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Statistical inference < statistical physics

How can we find patterns in noisy data’
Phase transitions
Information vs. computation
The dynamics of algorithms




Magnetick bodies made red hot lose their vertue
— Newton (and Curie)

at a critical temperature, iron suddenly loses its magnetic field:
atoms become uncorrelated, no long-range information
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Phase transitions In inference:
finding patterns in noisy data

when data is too noisy or too sparse, it suddenly becomes impossible to find
the underlying pattern
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The analogy between physics and inference

states of the atoms = hidden variables we want to infer
fields and interactions between them = data (and our model)
Gibbs distribution = posterior distribution given the data
temperature = noise

magnetization = accuracy

critical temperature = critical amount of noise where it becomes
impossible to find patterns in data, or even tell if they exist

where are these phase transitions?
are there algorithms that succeed all the way up to these transitions?

let’s look at a classic problem in social networks...
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Slogs again: hierarchical clustering

¥t - @ 018)) 87
divide a network into subnetworks, | -

until the remaining pieces have no
statistically significant communities

[Zhang and Moore, PNAS 2014]
image by Tiago de Paula Peixoto



Ground states vs. the landscape

the most likely labeling (MLE, MAP) is the “ground state”

even random 3-regular graphs have labelings with only 11% edges crossing
[Zdeborova & Boettcher] — exponentially many, which don’t agree!

we need to understand the entire landscape, not just the optimum




Overfitting

we, and our algorithms, are prone to false positives

fitting data with fancy models is tempting...

but often we’re really fitting the noise, not the underlying process



Statistical significance and the energy landscape

explore the landscape of models, not just the best one
if there is real structure in the data, there is a robust optimum
but the landscape can be “glassy”: many local optima with nothing in common

even if there is enough information in the data, the “true” solution might take
exponential time to find: a dynamical transition



The stochastic block model

nodes have discrete labels: k “groups” or types of nodes

kxk matrix p of connection probabilities

iIf ti=r and tj=s, there is a link /—/ with probability prs
sparse: p=0(1/n)

popular special case:

( Cin Tt Cout\

kcout Cin }

S~ =

ferromagnetic (assortative, homophilic) if Cin > Cout



Likelihood and energy

the probability of G given the types t is a product over edges and non-edges:

P(G|t)= I_I Pt l_l (I_Pti,tj)

(i,/)€E (i,])EE

using P ~ e € where B=1/T, the corresponding energy is

E(t)=—-1ogP(G|t)=— Y logps..,— »_ logl—py.)
(i,j)EE (i,j)¢E

like Ising model, but with weak antiferromagnetic interactions on non-edges

what can we learn from the “physics” of the block model?



Belief propagation (a.k.a. the cavity method)

we want the marginals: the probability that each node belongs to each group

each node / sends a “message” to each of its neighbors j, giving an estimate of
I’'s marginal distribution...

based on the estimates it receives from its other neighbors k
avoids an “echo chamber” between pairs of nodes

update until we reach a fixed point (how many iterations? does it converge?)



Updating the beliefs

conditional independence

N\

i_)j:Zl'l_,j ds l_[ ZUI:_)iPrs X l_[ Z.ul:_)i(l_prs)

k#j T k#j T
(i,k)eE (i,k)¢E

sparse case: can simplify by assuming that ,u’:_’i = ,u’rc for all non-neighbors i

each update takes O(n+m) time, for constant k



A phase transition:
detectable 1o undetectable communities

when cout /Cin is small enough, 1 i R ! " N=100K BP
. _ J N=70k, MC +
BP can find the communities e N=128 MG -
0.8 r X N=128, full BP  *
there is a regime where it can't, “‘" - 6
and no algorithm can! ~ \ =4, C=
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for 2 groups, the threshold isat 5
O
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at the transition, it becomes stable £=Cout /Cir

conjectured by [Decelle, Krzakala, Moore, Zdeborova, ‘11]
proved by [Mossel, Neeman, Sly, 13; Massoulié ‘13]



Information in the block model:
the effect of a link

1 ( Cin Tt Cout\
k equal groups, p=—1 - . average degree ¢ =

n
\Cout Cin j

Cin +(k — 1)Cout
k

If there is a link /—/, the probability distribution of t; is related to that of
by a transition matrix

. {Cin Cout\ (l/k l/k\
kc ' '
\Cout Cin } \I/k l/kj
Cin — Cout
h A=
wnere e

with probability A, copy from i to j; with probability 1 — A, set j’s type randomly

if Ais fixed, community detection gets easier as ¢ increases...



Detectability threshold for two groups:

when the trivial fixed point becomes unstable

For two groups of equal size [DKMZ, MNS, M, KMMNSSZ, BLM]|:
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Another regime: detectable but hard
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trivial fixed point is locally stable; accurate one has a small basin of attraction
a free energy barrier between “paramagnetic” and “ferromagnetic” phases

detection is information-theoretically possible, but we believe it’'s computationally
(and dynamically!) hard



Solutions hidden behind energy barriers: spin glasses

a glassy material can stay stuck in an amorphous state
for exponential time, even though the minimum energy
configuration is crystalline




Solutions hidden behind energy barriers: spin glasses

Belief propagation falls into the trivial fixed point for almost
all initial conditions: Monte Carlo would take exponential
time to cross barrier

Information-theoretically possible (using exhaustive search)
but computationally / dynamically hard



Detectabllity thresholds

For k=4 groups [DKMZ, KMMNSSZ, BLM, BMNN, AS]:

A
1 —
iInformation-theoretically - |
impossible e
> clusters, A
© | but can’t tell . | Information- easy:
g | whichisthe /| theoretically efficient algorithms
@ | trueone: / 1 possible; but (belief propagation,
overfitting ; ' computationally spectral)
! : hard?
| |
I | C
1 I |
log k 1
0, 5 T
kA2 A?



Phase transitions with metadata:
what if we know some labels?

suppose we are given the correct labels
for an nodes for free

can we extend this information to the
rest of the graph?

when « is large enough, knowledge

percolates from the known nodes to the
rest of the network

012

a line of discontinuities in the (c,a)
plane, ending at a critical point

[Zhang, Moore, Zdeborova '14]



What if we don’t know how strong the structure is”

lower temperature = greedier algorithm = assume stronger structure

If we get too greedy, we enter a “spin glass” where BP fails to converge
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—xtensions to richer data

can add metadata to nodes and edges: signed or weighted edges, nodes with
social status, location, content...

for networks of documents, a model that combines overlapping communities
with standard models of word frequencies

a network of 1,000 microprocessor patents (joint work with Sergi Valverde):

testing power
. : debuggin reset rotection ,
arithmetic g91ng : P branching
. emulator frequencies transparent , ,
multiplexer . prediction
error pulses securlity
buses . : concurrence
. : : traces voltages multi-tasking ,
microinstructions : . . speculation
. embedding sensing encryption ,
mlcroprograms . . . . reordering
Jjumps driving restricting
halting osclllators

using both text and links does better than either one alone

[Zhu, Yan, Getoor, Moore, KDD 201 3]



Morals

many problems involving sparse, noisy data have phase transitions beyond
which no algorithm can find the underlying pattern

networks, high-dimensional clustering, compressed sensing, sparse regression...

ideas from physics can help us find optimal algorithms that succeed all the way
up to these transitions

the dynamics of these algorithms tells us about the computational complexity of
these problems, and has analogies with glassy systems

“as simple as possible, but no simpler”



Everything is arnetapasgegine
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