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Information-Based Complexity

Why information based measures?
computable
estimable
diverse
comparable
interpretable(ish)
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Shannon Measures [1, 2, 3]

entropy H [X] = −∑
x∈X

p(x) log2 p(x)

joint entropy H [X, Y ] = −∑
x∈X
y∈Y

p(x, y) log2 p(x, y)

conditional entropy H [X|Y ] = H [X, Y ]− H [Y ]
mutual information I [X :Y ] = H [X]+H [Y ]−H [X, Y ]
cond. mutual information I [X :Y |Z] = H [X|Z]− H [X|Y, Z]
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Connecting Back

Algorithmic to Shannon Information Theory

Yesterday it was stated that Kolmogorov Complexity quantifies randomness.
Let’s make that more concrete. Consider a stationary information source X:〈K(x0:`)

`

〉
→ H [X0:`]

`
→ hµ = H [X0|X:0]
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Excess Entropy [5]

How much does everything that has happened have to do with everything that will?:

E = I [X:0 : X0:]

E

X:0 X0:

We would like this.
But it doesn’t exist [4].
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Statistical Complexity [6]

Statistical Complexity is the minimal sufficient statistic of the past about the
future:

Cµ = X:0 ↘ X0:

Cµ

X:0 X0:

It is the amount of information about the past one must retain in order to optimally
predict the future.
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Cµ is Sophistication

Statistical Complexity is the subextensive part of the average Kolmogorov
Complexity:

〈K(x0:`)〉 = 〈sophc(x0:`)〉︸ ︷︷ ︸
Cµ

+ 〈the data part〉︸ ︷︷ ︸
`hµ

Cµ = H [X:0 ↘ X0:]
S ∼ X:0 ↘ X0:

∼ Pr (X0:|x:0)
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Building Models from Equivalence Classes

S ∼ Pr (X0:|x:0) partitions the pasts.

But x:0 + x1 = x:1 is another past due to stationarity.

Therefore, the minimal sufficient statistic provides a mapping between pasts!

A B0:1/2

1:1/2

1:1
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Predictive Information Rate

Are E and Cµ Good Measures of Complexity?

E and Cµ are both intuitive and interpretable.

But consider long periodic processes:
no randomness
large E
large Cµ

humpology violation!
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Predictive Information Rate

Predictive Information Rate [7, 8]

How much of the generated randomness is relevant for the future:

bµ = I [X0 : X0:|X:0]

bµ

X:0

X0

X1:
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Distribution Exemplar: Definition

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
7 3 3 1/4
3 7 3 1/4
3 3 7 1/4
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Distribution Exemplar: Information

Information Diagrams [2, 1, 3] summarize all Shannon
measures of the distribution:

Male

Glasses Hat

0

0 0

1 1

1

−1

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
7 3 3 1/4
3 7 3 1/4
3 3 7 1/4
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Multivariate Mutual Information

Total Correlation [9]

I [X : Y ] = H [X] + H [Y ]−H [X,Y ]
⇓

T [X0 : . . . : Xn] =
∑
i

H [Xi]−H [X0, . . . , Xn]

Male

Glasses Hat

0

0 0

1 1

1

−1

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
7 3 3 1/4
3 7 3 1/4
3 3 7 1/4

T [Male :Glasses :Hat] = 1 bit
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Multivariate Mutual Information

Total Correlation [9]

I [X : Y ] = DKL [p(X,Y ) || p(X)p(Y )]
⇓

T [X0 : . . . : Xn] = DKL [p(X0, . . . , Xn) || p(X0) . . . p(Xn)]

Male

Glasses Hat

0

0 0

1 1

1

−1

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
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Multivariate Mutual Information

Dual Total Correlation [10]

I [X : Y ] = H [X,Y ]−H [X|Y ]−H [Y |X]
⇓

B [X0 : . . . : Xn] = H [X0, . . . , Xn]−
∑
i

H
[
Xi|X[n]\{i}

]

Male

Glasses Hat

0

0 0

1 1

1

−1

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
7 3 3 1/4
3 7 3 1/4
3 3 7 1/4

B [Male :Glasses :Hat] = 2 bit
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Multivariate Mutual Information

Coinformation [11]

I [X : Y ] = H [X] + H [Y ]−H [X,Y ]
⇓

I [X0 : . . . : Xn] =
∑

S∈P({X0,...,Xn})
(−1)|S|+1 H [S]

Male

Glasses Hat

0

0 0

1 1

1

−1

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
7 3 3 1/4
3 7 3 1/4
3 3 7 1/4

I [Male :Glasses :Hat] = −1 bit
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Multivariate Mutual Information

CAEKL Mutual Information [12]
I [X : Y ] = arg max

γ

{H [X]− γ + H [Y ]− γ = H [X,Y ]− γ}

⇓

J [X0 : . . . : Xn] = arg max
γ

{∑
i

H [Xi]− γ = H [X0, . . . , Xn]− γ

}

1/2

1/2

1/2 1/2

Male

Glasses Hat

Guess Who?
Male Glasses Hat Pr

7 7 7 1/4
7 3 3 1/4
3 7 3 1/4
3 3 7 1/4

J [Male :Glasses :Hat] = 1/2 bit
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Beyond Shannon

These Measure Are Not Enough [13]
Distributions

Dyadic
X Y Z

X0X1 Y0Y1 Z0Z1 Pr
0 0 0 0 0 0 1/8
0 0 1 0 0 1 1/8
0 1 0 0 1 0 1/8
0 1 1 0 1 1 1/8
1 0 0 1 0 0 1/8
1 0 1 1 0 1 1/8
1 1 0 1 1 0 1/8
1 1 1 1 1 1 1/8

Triadic
X Y Z

X0X1 Y0Y1 Z0Z1 Pr
0 0 0 0 0 0 1/8
0 1 0 1 0 1 1/8
0 0 1 0 1 0 1/8
0 1 1 1 1 1 1/8
1 0 0 0 1 0 1/8
1 1 0 1 1 1 1/8
1 0 1 0 0 0 1/8
1 1 1 1 0 1 1/8
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Beyond Shannon

These Measure Are Not Enough [13]
Representations

0

1

0

1

0

1

X

Y Z

∼

∼

∼

0

1

0

1

0

1

X

Y Z

⊕
∼

∼

∼



Introduction Computational Mechanics Quantifying Shared Information Conclusion

Beyond Shannon

These Measure Are Not Enough [13]
Informations

0

0 0

1 1

1

0

X

Y Z

0

0 0

1 1

1

0

X

Y Z
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Partial Information Decomposition

Decomposing Multivariate Information [14]
Consider a black box with two inputs (X0, X1) and one output (Y ).
Let’s assume that their mutual information can be decomposed into semantically
meaningful, non-negative components:

I [X0, X1 : Y ] =

I∩ [0 · 1→ Y ] redundancy
+ I∩ [0→ Y ] unique from X0

+ I∩ [1→ Y ] unique from X1

+ I∩ [01→ Y ] synergy

I [X0 : Y ] = I∩ [0 · 1→ Y ] redundancy
+ I∩ [0→ Y ] unique from X0

I [X1 : Y ] = I∩ [0 · 1→ Y ] redundancy
+ I∩ [1→ Y ] unique from X1
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Thank You!

Summary

E is interesting and interpretable,
but doesn’t correspond to a model
Cµ is average Sophistication and the
minimal sufficient statistic of X:0
about X0:

bµ quantifies how much of the
generated randomness is
“interesting”
multivariate information measures
access different aspects of
distributions
. . . but they can be insensitive to
qualitatively distinct distributions
PID is a promising approach but
computationally difficult

Other Neat Things

common informations [4, 15, 16]
pointwise information
information bottleneck [17]
secret key agreement [18]
dependency decomposition [19]

Calculations

All calculations seen here were
computed using the dit Python
package:
R. G. James, C. J. Ellison, and J. P.
Crutchfield. “dit: a Python package for
discrete information theory”. In: The
Journal of Open Source Software 3.25
(2018), p. 738
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Thank You!
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Dependency Decomposition

X :Y :Z

XY :Z XZ :Y Y Z :X

XY :XZ XY :Y Z XZ :Y Z

XY :XZ :Y Z

XY Z
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X :Y :Z

XY :Z XZ :Y Y Z :X

XY :XZ XY :Y Z XZ :Y Z

XY :XZ :Y Z

XY Z

a

d g

l

b

e i

k

c

f h

j

m
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