the interior of the collective simplex (Note
that symmetric artificial neural networks have similar propeftts3.)

In some cases when neithBr= —AT nor B = AT, E increases non-monotonically, the dynamictidiverges,
and the Shannon entropies of agents’ choice distribution asymptotically decreasEgméseley and 2Mmelow).
Note that in single-agent adaptation with statend normalizing the environment’s reinforcements to a probability
distributionp,., D(p.||x) is always a Lyapunov function of the dynamics and decreases monotonically. In mutual
adaptation, however, agents adapt to a dynamic environment that includes the other agents. As aresult, in some cases
E, a linear sum of agent relative entropies, will itself exhibit nontrivial dynamics and, in addition, the uncertainties
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Adaptation and Memory loss Non-transitive interaction

Fig. 6. Smale’s horseshoe in mutual adaptation: mutual adaptation and memory loss produce unstable and stable directions. The non-transitiv
structure of interactions leads to state-space folding.

of agents’ choices will asymptotically decrease. When agents adapt with memorw Ies8)( the dynamics is
dissipative. The dynamics varies between random and deterministic behavior in the informatiod ddatably,

when the agents attempt to achieve this balance together by interacting and, in particular, when the interaction ha:
non-transitivestructure, the dynamics can persistently wander in a bounded area in information space. Since, in
some cases, mutual adaptation and memory loss produce successive stretching and folding, deterministic chaos c:
occur within a significant range of, even with only two agents. A schematic view of Smale’s horseshoe in mutual
adaptation is given ifig. 6.

In the case that the agents are completely decoupled or in the cagethaf andax = oy = 0 for two agents,
information space locally splits into two subspaces governed by the effects of mutual adaptation and memory loss.
They correspond to unstable and stable flow directions as in single-agent adaptation. However, in the case tha
agents are coupled via non-transitive interaction, mutual adaptation and memory loss nonlinearly interact with
each other and Smale’s horseshoe can be produced. In a general scheme, we can say that flow of information i
mutual adaptation is multidimensional since each agent obtains information from its environment, organizes its
behavior based on that information, and that local adaptation is then fed back into the environment affecting other
agents.

In this case, “weak” uncertainty of behavior plays an important role in the self-organization of the collective
behavior. Small fluctuations in the certainty of individual decision-making are amplified through mutual adaptation
via non-transitive interactions. At the same time, memory loss increases the choice uncertainty and so stabilizes
the collective’s behavior.

Now consider many agents interacting. In the perfect memory case, when the game is zero-sum and has at

interior Nash equilibriumx®*, x2*, . .., x5*), following Eq. (44), the following constant of motion exists:
S 1 S 1 NS e
E=Y —Dx*[x)=> =) x¥log=|. (47)
s=1 'BS s=1 'BS ns=1 Xn?

Although, strictly speaking, Hamiltonian dynamics and the associated symplectic structure of information space
occurs only for two agents, one can describe multiple agent dynamics as a generalized Hamiltoniaf38}stem

In the general case witla > 0, dissipative dynamics and high-dimensional chaotic flows can give rise to several
unstable directions, since information flow has a network structure relative to the other agents. Ststaddd
directions are expected since memory loss comes from each individual's internal dynamics.

Summarizing, in single-agent adaptation, information flows unidirectionally from the environment to the agent
and the agent adapts its behavior to the environmental constraints. Adaptation I&{gs|to) — 0. For mutual
adaptationin an agent collective, however, information flow is multidimensional since each agent obtains information
from an environment that includes other agents. In this situgfiared not be a Lyapunov function for the dynamics.

As we will see, when the dynamics is chaotic, glab&rmation maximizatiors of doubtful utility and the dynamic

view of adaptation shown ifig. 6 is more appropriate. When dynamic memory stored in collectives emerges,
collective adaptation becomes a non-trivial problem. A detailed dynamical and information theoretic analysis along
these lines will be reported elsewhere.

In the next section, we will give several phenomenological examples that illustrate collective adaptation.
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4. Examples

To illustrate collective adaptation, we now give several examples of the dynamics in a static environment with two
and three agents interacting via versions of Matching Pennies and Rock-Scissors-Paper, games with non-transitive
structures. Appendii gives the details of the reinforcement schemes for these cases. The agents will have equal
adaptation rate8x = By = - - -) and the same number of actioné & M = L = --.). In these simplified cases,
the equations of motion for two agents are given by

: N
T
— =[(Ay)i = x Ayl +ax | —logxi + 3 x Iogxn} :
l —
_ " (48)
y .
L =[(BX);—y-BX] +ay |—logy;+ > ym Iogym] ,
Vi m=1
fori, j=1,..., N. A detailed analysis of this case with zero memory lass=(0) is given in ref[2] in terms of
asymmetric game dynamics. We will present results for zero and positive memory loss rates.
We then consider three agents, for which the adaptation equations are
i o
= =[(Ay2); — x- Ayz] + ax | —logxi + Y x Iogxn] ,
Yi n=1
V, M
L= [(BzX); -y Bz +ay [—logy; + > ym10gym | . (49)
Yi m=1
Zk L
— =l —z- Ol +az |—logzi + )z |0921] :
k
I=1
fori, j,k=1,..., N. We also will describe cases with and without memory loss.

Computer simulations are executed in the information spdcasd the results are shown in the state spages
Ax, Ay, andAZ.

4.1. Two agents adapting under Matching Pennies interaction

Inthe matching pennies game, agents play one of two actions: Heépaistails (T). AgentX wins when the plays
do not agree; agemwins when they do. Agen(’s state space igy = (x1, x2) with x; € (0, 1) andxy + x2 = 1.
That is,x1 is the probability that agerX plays headsyy, tails. AgentY is described similarly. Thus, each agent's
state space is effectively one dimensional and the collective state dpacax x Ay, two dimensional.

The environment for two agents interacting via the matching pennies game leads to the following matrices for
Eqgs.(48):

—€x  €x
A= and B =
€x —€x

—€y €y
€y —€y ’ (50)
whereey € (0.0, 1.0] and—¢y € (0.0, 1.0].

Fig. 7shows a heteroclinic cycle of adaptation dynamics on the boundatydfen thexs vanish. Flows on the

border occur only when agents completely ignore an action at the initial state; that isyM@jea 0 or y;(0) =0
for at least oné or j. Each vertex of the simplex is a saddle since the interaction is non-transitive.
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H,T) (T, T)

I 3

Y

4 |
X

(H, H) (T, H)

Fig. 7. Flows on the boundary in Matching Pennies interaction: ackicarsdT correspond to “heads” and “tails”, respectively. Arrows indicate
the direction of adaptation dynamics on the boundary of the state gpace

1 1

0 X4 1 0 X4 1

Fig. 8. Adaptation dynamics in Matching Pennies interaction: bgre- 0.5 andey = —0.3 with (left) ax = ay = 0 and (right)ax = 0.02
anday = 0.01.

The Nash equilibriumx(*, y*) of the Matching Pennies game is in the centetofx*, y*) = (1/2, 1/2,1/2, 1/2)
and this is also a fixed point of the adaptation dynamics. The Jacobigh st) is

—“7’((1 +log2) —%X

J = €y oy (51)

- ——(@+log2

> 5 (1+10g2)

and its eigenvalues are
e dexey

— == + —ay)l+ . 52
1+log2 (@x +ay) \/((XX o)™+ (1+ log 27 (52)

In the perfect memory case{ = ay = 0), trajectories neax{, y*) are neutrally stable periodic orbits, singe=
+(1/2)./exey are pure imaginary. In the memory loss casg & 0 andey > 0), (x*, y*) is globally asymptotically
stable, since Re¢) and Rek,) are strictly negative. Examples of the trajectories in these two cases are given in
Fig. 8

4.2. Three agents adapting under Even—Odd interaction

Now consider extending Matching Pennies for two agents so that it determines the interactions between three.
Here we introduce thEven—Oddnteraction in which there are again two actiodsndT, but agents win according
to whether or not the number of heads in the group of three plays by the agents is even or odd. The environment
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Fig. 9. Flows on the state space boundary under Even—Odd intera¢tiandT correspond to “heads” and “tails”, respectively. Arrows indicate
the direction of adaptation dynamics as boundary when thes vanish.

Fig. 10. Dynamics of adaptation in the Even—odd interactign= 0.5, ey = 0.2, ande; = —0.3 with ey = ay = @z = 0 in (left) and with
axy = ay = 0 andaz = 0.01 in (right). The trajectories with several initial conditions are shown in (left). The neutral subspace is shown as the
horizontal cross and the trajectory chosen illustrates the attraction to a point in this subspace in (right).

now is given by, for agenX,

€x, number ofH's is even
a,'jk = (53)

—eyx, Otherwise

with actions for agentX, Y, andZ given byi, j, k = {H, T} andex € (0.0, 1.0]. The interaction matricels;; and
ckij for agentsy andZ, respectively, are given similarly, but wity € (0.0, 1.0] andez € [—1.0, 0.0). AppendixE
gives the details of the reinforcement scheme.

Following the reasoning used in Matching Pennies, the collective state gpacely x Ay x Az is how a
solid three-dimensional cubEig. 9 shows a heteroclinic network of adaptation dynamics on the boundaty of
whenas vanish. Flow omA’s boundary is also indicated there.

A is partitioned into four prism-shaped subspaces. Each prism subspace has a heteroclinic cycle on the face that
is also a face ofA.
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The Nash equilibrium of the Even—Odd interactionxs, {y*, z*) = (1/2,1/2,1/2,1/2, 1/2, 1/2) at the center
of A and this is also a fixed point of the adaptation dynamics. The Jacobian there is simply

—Oox 0 0
0 0 —0z

Its eigenvalues arg = —ax, —ay, —az. Thus, in the complete memory casey(= oy = oz = 0), trajectories

near k*, y*, z*) are neutrally stable periodic orbits. With memory lagg (ay, oz > 0), the &*, y*, z*) is globally
asymptotically stable. The hyperbolic fixed points in the top and bottom faces are unstable in all cases. Examples
of the trajectories are given Fig. 10 where the prism partitioning is clear.

Notably, when a single agent (s&@),has memory loss and others have perfect memory, the crossed lines given by
{z=x =05,z =y = 0.5} become an invariant subspace and trajectories are attracted to points in this subspace.
Thus, there are infinitely many neutrally stable points. This is shown in the right diagrgig. df0

With ax = @y = 0 andaz = 0.01, as inFig. 10 for example, the adaptive dynamics alternates between a
Matching Pennies interaction between agefésidZ by one between agenYandZ during the transient relaxation
to a point on the invariant subspace.

4.3. Two agents adapting under Rock—Scissors—Paper interaction

In this subsection we give an example of an environment in which agents have three actions. One of the most
commonly studied games with three actions is the Rock—Scissors—Paper (RSP) game, in which an agent playing
Rock beats one playing Scissors, which in turn beats an agent playing Paper, which finally beats Rock.

First we examine two agents, which is a straightforward implementation of the RSP game and then extend the
RSP interaction to three agents and analyze the higher-dimensional behavior. The interaction matrices for these
cases are given in Appendix

Under the RSP interaction each agent has the option of playing one of three actions: “rock” (R), “scissors” (S),
and “paper” (P). AgenX’s probability of playing these are denoteg x», andxz andx1 + x2 + x3 = 1. AgentY
probabilities are given similarly. Thus, the agent state spatgsindAy, are each two dimensional simplices, and
the collective state spack = Ay x Ay is four dimensional.

For two agents the environment is given by the interaction matrices

€x 1 -1 €y 1 -1
A=|-1 e 1 and B=|-1 e 1| (55)
1 -1 ey 1 -1 ey

whereey, ey € [—1.0, 1.0] are the rewards for ties and normalized to

[ %EX 1—%6)( —l—%EX
’ 1-1 2 1-1
A = -4 = 3€X 3€X - 36X (56)
1—%6)( —1—%6)( %ex
and
I %Gy 1—%6)/ -1- %Ey
B = |—-1-1¢ 2 1-1
= 3€Y 36Y 3€Y . (57)
1- %GY -1- %GY %GY

Note that the reinforcements are normalized to zero mean and that this does not affect the dynamics.
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(8. 9)

(S: R)

(P, S (R,/S)

Yo Xo

(R, R) %

(P, P) (R, P)

Fig. 11. Flows on the boundary of the simplex in the Rock—Scissors—Paper interaction for two Rg&ngsidP denote “rock”, “scissors”,
and “paper”, respectively. The arrows indicate the direction of the adaptation dynamics on the boundary of the collective state/space
theas vanish.

The flow onA’s boundary is shown ifig. 11 This represents the heteroclinic network of adaptation dynamics
on A’s edges when thes vanish. Each vertex is a saddle since the interaction has non-transitive structure.
The Nash equilibriumx*, y*) is given by the centers of the simplex:

w=(337773): =9
This is also a fixed point of the adaptation dynamics. The Jacobian there is
P sl (59)
3¢ 3 ~ar 0

Its eigenvalues are

Uexey — 3+ /—B(ex + 1)) (60)
4 .

2 = —(ax +ay) £ \/(Ofx —ay)?+

Thus, when 4, B) is zero-sumd{x + ey = 0) and agents have complete memary & oy = 0), trajectories near
(x*, y*) are neutrally stable periodic orbits since &l are pure imaginary. The dynamics is Hamiltonian in this
case. With memory lossif, ay > 0) andlaxy — ay| < %(e§( + 3), (x*, y*) is globally asymptotically stable.

For the nonzero-sum case, we will give examples of dynamics ayite: 0.5, ey = —0.3, oy = 0.01. In this
case, whewry > a., (X*, y*) is globally asymptotically stable. At the poimt ~ 0.055008938, a period-doubling
bifurcation occurs. The example of two agents adapting in the Rock—Scissors—Paper interaction adaptation dynamics
illustrates various types of low-dimensional chaos. We now explore several cases.

4.3.1. Hamiltonian limit

When the agent memories are perfect & oy = 0) and the game is zero-suryi(= —¢y), the dynamics in
the information spac® is Hamiltonian with an energ¥ = D(x*||x) + D(y*|ly). The left columns of-igs. 12
and 13give trajectories in the collective state spatewhile the plots given in the middle and right columns are
these trajectories projected onto the individual agent simplitgsand Ay. The trajectories were generated using
a 4th-order symplectic integrat{84] in U.
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(R, P)

Fig. 12. Quasiperiodic tori: collective dynamics in (left column) and individual dynamics projected ontdxy and Ay, re-
spectively (right two columns). Herex = —ey = 0.0 and ax = oy = 0. The initial condition is (A): X,y) = (0.26,0.113333
0.626667 0.165, 0.772549 0.062451) for the top and (B)x(y) = (0.05, 0.35, 0.6, 0.1, 0.2, 0.7) for the bottom. The constant of motion (Hamil-
tonian) isk = 0.74446808= Ep. The Poinca& section used fdFig. 14is given byx; = x2 andy; < y» and is indicated here as the straight
diagonal line in agenX’s simplexAy.

Whenexy = —ey = 0.0 it appears that the dynamics is integrable since only quasiperiodic tori exist for almost all
initial conditions in our simulation. For some initial conditions, tori are knotted and form a trefoil. Otherwise, when
ex = —ey > 0.0, Hamiltonian chaos occurs with positive—negative pairs of Lyapunov exponeni@afded). The
game-theoretic behavior of this example was investigated briefly ifL&gf.The dynamics is very rich. For example,
there are infinitely many distinct behaviors near the fixed point at the center—the interior Nash equilibrium—and
a periodic orbit arbitrarily close to any chaotic one.

A more detailed view of the complex dynamics is giverfFig. 14which shows Poincarsections of Eq48)'s
trajectories. The Poincarsection is given byz > 0 anduz = 0. In (X, y) space the section is determined by the
constraints:

2
(I—ex)y1 —(14ex)y2+ zex <O,
> (61)
2
(1 — Ey)xl — (1+ €y)x2 + ééy =0.

These sections are indicated as the straight lines drawn ia theimplices ofFigs. 12 and 13In Fig. 14 when

e€x = —ey = 0.0, closed loops depending on the initial conditions exhibits tori in the Pd@nsaction. When

ex = —ey = 0.5, some tori collapse and become chaotic. The scatter of dots among the remaining tori show
characteristic Hamiltonian chaos.
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e/ 87 X e
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Fig. 13. Quasiperiodic tori and chaos: collective dynamic4 ifieft column) and individual dynamics projected ontgq andAy, respectively
(right two columns). Herex = —ey = 0.5 andax = ay = 0. The initial conditions are the same asHiy. 12 (A) for top row and (B)
for bottom rows, respectively. Also, the constant of motion is the sdne: Eg. The Poincag section is given by, 3 — x, —2/3 = 0 and
y1 — 3y2 + 2/3 < 0 and this is indicated as a straight linedry.

Table 1

Lyapunov spectra for different initial conditions (columns) and different values of the tie-breaking parageter

€x A x1(0) = 0.05 0.06 0.07 0.08 0.09 0.10
A +0.881 +0.551 +0.563 +0.573 +0.575 +0.589

0.0 A2 0.436 +0.447 +0.464 +0.467 +0.460 +0.461
A3 —0.436 —0.447 —0.464 —0.467 —0.460 —0.461
A —-0.881 —0.551 —0.563 —0.573 —0.575 —0.589
A1 +36.4 +41.5 +0.487 +26.3 +0.575 +0.487

0.5 A2 +0.543 +0.666 +0.204 +0.350 +0.460 +0.460
A3 —0.637 —0.666 -0.197 —0.338 —0.460 —0.467
ra —36.3 —415 —0.494 —26.3 —0.575 —0.480

The initial conditions arex, x2, x3, y1, ¥2, y3) = (x1, 0.35,0.65— x1, 0.1, y2, 0.9 — y2) with E = Eg = 0.74446808 fixed. We choose the

initial conditions 1, y») = (0.05, 0.2), (0.06,0.160421), (0.07,0.135275), (0.08,0.117743), (0.09, 0.104795), (0.10, 0.0948432). The Lyapunov
exponents are multiplied by $0Note that., ~ 0.0, A3 ~ 0.0 andi4 ~ —A1 as expected. The Lyapunov exponents indicating chaos are shown

in boldface.

Table 1shows Lyapunov spectra thfor dynamics withey = —ey = 0.0 andex = —ey = 0.5, initial condition
(x(0), y(0)) = (x1, 0.35,0.65 — x1, 0.1, y2, 0.9 — y7) and energy = Eg = 0.74446808 fixed.x1, y2) satisfies
g3(Eo+2 log 3)

003 = x1(0.65 — x1)y2(0.9 — y2). (62
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Fig. 14. Poincaz sections of the behavior in the preceding two figures. Thatis; —ey = 0.0 (left) andey = —ey = 0.5 (right). The Poinca
section is given by = x2 andy; < y (left) and 31 — x2 — 2/3 = 0 andy; — 3y, + 2/3 < 0 (right). There are 25 randomly selected initial
conditions, including the two (A) and (B), usedfigs. 12 and 13The constant of motionH = Eg) forms the outer border of the Poinéar
sections.

Whenx(0) = 0.05, the initial condition is (B):X, y) = (0.05, 0.35, 0.6, 0.1, 0.2, 0.7), which we gave in the pre-
ceding examples. Whety, = 0.5, the Lyapunov exponents indicate positive-negative pairsif@) = 0.05, 0.06
and 0.08, which clearly show Hamiltonian chaos. Note that- 0.0, A3 ~ 0.0, andi4 >~ —X1, as expected.

4.3.2. Conservative dynamics

With perfect memorydx = oy = 0) and a game that is not zero-sw® ¢ —ey) the dynamics is conservative
in U and one observes transients that are attracted to heteroclinic networks in the stabe(spafd. 15.

Wheney + ey < 0, the behavior is intermittent and orbits are guided by the flovABredges, which describes
a network of possible heteroclinic cycles. Since action ties are not rewarded there is only one such cycle. It is shown
in the top row offFig. (15} (R, P) — (S, P) — (S, R) — (P, R) — (P, S) — (R, S) — (R, P). Note that during
the cycle each agent switches between almost deterministic actions in theRordef — P. The agents are out
of phase with respect to each other and they alternate winning each turn.

With ex + €y > 0, however, the orbit is an infinitely persistent chaotic trand@sit Since, in this case, agent
X can choose a tie, the cycles are not closed. For examplegwith 0, at (R, P), X has the option of moving to
(P, P) instead of §, P) with a positive probability. This embeds an instability along the heteroclinic cycle and so
orbits are chaotic (s€éig. 15 bottom row).

Fig. 16 shows the time series for these behaviors. Usually, in transient relaxation to heteroclinic cycle,
the duration over which orbits stay near saddle vertices increases exponentially. However, for our case, it
appears to increase subexponentially. This is because of the very small exponed)” ¢ 1+ né+ ---

(6 <« 1). In the second chaotic transient case, it still increases subexponentially, but the visited vertices change
irregularly.

Fig. 17shows the behavior of the entropies’ andHY and the energi. For both caseE eventually increases
monotonically andZX andHY asymptotically decrease. The agents show a tendency to decrease choice uncertainty
and to switch between almost deterministic actid#i$. and H” oscillate over the range [@bg 2] forex = —0.1
andey = 0.05 and over [Qlog 3] forex = 0.1 andey = —0.05.
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4.3.3. Dissipative dynamics

If the memory loss ratesty anday) are positive, the dynamics becomes dissipative in information spacel
exhibits limit cycles and chaotic attractors (d4&g. 18. Fig. 19 (top) shows a diverse range of bifurcations as a
function ofay. It shows the dynamics on the surface specifiedpy 0 andvz = 0 projected ontaz. The fixed
point (x*, y*) becomes unstable whey is larger thanrx. ~ 0.055008938. Typically, period-doubling bifurcation
to chaos occurs with decreasiag. Chaos can occur only whety + ¢y > 0[16].

Fig. 19 (bottom) shows that the largest Lyapunov exponend iis positive across a significant fraction of the
parameter space; indicating that chaos is common. The dual aspects of chaos, coherence and irregularity, imply
that agents may behave cooperatively or competitively (or switch between both). This ultimately derives from the
agents’ successive mutual adaptation and memory loss in non-transitive interactions, such as in the RSP game; as
was explained in SectioB Note that such global behavior organization is induced by each agents’ self-interested
and myopic adaptation and “weak” uncertainty of their environment.

Fig. 20shows dynamics off¥, HY, andE in dissipative adaptive dynamics. For both cases shBwnoes not
diverge due to memory loss. Whery = 0.025, H* andH” converge to oscillations over the range [ladd®) 3].

Whenay = 0.01, HX andHY exhibit chaotic behavior over the range [6g 3].

(P, P) (R, P)
(S.8)
Ax X A
il (8. R)
(P, S) (8;P) s)
(P, R
(P, P) ~R.P)

Fig. 15. Heteroclinic cycle witlhy = —0.1 andey = 0.05 (top row). Chaotic transient to a heteroclinic network (bottom row) wsth= 0.1
andey = —0.05). For bothwy = ay = 0.
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Fig. 16. Time series of action probabilities during the heteroclinic cycléSmfls ex = —0.1 andey = 0.05 for the left column. The right
column shows the chaotic transient to a possible heteroclinic cyclesayhen0.1 andey = —0.05. For bothwy = ay = 0.

4.4. Three agents adapting under Rock—Scissors—Paper interaction

Consider three agents adapting via (an extension of) the RSP interaction. Here the environment is given by the
following interaction

2  Winoverthe others
Lose to the other two
Win over one other
Lose to one other
Tie.

aijp =14 1 (63)

and similarly forb j; andcy;j, with i, j, k = {R, S, P}. Hereey, ey, €z € (—1.0, 1.0) (see Appendikfor the detailed
listing of the reinforcement scheme).

3 — 3 |
74 a
o Nad
E i
Yo G
' N— I A1l |’M‘lu'_l-||>Ikk
i '*9“ il Sl
"mm — -
5000 0 t 5000

Fig. 17. Dynamics of#X, HY andE in conservative adaptive dynamies: = —0.1 andey = 0.05 for the left plot andy = 0.1 andey = —0.05
for the right. For bothry = ay = 0. Note thatE increases asymptotically af@#* andHY tend to decrease.
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H / /.
As before we use normallzet;ljk, bjkl., andc,a.j.

2— — Win over the others
—2— — Losetothe other two
, _€&x i
iy = 1 5 Win over one other (64)
—1— — Losetooneother

—€x Tie.

(S, 8)

Ax X Ay
(S, R) s 5

\
/ \
(P.S) 3 Ve / \\
) ZA\/AN

(P.P) (R P)

(8. 9)

Ax XAy

(P.8) %

(S, R)

(R, R)

(PP (R, P)
(s.8)

Ax XA
y (S.R)

(P, 8)

(R, R)

(P, P) (R, P)

Fig. 18. Dissipative adaptive dynamics: stable limit cycledgr= 0.025 (top),cx = 0.021 (middle) and chaotic attractors witly = 0.0198
(bottom). All cases havey = 0.5,¢y = —0.3 anday = 0.01. Period-doubling bifurcation to chaos occurs with decreasing
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-0.04 :
0.01 0.02 0.03

Fig. 19. Bifurcation diagram (top) of dissipative dynamics (adapting with memory loss) projected onto coarglinate the Poinca& section
(u3 > 0,03 = 0) and the largest two Lyapunov exponeni@ndi; (bottom) as a function afy € [0.01, 0.03]. Here withex = 0.5,¢y = —0.3
anday = 0.01. Simulations show that; andi,4 are always negative.

The normalization does not affect the dynamics.
The Nash equilibriumx(*, y*, z*) is at the simplex center:

111111111
X*v *’Z* = P e R - I R B RS B . 65
oy )(333333333> (65)

3 3

E

Hx HY 1 \
|ﬂ3 nLJ\_“u,h LA ULk |ﬂ3 \ MRt i 1l
/| I ol A . || Ml 1l

2| T WWNWM o ﬁ (@:w i

. i :!'| fl
0 0

0 t 5000 t* t t*+5000

Fig. 20. Dynamics of#¥, HY, andE in dissipative adaptive dynamicsy = 0.5, ey = —0.3, anday = 0.01 for both.ax = 0.025 for the left
plot anday = 0.01 for the rights* ~ 108 in the right figure is the (rather long) transient time. In both c&sdees not diverge due to memory

loss.
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It is also a fixed point of the adaptation dynamics. The Jacobian there is
1 2 1 2

x93 3 3 3
0 2 1 2 1
X T3 T3 T3 73
12 o 1 2
Lz 12
3 3 3 3
=1 2 1 0 2 1| (66)
3 3 —r -3 73
1 2 1 2 0
3 3 3 3 %
2 1 2 1
3 3 3 3 %z
Whenay = ay = az = «, its eigenvalues are
i
Mta=——(-1-1,-21172) 67
i \/:‘g( ) (67)

In the perfect memory casef = ay = oz = 0), trajectories neax{, y*, z*) are neutrally stable periodic orbits,
since thexs are pure imaginary. In the memory loss casg, ¢y, oz > 0), (x*, y*, z¥) is asymptotically stable,
since all Rek;) are strictly negative. One expects multiple attractors in this case.

The collective state spackis now six-dimensional, being the product of three two-dimensional agent simplices
A= Ax x Ay x Az. The flow onA’s boundary is shown ifrig. 21, giving the adaptation dynamics on the edges
of A when thexs vanish.

We give two examples withuy = ay = oz = 0.01, ex = 0.5, ey = —0.365, ¢z = 0.8 (top: limit cy-
cle) andex = 0.5, ¢y = —0.3, ¢z = 0.6 (bottom: chaos) inFig. 22 Chaos is typically observed when
€x + €y + €z > 0. Limit cycles are highly complex manifolds depending on the six-dimensional hetero-
clinic network on the simplex boundary. The Lyapunov spectrum for the chaotic dynamigs, is.( Ag) =

(S.8,8)

(S, R, 8)

R. R, S)

(P.P-
(F3 (R, R, R)

(PP, R) (R.P.R)

Fig. 21. Flows on the simplex edges in three-agent RSP: arrows indicate the direction of adaptation dynaftsdsoondary when thes
vanish.
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Ax XAy XAz /AP ax /| 1N

Fig. 22. Periodic orbit (topex = 0.5,y = —0.365,¢, = 0.8) and chaotic orbit (bottomay = 0.5,¢y = —0.3,¢z = 0.6); the other parameters
areaxy = ay = az = 0.01. The Lyapunov spectrum for chaotic dynamicsis (. ., As) = (+45.2, +6.48, —0.336, —19.2, —38.5, —53.6) x
1073,

(4+45.2, +6.48, —0.336, —19.2, —38.5, —53.6) x 10~3. The dynamics has two positive Lyapunov exponents. Note

that this dynamics could have many neutrally stable subspaces in three or more dimensions. These subspaces &
as quasistable attractors and may even have symplectic structure. These properties of high-dimensional dynamic
will be reported elsewhere.

5. Concluding remarks

We developed a class of dynamical systems to model collective adaptation. We started with very sim-
ple agents, whose adaptation was a dynamic balance between adaptation to environmental constraints an
memory loss. A macroscopic description of a network of adaptive agents was produced. In one special
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case we showed that the dynamical system reduces to replicator equations, familiar in evolutionary game
theory and population biology. In a more general setting, we investigated several of the resulting peri-

odic, intermittent, and chaotic behaviors in which agent—agent interactions were explicitly given as game

interactions.

Self-organization induced by the dynamics of uncertainty has been discussed from an information-theoretic
viewpoint. We pointed out that unlike single-agent adaptation, the flow of information is multidimensional in
collective adaptation. In this case global information maximization is of doubtful utility and a dynamic view of
adaptation is more appropriate. We also noted that with only two agents interacting via a non-transitive game, a
Smale horseshoe can be produced in information space. This occurs due to the agents’ mutual adaptation, which
amplifies the fluctuations in certainty of an individual’s decision-making, and to memory loss which increases the
choice uncertainties and so stabilizes the collective behavior.

Since deterministic chaos occurs even in this simple setting, one expects that in higher-dimensional and het-
erogeneous adaptive systems intrinsic unpredictability is a dominant collective behavior. When dynamic memory
stored in a collective emerges, collective adaptation becomes a non-trivial problem. A detailed information theoretic
and dynamical systems theoretic analysis will be reported elsewhere.

We close by indicating some future directions in which to extent the model.

First, as we alluded to during the development, there are difficulties of scaling the model to large numbers of
agents. We focused on collectives with global coupling between all agents. However, in this case, the complexity of
interaction terms grows exponentially with the number of agents, which is both impractical from the viewpoints of
analysis and simulation, and unrealistic for natural systems that are large collectives. The solution to this, given in
AppendixB, is to develop either spatially distributed agent collective or to extend the equations to include explicit
communication networks between agents. Both of these extensions will be helpful in modeling the many adaptive
collectives noted in the introduction.

Second, important for applications, is to develop the stochastic generalization of the deterministic equations
of motion which accounts for the effects of finite and fluctuating numbers of agents and also finite histories for
adaptation. Each of these introduces its own kind of sampling stochasticity and will require a statistical dynamics
analysis reminiscentof that found in population geng86% Itis also important to consider the effects of asynchrony
of adaptive behavior in this case.

Third, one necessary and possibly difficult extension will be to agents that adapt continuous-valued actions—
say, learning the spatial location of objects—to their environments. Mathematically, this requires a continuous-
space extension of the adaptation equations (E9)) and this results in models that are described by PDEs
[37].

Finally, another direction, especially useful if one attempts to quantify global function in large collectives,
will be structural and information-theoretic analyses of local and global adaptive behgB8g39] Analyzing
the stored information and the causal architecfdfe41], and quantifying “information influx” and “information
dissipation” in individual adaptive behavior versus that in the collective are projects now made possible using this
framework.
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Appendix A. Continuous time

Here we give the derivation of the continuous-time limits that lead to the deterministic differential equations
from the original stochastic discrete-time adaptation model.

Denote the agent—agent interaction time scale, number of interactions per adaptation interval, and adaptation time
scale as @, T, andt, respectively. We assume that adaptation is very slow compared to agent—agent interactions and
take the limits @ — 0 andT — oo, keeping d = Tdr finite. Then we take the limit«d— O to get the derivative
of the vectorQ* (r).

With Egs.(14) and(15), we have

T M
0X(1) = % > [Z Sim(K)riy, (k) — ax OF (k)] : (A1)

k=1 Lm=1

Thus, for continuous-time,

X dr) — X 1 T@+d) [ M k k k
oX(t+ 3 07 () _ e Z [Z Sim (T> X (T> —ax0f (Tﬂ ) (A.2)

k=Tt Lm=1

Taking7T — oo and & — 0, we have

X 4 — OX 1 M 1 pitd
;' (t+ ;i 07 () _ » / [Z Sim ()X, (s)] ds — oy o /t 0¥X(s) ds. (A-3)
! m=1

Assumingri’f (r) changes as slowly as the adaptive dynamigﬁc) is constant during the adaptation intervat
t + dr. If we assume, in addition, that the behaviors of two agXrasdY are statistically independent at time
then the law of the large numbers gives

1 prde M M
@ / [Z Bim (5)r i (S)] ds = > rim(ym() = RE (). (A.4)
! m=1

m=1

Now take d — 0. Egs.(A.3) and (A.4)together give

. ¢
07 (1) = RX(1) — ax Q) (1), (A.5)
for the continuous-time updating of the reinforcement memory. If the environment is stati@fft@)aa: a;; and

N

RX(6) = amyit). (A.6)

n=1

The single-agent case is given by settyng (1, 0,0, ...,0) anda;1 = a;,i =1,..., N.

Appendix B. Network interactions

We can describe heterogeneous network interactions within our model. We give an example of a
model for lattice interactions here. Agents=1,2,...,S are on a spatial lattice: agemst interacts with
agents — 1 through bi-matrices A*, B*~1) and agents + 1 through @*, At1). Each bi-matrix is 2« 2
(seeFig. 23.
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EDF R COFCD

Fig. 23. Agenssinteracts with agent — 1 through bi-matricesA*, B*~1) and agent + 1 through B*, A*t1).

Agents choose actions among thg 2 action pairs for both the right and left neighboring agents. The action pairs
are (1, 1), (1, 2), (2, 1), (2, 2) and are weighted with probabilities . ., x4. Inserting the interaction bi-matrices
into the S-agent adaptive dynamics of E2j7) gives

w\w

4
= Al = AT (B gt BX Y e (— logx; — > _x; Iogx;i>, (B.1)
n=1

v_vhereExf =1 and_ps = (x] + x5, x5 + x}), q° = (x} + xg,_xi + x3). In a similar way, arbitrary network interac-
tions can be described by our adaptive dynamics given ir{Zg.

Appendix C. Nash equilibria

The Nash equilibria(x*, y*) of the bi-matrix game4, B) are those states in which all players can do no better
by changing state; that is,

X*Ay* > xAy* and y*Bx* > yBx*, (C.1)

forall (x,y) € Ax x Ay. Ifthey existin the interior, the solutions of the following simultaneous equations are Nash
equilibria:

(Ay)i = (Ay)1 and (BX); = (BX)1 < (Ay); —xAy =0 and (8x); —yBx =0, (C.2)

wherex_x, = =My, =1.

Itis known thatN = M is a necessary condition for the existence of a unique Nash equilibrium in the interior of
A. With N = M in the perfect memory casex = oy = 0), the unique Nash equilibrium, if it exists, is the fixed
point given by the intersection of the andy-nuliclines of Eqs(24).

This Nash equilibrium is not asymptotically stable, but the time average of trajectories converges to it. To see
this, suppose that;(r) > § for all t sufficiently large, we have

9llogx) = 21 = (ay) — xay.
dr X;

d ylj (C.3)
E(k)g yj) = 3 = (BX); — yBX.
Integrating the both sides from 0 Toand dividing byT, we get
Iogxl(T) log x;(0) Z _—
(C.4)

092,(7) 1090 Z bas — S
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where
T T
X = T’l/ xdt and y; = T*l/ y;dr, (C.5)
0 0
and
T T
Sp = T‘l/ xAydr and Sz = T‘l/ yBx dr. (C.6)
0 0

Letting T — oo, the left-hand sides converge to 0. Thusindy are a solution of E¢(C.2). (This proof follows
Ref.[42].)
Appendix D. Hamiltonian dynamics

Consider a gameA, B) that admits an interior Nash equilibriumt*( y*) € Ax x Ay and is zero-sumg =
—AT), then

E = B D(X*1X) + By D(y*lly) (D.1)
is a constant of the motion. This follows by direct calculation:
dE 1L a1 L,
— === Jm
dt Bx el Xn Br ] Ym
= —(X"Ay — xAy) — (y*BX — yBx) = (X" = X)A(Y* —y) + (y* —y)BX" —x) = 0. (D.2)

This holds for any number of agents. Give the agents equal numbers of adfieng() and setx to zero (perfect
memory) and make als finite and positive. Then the adaptive dynamics is Hamiltonian in the information space
U = (u, v) with the above constant of motidf

U=JVyE, (D.3)
with Poisson structuré,
(0] P )
J = _PT 0 with P = —ﬁxﬁyA. (D4)
Proof.
IE N N
= lﬁleXZ log.xy + By > yilogy; — By’
U ou;
n=1 n=1
N N N N
X (Zx;,kun —log (Z e_””>> — ,3;1 (Z yiv, —log <Z e_””>> ]
n=1 n=1 n=1 n=1 (D5)
_ p-1 * e i _ a1/ x .
=Px | X — % = By (xf —xi),
Z e*”n
n=1
oE _
— =By — ). (D.6)

ov;
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Since &*, y*) is an interior Nash equilibrium, with E¢21), (Ay*); = (Bx*); = 0. Thus,

oE 1
Y
B% - _in (D.7)
au - ,BX ’
and
By p AE)E
—pxpbyA—— —BvA ] .
JVUE = 3V8E = ’ZXBE(' - [\ﬂ =U. (D.8)
_(_ A T~ —pPY
(—BxBrA) U

We can transforny = (u, v) to canonical coordinatdd’ = (p, q):

U = SVUE, (D.9)

0o -I
(0 o

wherel is anN x N identity matrix and with a linear transformatiad = MU to the Hamiltonian form. O

with

Appendix E. Reinforcement schemes and interaction matrices

Here we give the reinforcement scheme interaction matrices for the constant-environment collectives investigated
in Section4.

E.1. Matching Pennies

This game describes a non-transitive competition. Each agent chooses a coin, which turns up either heads (H)
or tails (T). AgentX wins when the coins differ, otherwise agéhwins. Table E.1gives the reinforcement scheme
for the various possible plays. Note that #sedetermine the size of the winner’s rewards. Whgnr- ey = 0, the
game is zero-sum. The Nash equilibriunxis= y* = (1/2, 1/2).

Various extensions of Matching Pennies to more than two players are known. We giretii®ddyame as an
example for three agen¥ Y, andZ in a collective. All flip a coin. AgentX andY win when the number of heads is
even, otherwis@ wins. Table E.2gives the reinforcement scheme. Whendbadd to zero, the game is zero-sum.
The unique mixed Nash equilibrium¥§ = y* = z* = (1/2, 1/2, 1/2)—the simplex center.

Table E.1

The two-person Matching Pennies gamag:e (0.0, 1.0] andey € [—1.0, 0.0)

X Y X rY
H H —€x —€y
H T €x €y
T H €x €y
T T —€x —€y
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Table E.2

The three-player Even—Odd gamg: € (0.0, 1.0] andey, ez € [—1.0, 0.0)

X Y X rY rZ
H H H —€x —€y —€z
H H T €x €y €7
H T H €x €y €7
H T T —€x —€y —€z
T H H €x €y €7
T H T —€x —€y —€z
T T H —€x —€y —€z
T T T €x €y

€z

E.2. Rock—Scissors—Paper

This game describes a non-transitive three-sided competition between two agents: rock (R) beats scissors (S)
scissors beats paper (P), but paper beats fatlle E.3gives the reinforcement scheme. Tésehere control the
rewards for ties. When they add to zero, the game is zero-sum. The unique mixed Nash equilibfiumyis =

1,1, 1)—again, the center of the simplex.
The extension of RSP interaction to three agents is straightforward. The reinforcement scheme isTgits in

E.4 Wheney + €y + €z = 0, the game is zero-sum. The Nash equilibrium*is= y* = z* = (1/3, 1/3, 1/3).

Table E.3

The two-person Rock-Scissors—Paper gameey € (—1.0, 1.0)

X Y X rY
R R €x €y
R S 1 -1
R P -1 1
S R -1 1
S S €x €y
S P 1 -1
P R 1 -1
P S -1 1
P P €x €y
Table E.4

The three-person Rock—Scissors—Paper gamey, €z € (—1.0, 1.0)

X Y z X Y rz X Y VA X Y rZ X Y z X Y rZ
R R R €x €y €z S R R -2 1 1 P R R 2 -1 -1
R R S 1 1 -2 S R S -1 2 -1 P R S €x €y €z
R R P -1 -1 2 S R P €x €y €z P R P 1 A 1

R S R 1 -2 1 S S R -1 -1 2 P S R €x €y €z
R S S 2 -1 -1 S S S €x €y €z P S S -2 1 1

R S P €x €y €z S S P 1 1 -2 P S P -1 2 -1
R P R -1 2 -1 S P R €x €y €z P P R 1 1 A
R P S €x €y €z S P S 1 -2 1 P P S -1 -1 2

R P P -2 1 1 S P P 2 -1 -1 P P P €x €y €z
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